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EEI L1 mENmMERE FHHRE:

(1) at+b=b+a(zZHEA);

(2) a+(b+e)=(at+b)+c(ZEH);

(3) a+0 =0 +a=a;

(4) at+(—a)=a—a=0;
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(1) Ala+b)=ra+ab,(A+tpa=ra+pa;

(2) Qula=A(ua);

(31l+a=a,(—Da=—a;

(4) 0+ a=0,10 =0;
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(@ab) = {lal [l b cosab. (9.1.2)
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cos ab =

5) llal =/C(a,a);
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(7) 2R a 5F7T4 15 BERIESE W a=0;
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axXbiy i S5a b MEH. A5 a.b RAEFER. W18, i1
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AR
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EH9. 1.4 mBEAIBATIHRK: #ab,c HIEEHE,
Asp AL R LH WA
(1) aXb=—bXa(RHiR);
(2) Qa+pub) Xc=2aXct+ubXc;
(3) aXa=0,axX0 =0,0 Xa=0,
B19.1.1 A 9.8, =MF ABCH=/1HKHHN%EFa,
b ¢ KA
a _ b _ ¢
sinA  sinB  sinC’
M EEICE=CA+AB, LA
CB X CA= (CA+AB) X CA
= AB X CA = AB X (CB + BA)
— AB X CB,

(9.1.4)
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CB X CA = AB X CA — AB x CB,
M
| CBXCAll = | ABXCAIl = | ABXCB | ,
Ep
absinC = cbsinA = casinB.

HER ab,c WIEF, L RIB 9. 1. K.

3. [ EMEEH

& a,b,c HEEMHA@Xb) * c,ittE(ab, ), X £ —
OS¢

Pla,b flc e VAT NmEAk (B 9. 9, XK REd a fl
b &8 B FAT AT XA FAT A E R ET | axb | .
Baxbba fibHEH, U« ERmRC 5aXb KM, ¥
FIARBEERMIEBERETFR laxXbll|l cll cosa=(aXb) +c. fitE
Y IR ER(a,b,0)FF LU a,b flc Jgk 747 /S H ik po AR

EE9. 1.5 mMBHBAEBATFTIMEE: & ab,c HIEEM
B A AR ELHL W

(1) Ca,b,¢0)=(b,c,a)=(c,a,b)=—(b,a,c)=—"(a,c,b) =
—(c,b,a);

(2) (Aa,+pa,,b,¢)=1Ca,,b,¢)+pula,,b,¢), Hrh a,,a, %
R m &

(3) ¥HMNY a,b,c FER—FHEHt, (a,b,c)=0;

(4) Ba,b,c FEAREZM B E B, BMRATFEE 9. 10),
Ulps)
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axXb=c¢, bXc=a, c¢Xa=b, (a,b,c)=1.

3@ 9.1

LoKiE: B a5 HMEXHWASVERGENEELELA
flatab || > fall.

2. KiE: B a5 b EXMASVEEAHRIHEELEAHA latab || =
la=2ap .

3. Wa.b HiEEEE.NA

latbl*+ la—bl’=2Clall’+ [ &]®,

I 156 B <5 2B JLART B 3L

4. JEBA@EI B (a > )b—(b+ c)a 5c EX.
B aboe AL B, FHEE atbtc=0,ka*b+bectcea.
B lal =3, bl =26, aXb|l =72,3+% a - b.
gdllal =10, bl =2,a+b=12,31% | aXb].
BRIBE a,b,e W a+bte=0,RiF: aXb=bXc=cXa.
i axXb=cXd,aXe=bXd,KiF: a—d 5b—c F57.
10. & a,b B{EEME RIE:

laxbll*+la-b1*= [al®fb]®.

© P N e,

9.2 ZFHEMELIRR

9.2.1 AALkKiAeiEs

Winj k WEMELRH=AREE  °
B0 O SR AES, FHARETF
AEOID. g OBE= Ry Yl
B % Ox, Oy B Oz HFILL ivj.k L0 J (BB 5
77 164 AT RO IE 1815 36 FLBR By A

BRK BEfE B, 3878 Ox, Oy f 9.11
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Oz W = 2L 3CH B 4R 8. i1 & O M 4% Ox, Oy, Oz it
HRT —AEBEHRR Oryz. 5 O LB A,

WP HEEMERE— S B P S A&LEMEER, 0%
0x,0y,0z T8 A,B,C.ix =4 54 B % Ox,0y,0z i LI =
ANEH @b KEABABIRR N P B x AR, v AR 2 A
it P=(a.6,00 8 Pla,b,0). RZAE BB EHKFEHN =4
S asboc TEZS MTEAENE— B 5 P o878 P = FRA 51K a
byc. P RER B, 25 1 4 SR F B (ar by ) 2 B S T — — X4 B
% &.

R AR R A ik R

W R P=(a,b,0), Wi HOPT %7 X

OP = i+ bj + ck. 9.2.1)

HEEEARER P AL aoboc S RE S P MR —
BLOXEHY arb,c R BOP i) = A AR, R A 2 L
JBUA O WS A8 T8 4 FL 2 05 P Al L5220 5 5% A 16 B Bt »
7225 1] H, — A g5 T L RS DA 2 A 2 A A B IS it T
BAFHE B 20 5 R 30T 4 » TR AT 40 5 0 160 B8 AR I 43

i P,Q Rz KR A 5 i PQiAE | PQ I %% P 5 Q
2 A BB B 2R (P, Q) , B

dP,Q = | PQIl = | QP . (9.2.2)

# P=(a,6,0), B P i = ARMS| EL 4 515 Oy Oy, 0x

WFRABCX=AMAFIREEH o by, W ROA, OB,
OC #4351 %

Il OAll =lal, OBl =lb6l, || OC] =]cl.
EBBHX =AM BREMIERS,HH
OP = OA + OB +0OC, (9. 2.3)

e 9 .
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HIEER 0. 1. 3 P B (8) BR AT LA
| OP |2 = || OA |*+ || OB I+ || OC lI*= a* 4 &* +¢*,
F £
| OP || =V&F5 +&,
B P 588 O WBEE K
d(P,0) =va* + b + .
56 & F MM AT LLIE BT 8 P(aia 3520 5 QCary 32200
-5
dP.Q = | PQIl =z — 20" F (s — 32 T (os — 2%,
9.2. 4

B19.2.1 FEOzBER—B M, s A(—4,1,DHERS
% FE 3 B3,5,—2)yPEE.
R M=(0,0,2),MHO.2. O, 4

dM,A) =/(—?+ 12+ (7 — 27 =66 — ldz + 2%,

d(M,B) =/3" 4+ 57+ (—2—2)2 =./38 + 4z + 2,
66 — 14z 4 2> = 38 + 4z + 22,

; 4 _14 _ 14
Wit 7 BB == B M= (0,0, ).

FEHAMIRER Oryz b, EH 20y,y0z 5 20x R &4 TH.
X AR AR TR A ] A LA S ER A 5 X AN BB R A ERBR. 7E

TR RE R N AER(E 9. 12).
XA EAE— 4 Plasb, o) AT IR E M =N 84 a\byc i
AFEFFS T HAREEF S P TR E .
e 10 o
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z
Oz
; 0=z
1
l
A/’_____-_T _______ Oy,
7/ I
s |
4 D | y
|
/ j
/
e
A
B 9.12
AT 5 (+,+.+) (—s+,+> (—,—,1t (+,—,1t)
Fr e MR — - = ]
MFRFF S (+,+,—)> (—,+,—> (—y—H»—) (+y—H)
B e £ ER i 75 + AN

9.2.2 MAAXFH#ITREER

i T — 16 g
a=0P (P= (a5 asras)),
T DA 5 5 R 2 A R
a= aqi+aj+ask, (9.2.5)
LU HE R A ARTE R
a = (a,,a;sas).

U b=OB=b,i-+b,j+bsk 55—/ 518 » U ey 157 B i 10

% 18 31
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at+b= (aitajtak)+ bitbj+bk)
= (a, +b)i+ (ay +86)j + (as + b0k, (9.2.6)
H AR A2
a+b= (a)+b,a,+by,a; +b). (9.2.7)
WA AE— S8
Aa = Alayi+a,j+ask) = Ada i+ Aa.j+rask, (9.2.8)
%
Aa = (Qay,daz,Aas). (9.2.9
ARV IR A0 f] B A A AR T R 2B, &
a=ai+aj+ ask,
b=10bi+b,j+ bsk.
FERE] i,k J2 5 A IE 3 B 540 16 & T LU

iei=jej=k-k=1, (9.2.10)
icj=jk=k+i=0. (9.2.1D)
B, AR 48 R T 1S 3
asb= (mi+aj+ask)« (bii+bj+ck),
= a,b, +a;b, +azb;. (9.2.12)
&
a° =a-a=da+al+a, (9.2.13)
lall =vaf+a}+adi. (9.2.14)
WRaR—AHRmE,0lal =1,m
a=--% - _ _a
lall ¥ +a
_ a, . a; , a
‘«/af+a§+a§l+«/a§+a§+a§J+Ja§+;§+a§k
= cosai + cosBj + cosYk, (9.2.15)

o« 12 o
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Hev a3V R R R a 58458 Ox,0y,0z 8§ K M. R cosa,
cosfBrcosY A a HARMKAZRATRREY. BRE
cos’a + cos’B+cos’ ¥ = 1. (9.2.16)
wmBEREEN, FBH L kRN EFREAN=E/IEH
e H 0 L 1 B T A
iXj=kyjXk=ikXi=j;
JXi=—kkXj=—iiXk=—j;
iXi=jXj=kXk=0.
FRXFr#
a = qait+aj+ak,

(9.2.17)

b=bi+b,j+ bk,
axXb= (aji+a,j+ak) X (byi+b,j+ bk)
- (azbs _asbz)i+ (a3b1 _a1b3 )j+ (a.bz _azb1)k9

mE
d; dj a a; ay da
a X b= i+ j k
bz b3 b3 b] bl bZ
i j ok
= |a; a; a, (9.2.18)
by b, b
BIEZEBEARMNEE.
We=caitcjtok, (9.2, 18)KEF)
(a,b,c)=(aXb) ¢
a; Qs as a a; as
= a+ o+ C3
b, b b; b b b
a; az as
= 1b b; by]. (9.2.19)
(5] <2 C3

e 13 .
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Bm OXAREEMT 3 A WEP P, PPy, PP REICH,
AR HENKRE B

—1 0 —2
(P]szPng;PlP,q): 0 _‘l _1 :0.
3 2 8

FFLLIX 4 A A FE .
#9.2.3 B2Hm34AL,3,—1),B4,0,—2),C(5,—1,3),
K AABC fE .
B T | ABXAC | % F LUAB, ACH i #9747 1 %
AL 4 AABC ) B R

S=u%HZ§xZEM.

XHF
i J k
ABXAC = |2 —3 —1|=—16i—11j +k,
3 —4 4
[54

S:%WZEKEH= quqv+v=%Jm

1
2
3 & 9.2

L % a=3i+5j+8k,b=2i—4j—Tk,c=5i+ j— 4k, 53k 4a+3b—c {4
PARHR.
2. Bl a=ayi+5j—k,b=3i+j+b.k, BB EMEAT R ar b BIE.
3. A& A4, ¥ ¥ a=8i+9j— 12k ¥ 5 Bl Bk AB, {fi | AB| =35.
K B AR,
4 Fa=2—J—kMb=i—3jtkFBENLHLER-T5a FHHW
e 14 o



9.3 TR+ EE5 AL

B .

5. ZAE=ATARG,4,—1,02,0,3),(—3,5,40), it BEHEH.

6. FATHAFEHMANBA R a=i—3j+k 5 b=2i—j+ 3k, REMEM

7. @ a=3i—j+k,b=—4i+3k,c=i+5j+k,iRKL a,b,c H=4FHM
AT B AR

8. O &TA &K A0,0,0),B(3,4,—1),C(2,3,5),D(6,0,—3), KX
A Y T 1 B 44 B

9. & DCR*y— M4, BIXHTEEWA P.QED. HES P A Q HWAR
PQERLEDH. My ADHIH—S MRGFEAMED, B | MM, | =
min{ | M,M| ;. ME D}, UIF0i6 5 # 4 31HE & ME D, 84 MM, - M, M0,
H B¥ XS5 BIR.

9.3 ZFHTHEELZ

9.3.1 +@&

BEVE G BHNESRN « 5%, 568 P05
BN 7 EER NREETE « 0 — A FER e A
ST _E B —A 25 Mo o JU T 14— 5 4 - (B 9. 13).

HELFL TR 7 FAE— S M,
BMM5n S8, F£

neMM=0. (9.3.1)
#48 r,=OM, ,r=0M, Hth O ¥ 4 47
B T €9, 3. 1)k 8 5
ne (r—r,) =0. (9.3.2) B 9.13

BRI i

RZ, R r=OMu £ (9. 3. 2) R, I M W Z - f » L. B
BEL (9. 3. 2) A — M o 5 T OF 1 .
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i M, = (xy,y0,20) M=(x,y,2),n=C(A,B,C), (9. 3.2)
KXAEH
Alx —x0) + Bly—y,) +C(z—2,) =0, (9.3.3)
WH
Ar+By+C+D =0, (9.3.4)
Hd D=—(Ax, + By, +Cz).

9. 3. OXFRH Pl ~ —MAER.

RZ M FHENFTRO.3 O FAHELTEN R (2,2
HR T —AF .

#)9.3.1 BH¥E » i3 =5a,0,0),
(0,6,0),00,0,¢) (B 9. 14), 3K Itk ¥ T
F .

B Y abc BMARER, 5=
SFARAFEH—BrER

Ax+By+Czx+ D =0,

B 9.14
83
A:*Qv :"27 C:‘Q.
a b c
#AB.CRRA—BHFBEX . BHRNE
b N (9.3.5)
a b ¢

REH TR THE - WEBRERX TR
$19.3.2 BHI=Z=A M@,y 2) M (x;,9,,2),M; (x5,
Y3 ozs) AFEEL, Rt X = H B F |5 B
B OEEM M, 5 MM, H38FE KA 6
W: (x; — X155, — Y1922 —21)
W: (I3 — X1,y — Y1923 — 2,).
FRZFEA—NEmENR
. 16 o



9.3 ZEME+HEE ALK

n= M1M2 X M1M3

i J k
= |x;, — X1 Yz "Y1 % —21|.
X3 — Iy Vs — M Z3 T %)
St F P AR — 8 M(x,y,2) SR
ne MM =0,
Bp
(MM, X MiM;) « MM = 0.
E35]
(MM, ,M, M, ,M, M)
r—x YTy 22z
= | X T Xy Y T Y1 T2
X3 — Xy Y3 T M Z3 T2,
TFREZ
X — X YN MM Z— 2
T, —x Y=y 22—z |=0. (9.3.6)
T3 — X1 Ys TN TR

BN = AR
$9.3.3 EHMVYHE~d®WAEM,(1,0,—1),M,(—2,1,3),
HE S5k a=2i—j+k Fi7, RETEKHBER.
BT n 5 RM, M, o #5348 7T BOE
T £ % 15 4
n= axm

i j ok
= 2 —1 1
—3 1 4
——5i—11j — k.



% 9%  FE NI

MREE E— 8 M (1,0, =D B Mz, y, D) AP E EEE—
K U T B9 1) B AR R

n-mzo,
gp
—5(x—1) —11(y—0) — (x+1) =0,
BE KA
Sr+1ly+z—4=0.
9.3.2 #HXK

B E R B — 8 Mo, 3 B 56T [ R v F45, 07
DM — X A HR IR Ro ROy E% R
(9. 15). 5 b MR L FIE— &, W & MoM Sv P47, F

RAFTE LB, 48
MM = tvy.

#4921, =OM, ,r—OM, W] | %75 %
r—r, = 1tv,
WA
r=r ttv. (9.3.7)
RZ ATHLE 6o 9.3. DR

B r AR EMEES ] F. Wil o
HEFRESE-HETHELS LK B 9.15

O3 DANHELK I HEBRATER. .
BAFER M, = (x, 330520 )20 = (v 502 503) , 34 M= (z,y,2),
FEO.3. DA RE R
x = xo +tu,
{y=yo+l'v2, te R. (9.3.8)
T = z, + tus,
. 18 -



9.3 wTHFESE AL

WA HE [ HBBABRR BRI hSH
HESHBFEO.3.8)H , % v ,v,u BARKE, WA LY FES
B85
I =Xy _ Y=V _ R "%
XERIMRERXFTE.
Loo,vm,vs H—NRE,Hl,v =0 B, BRI B h R
HH

) (9.3.9

T—Zy Y " Yo _ 2%
0 Us U3

deRt T 0,v,,0) HE Or R 1.
FEE LA R 10 X T 12 9. 3. O P & T A%

T To _ YT M
- ’
™0 Uz

, (9.3.10)

Y Yo _ TR
Uy vy

BAEXHE—NFEF B WAL SRR X A%
2o BT LUK B A T (SR B R R L
—REHT MR 7 m B HSE, I H A5
B—%FHEHZ& B WHTBER
Aix+By+Cz+D, =0,
Arx+B;y+Coz+ D, =0,
A BRSLX A BT A 3SR LB T BN
—mHEEX.
§19.3.4 BHMEL LB AM @oyrz)5 M, (1.ysz)s
R BEL TR
B BRA.ZELN I raEmEWEE ! FHHMERR
)% |
MM, = (2, — 2)i+ Cys — y)j + (2, — 20k,
. 19 .



% 9% ZFHBEMNILT

BRUHZ LM BRA

T—x _ y—y» _ z—z (9.3.11)
Xy — X1 Y2 — M1 22 T2

XATERKRA (ARG E.
$19.3.5 CREXIW—-BITEN
3x+2y+4z—11 =0,
2xr+y—3z2—1=0,

(9.3.12)

KA s K.
B —RITBRAPTHEANTBIHNERFE . BT
T fay & 43 00 2 ‘
n =(3,2,4),
: n, =(2,1, —3).
HMTHE M EXEx B8 IOFTEERESn 0, #F
28 5 fT LA AT B
v = n, Xn,

N LT 1) ) B

i j k
v=n Xn, = |3 2 4|=—10i+ 17j — k.
2 1 —3

PRI Lm0 B =1 AR 9. 3.12),78
J2y+4z-8 =0,

1y-3z+1 = 0.
file I, 7 7248
y=2, z=1.
W M, =C1,2. D8 E—5. TR IMEARTER
x—1__y—2 z—1

—10 17 -1
LUE S0P R )
e 20 o




9.3 THFES5 AL

Arxr+By+Cz:+ D=0, (9.3.13)

MHEL T BN
T =X _ YT Yo . ZTRo (9.3.14)

A B c ’
Hoh (s y0,2) AT LR L | BT — .
EHL (BEMVYERN  WEFE MR I RHBEN
0.3 1O I WV (O FBMEO.3.13). Hdv D aj Y
AT B K

9.3.3 £ A

1 AR5 R RS

PSR LR S S 92 B T 00 ) 1) R 1 ke A 0 9 LS B Ak
HRZ MK O W R OO, I, IR B WAL L AL 1
Ji el oy oy Filo BT B 23 5

6 = arccos Mool
o 1 o

(9.3.15)

R eI A
2. PN Z 18] B 3% £
VPl 5 ZEMARRENMNER L 5L 2%

B HUE A T 0 EI T 2 .

$19.3.6 E&¥HE " 5m WHFEY
4xr—5y—3z—1=0,
—xt4y—=z+2=0.
ﬁf* M ﬁﬂz E‘J;&ﬁ
B m Mo MRS Hh
ng = 4i—5j—3k, n, =—i+4j—k,
TRARBERZHEN AL T
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F9F EEMBATIAT

0: arccos ML = arccos ” _4_20+3 H
Cln [ ae /50 X /18
=arccosl~i
10 4

XA o Fl e Z 1A Je AR
3. HE S5 FHKRMA
HEASFHEMEANZELA S FRHELKRANRA.

B19.3.7 REL r—2=y 3= _‘5¥E 2z—y+2—6=0

2
Hy 2 f.
 OZELN T EmE R =0,1,2), FEHEMNRN n=
2, —1,D. FRALXSBRXRZ R AR
0 loenl |2—142|

1 s
= arccos arccos ————-— = arccos 5 =3

TolTall ~ JEx /8
%S FHEM RSN =5 —0="T

9.3.4 AKX L FEHAKFTA

T ERMPE. BT U LRSI BRI S8
BAREF AR FER.
WREHBEL ! EH— 8 Mo (xoy 305 20) FIE B — 4 7 18] 18]
Bov=C(v,v,u),ll 2B HFERR
x = x,+ut,
{y:yo + va 2, (9.3.16)
z = 2, + vst.
RV MEELH - ERABENE (2,5, 20) —BEHER !
ERZ I TFTHEEEE S (20, 2)  MEELH ¢, 48
(9.3. 16) KR L.

MRS r=(x,y,2) 7, ={(20 530 +2) - W (9. 3. 1I6) XA LB K
L] 22 .



9.3 wHFEE ALK

r=r, ttv. (9.3.17)
ﬁu%E%ﬂ:‘Fﬁ m B —AN R Mo (x5 30520 » A ROEE LB A
Kﬁ%(é&‘l’i‘ﬂﬁﬁé)ﬂ‘]ﬁﬂ% u=(u1 s Uy yug)—t-j'll :('UI 91}29'113),'%'3/1\

Xt FZOFE AR — S Mz, y, D) 8 AR Mo M=su+tv
BE (ryy,2) =(xotsus +1v sy, Fsus +tvp s 2o +sus +tv,). FRE

FHERAALUERETHSHTRE:
x = xy + su; +tv,,
Yy = ¥+ su, +tv,, (9.3.18)

2 = 2ot su; + tvs.

BE
————
MM = su+1tv. (9.3.19
R o i — PR E R
ik
Uus Us Us 231 U (723
uXv= (U U, us|= i+ i}—f— k.
(%3 k%] U3 v U U,

v Uy Uz
MR EFTE b8 Mo (o 0 20) HI— A2 [ 4 (B 5%
HE AR R n=(A,B,C), AN F L& LIS — &
M(x,y,2), [ RMM5 8 n % , B
(x— x5y —yor2—2) » (A,B,C) = 0,
FRA
Alx —z) + B(y—y,) + C(z— z,) = 0,
WEPHE« —BHR.
%19.3.8 B%l]—'\lzﬁn_tE,lﬁMl(2,—3,1),M2(4,1,3),
M;(1,0,2) , R ¥ = EHHBES — BRI
R OHXEAEBEITE x FREA R e=MM, —(2,4,2)
Ho=MM,=(—1,3,D. FRVE = H 2K BN
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9% FEEAIL

I:2+2.§_1,
{y :_3+4S+3t9

r=1+4+2s+¢
B, FH  —NEEER

i j k
n=uXxXuv= 2 4 2
-1 3 1
4 2 2 2 2 4
= i+ j+ k
3 1 1 —1 —1 3
=—2i—4j + 10k;

MR M (2, =3, DR o b f— 8 BT LOE# o 60— BTN
—2(x—2) —4(y+3)+10(z— 1) = 0.
ATU LS, RATHBiEE A S T A .
D) EH2ZHBTFTEFXELZ L S5 L FARES?
@) WA FEEFAZGETEITHES?
) EfFAKHTHRAER LR
D EHL2FHT.—FEX I NTEHFE 17

9.3.5 T @I—EBTFEHAEE

G 9. 16,18 Polxosyo»20) BT nn: ax+by+cez+d=02
AR — 3R Po B w BBE BS.

H Po ) n 51K« Fi8 P = Py (245595%0)
(xrsyisz). W Py B MEEE%ET
I PiPLI 3% n P 8024

el B B )
i b + ck Pyzyy, %))
n= 410 rck P(z,y,2)

/a2+b2+62,
B AH Sl
.24.




9.3 ZMFEE LA

I PPl = || PPenl.
NAEFE 7 EAER—& P (3,2, B R
PP, en= P,P, ¢ n.
Hit, & P 3l n IEEEF

H P, P, H: ” P1Po'"|| = ” PPO’””
_ lalx—x) +b6(y— yo) +clz—zp) |
N

¥ EXERDP TR EBBHTF P(r,y, ) B n EM— &,
BH axtbytcz=d, \Ti {55

| PP, || =1l tbetatd]l 4,5,
N
3 E 9.3

[ $u gt Po(l,—l.Z)Eﬂlﬁa“FEz“3y+4z—1=9 IR ATl

2. RA®WHE P (1,0, -1, P, (—2,1,3) A 5mE a=2i—j+k ¥FF
B - 1T O #2.

3. — Pl it M P(1,—3, 2% HFEHTF A0,0,3)5 B(1,—3,—4)fy
B CREHEGRE.

4 FE ZRAGLDFAABEETFFHRER: 2—y+ez=71%5 32+
2y—122+5=0,3k = B H .

S ¥l ad R4, —3, —DHAET O #h. REFRB.

6. KM 22— y+2=75 z+y+2z=11 I .

7o W i Oz 3 B S P 20+ y—V52=0 By h 5ok « M H R

8. KA, 2, DBFHE «+2y+2:—10=0 pypE 5.

9. KFFATFE 3x+2y+62—35=0 5 3r+2y+62—56=0 R .

10 EOY M F I — S M, R B ¥ 2xr +3y—62—6=0 & 8z+
9y— 722+ 73=0 EHEWIEE.

He P@E x @SR FE 22+y—4=0 & y+2:=0 (%%, 3 Hili ot &
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£9% =ZTHBHILA

2,—1,— D, REFE.

12 ¥l niliit 22+ y—4=05 y+2:=0 XL . FARHET¥E
3x+2y+32—6=0, KR H .

13. R FIIMRMERTHE:

(L (2,5,—3),(—1,3,—8); (2) (2,5,—3),00,4,—3).
14 SRR (2,3, ~ ) AR FRIR ML R
R e

(2) BHTFFH 2—y+2z+1=0,
15, —HREH AR, -3, DHBEE Oz, O: EH KRR HB.
16, Rgp(—1L, 4. DHAETHHAREANEL T E

x = 2+ 4t,
{21—4y+z= 1, {
y=—1—1¢,

TSy =T =—3+ 2.
17. F1WF 51 P B 2%
T oy¥3_z 5 oxz=l_y+2 z—2
z- 3 T4 7T 1 2

RERE; HE RETH.

9.4 = |5 &

SHESEPHHE S EEATUAEE 2.y 2 ZHEMOESY
ﬁ?@%@*#ﬁﬁi,ﬁﬂ ‘
= {(x,y,2) € R* | F(x,y,2) = 0},
Hr F(J'f’y’Z)% NZTRBGHMTE S FREAN Az, y, ) B
RIBF(z,y,2)=0; RZ . BIMHERFTBHE (z,y, ) SELE
BT S b, HEER F(x,y,2) =0 HEHE S B (—BFBR).

9.4.1 #%#HH4hH

—HRFHEML L S8F—PHE L —RER L FE— BT R

Fy o TET R Oy MR o TN BEE AR L RUE AR L A BIRR M BERS B
. 26 o



9.4 = H & &

B B % A RE S BH-
W LR yOz BirHE L —KHME. ERHTER
F(y,z) =0,
K2k L 28 O BhiERe — 3, SE 418 8] — L Oz 8 58 5% 5 19 e
W, KA ER
F(V2" 4+ 3%,2) =0,
H Rz, y, ) B HER dh i E AR — A
K, thgk L 88 Oy Bhiess — A T ie s thm w7 20
F(y, V2 +2°) = 0.
B, WL == 5" 58 O= e s B8 Bess thm s r st 2
z = x% + %,
1 B T SRR b B S i

9.4.2 —hww|m

R AR
ayx’ +ayy* +as2t +byxy + byyr + byzr +
axtceaytcaz+d=0
B 2 B B TEDRR O = B T . X BB LB S LA SRR I — Yk i T
1. BRTE SHERE
BLRL Po(xo s 30 520) s, X R(R>O)yil¥%ﬂ(]f§ﬁfh?i$
FTRYE -
(x—x2)" +(y— y)? + (2 — 2,)? = R?,
FOTER A KL R(R>0) 4 B Bk RN (| 9. 17)
2 +y 422 = R, (9.4. 1)
MFZERPHER—S P(2,3,2), 8 o=V T+, f ¢
F 0 BOP 5 Ox MIERM KA ; LA Plary, ) 20y T
LEBEH Pi (25,00, 0 %% 20y & LK BOP, 5 Ox
o 27 o
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% 9% wEBHIUT

B 1) Ay Je s (I 9. 18). A an it & LAY ¢$ﬂ0,ﬂu%tﬂf$ﬁ
O 4. DOEBSH R
x = Rsing cosf,

y = Rsing sinf, 0 o< n,0 << 2m.

z = Rcosgp,
4 z
\P
\\ \ P
\ S S 741 G
A"“ VA ""“\ // } y
0] R y IP|
] : /
T 4
&’ 9.17 & 9.18
HERTE (B 9. 1D TR A BHE - z
1_2 yZ zZ B P
az + b2 + CZ - 1 ) (9. 4. 2) o __ié"—\\ D

4 bll\
HAE® arbsc HBRTE (9. 4. 2) [ = W
/I\ﬁiém9(ay070)v(09b70)9(0’016)%% oo
R (9. 4. 25 AR IEEME R B 9.19

Ko FPFE 2= k(O [ k[ <<o) £ #MBR T
(9.4.2), 18 B

[

1,2 2 kz
{?*%Il‘T’
z = k.

WRERTE (9. 4. 2) 5 20y S HRTE 328 2 W 18
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9.4 F H & &

2 2
§+§=L

[FIHE BRI (9. 4. 2) 5 yOz AR A 2Ox AL AR ) LR 43
) 22 19 [

2 e
+—2=1

C

S

~

2

NIN
8

+I =1

~

WRAERSE .0 FoRMERE, WA BIMEREO. 4. D02
R )

y = bsing sind, 0<< o< n,0 <O 27.
T = ccosg,
2. WEMYE
B TR 5 2 5 E A il PR O A () z
Y1 (F 9. 20).
g = ax?+ by, a>0,b>0.
(9.4.3)
EMTURAFEEA APE :=kG>0 K
WY (9. 4.3) BB E ax’ +by" =k
3. W el mE
TR

{x = asing cosf,

B 9.20

§—§=z (9. 4.4)
B B AR S SR M T (9. 21D, i FE MR IR T 8,
AN Bk Sh i . (9. 4. OB 4 i 9 b7 vk 7 82 BIF 1 2 —4
HEXUH PP E (9. 4. 4), 5 B iy 28 2 Wty 28 (& 9. 22). 7] LA 4
WM=FEN .
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F 9% i RAILA

mo9.21

(1) k>0 B, 183 Wi 22

2

at o Y =1

{mﬁﬁ (bk)?

z=k>0.

(2) k<<0 W ,78 3 X ph 2%
2

2

=1,

x Y
{(a\/—k)z (b/—k)?
z =k <O0.

(3) k=0 &f, 485 2Oy V1 LW EHTHL

Y o A
a+b 0, " 5 0.

SANAEE x =k, y=k XE M WY E . 4. 1), 182 & dh
KWMEWWE. B, HFEE>=0 28U Y E 9. 4. 4,15 5)

W R Y0z P LO MM <~ — % MFE y=0 £ MM

2

PE (9. 4. 0, BRIRML R 0 FHEEILYLE ==

4. ot XUl mE
& asb,c jbiEﬁ’EBjiﬁ

2 2 2
A (9.4.5)
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9.4 T H & &

10 % B4 B T AR O S 0 XUl T RV TR A 9. 23 BT
HFATT 20y AR B = =k K8 S DUl E 9. 4.5,
15 4 5] i i p
X Y R
{az + bZ 1+ CZ ’
z = k.

WMRAFHE z=0 M y=0 85 0t XU 1 (9. 4. 5), W 4 5118 7

X T 28
2 2
{Z—f%: L,
x =20
F
2 2
fr-z-n
y=20
5. X Xl T
&a9bsf ﬂaIEﬁ, Eﬁjj‘ﬁ
2 2 2

—L - +E = (9.4.6)

a’ b c?

B 5E 4 A TRD PR o X XLt T B PR G 9. 24 R
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F9F RN MAIUAT

R RFE =0 F y=0 &t XU & (9. 4. 6), W 43 5
78 21 X 2%

2 2
{%—%*L

¢ a

y = 0.

k| >cmt, FPAT TR 2Oy 897 fiz =4k F 830

il A (9. 4. 6) , 18 T i
z = k.

6. B HEH

WA —FSHME L L Rl — S M. i M, fI L
R 0 3 A B T TET PR R SR TR B ML, R T O TR A, 4R L
% T HEZR (9. 25).

B19.4.1 SRUFEA AT A, K

2 1 L
F(z,y) =0,
{z:h, h#0

R HELE Y HE T AR

B M.y ) EE TR —
R0, M M(x, vy 2) FERELR E )&

(A h ) smamEs L WwE
ik B 9.25

s
z z
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9.4 = B &

F("—I,@):o,

X R AR T A AR
L Oz Bl 2 vpC il 99 1E (B 4 1T (D 9. 26) B R 2
2 =ad 4y, a>0.

FHYmE 2=¢4 fﬁ.lﬂﬁﬁ‘:@%ﬁ%@@“ﬁl z | 2P=a"(z*+y?)
{1,2 +y2 — (kl_z, ‘.
z = k Oﬂ

" AN
z=avx*+ 4y, a>0 T

R M IF I 4 T 3 T 2Oy OF i & J7 19 ’
ey B 9.26

7. HE ‘
BLRE-FRTEMEK, | REEPH—RER . HERLEH
K Lizgh SFHEZHPSEHE { BBEET BN EREH 4
RHME R, K s ERR IR E, & L K yix
A T f HE£R
. 5’
2+ =ad, a>0
FARU O M AR IE B HE. ©RRE R 20y EE& L1
xi+yP=a4%(a>0) yBER S Oz #1247 (| 9. 27).
X, TR RERME YR
VvV =2px, p>0.
ERRELR 2Oy VI L HIYL (E 9. 28)
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FOF ML

|o9.27 B 9.28

{yz = Zpl"

z = 0.

fFERE RS EEA - A . 6w, 7 b wE R A
Sy RSP, AR « BAH MR XRA = 0 LUBAE T 5.tk
UL IR F A 20 M Cxos oz FEFRAHE L, W FER
B 20 (o s yo s D WAEX MW b X B HRANEREFITT 2
B EL.

3] 9.4

L FHEBH B R 2, g .
(1) 16 +9y* +162" =144; (2) x* — 43" + 362" =144;

(3) 28 +4y"—22+9=0; (4) 22425 +42°=0;
(5) ¥ +22=x; (6) z= /27 + 3.

2. i 3 A R 2 4 ol T R LAY S AR -
(1) 224 3y+62=6,7=0,y=0,2=0;
(2) z= m,zzo;
(3) z=x*+y*+2,2=3;
(4) y=2*,y=2,2=0,2=2;
(5) 224y =2y,2=0,2=3.
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9.5 = 4 # &

9.5 = (6 H &

9.5.1 wE LKL —KFAE

ZARHETTUBHMERTHENZLR. BE S 5 S 75
BA N
Fi(zx,y,2) =0 M F,;(x,y,2z) =20,
BT L N L. N L RN
Fi(x,y,2) =0,
{Fg(x,y,z) = 0.
O.5. DX Ak L i—mA1E.
i an, A

(9.5.D

4y =1,
{1+z=1

RRMBMEEE o +==1 5EE 2+ =1 WXL, B4
4y 4 =4,

{IZ +yt =1

KRB ERER °+y' =1 5@ 2+ +5=4 R,

B b R 2 2 ) A Y 3 S B PR R A .

9.5.2 ZFR MK LAKFF
25 [A) i 6 T LU 802 — 30 A8 Sl Bk, 25 Rl B4Rk B T
A—BITRBEH B UASEEREZR, I, RERHML L
EHE R Pz, y, D) BARR 2oy, 2 RIS E : BIERE
x=x(),
{yzy(t), (9.5.2)

z = z(1).
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9.5. )X AR I & L MSEOTR.

LM E PERER 2ty =" @>0) LUAEE o
58 Oz hheFe, Rt XALRHEE v §5F47F Oz S EJ7 15 L 7+
i PSSV HE AR D Mg R HWAE ¢t S B Hik =0
B P AL (ay0,0)4b, W IRBER 9 S B H B N

X = acoswt s
y = asinwt,
2 = vt,

He xr,y, 2 RoRTE ¢ BFE) S P FTAL 7 8 B9 A 5.
9.5.3 FHE hEELIFE LR Y

WP EZSEPE—& o PEEETRRENERS LT
TP LK P R P IER bR LB, SRR L L SqE
MEARIE LB R A 2 LR L 75 % A AR b A 1
2 RIARER. B ALk L s r Bt TR 78 L 78 AR 4R T b 4%
5 il 2 1Y) 5 R IR 7

Mk L — BN

Fi{x,y,z) =0,

{Fz(x,y,z) =0

B HRRALC0. 5. D PR AR c ERAEE x5y K
BH

(9.5.3)

G(x,y) = 0. (9.5.4)
BR- Q5 OXKRTWER —EEHSME L. LML L WES,S
LT Oz Bt AR A L X FRIRE 20y (A
W BEHES 20y FRNKERES WML L % 20y F& L
MR L. Wi L 9B iR 5 R K
: G(z,y) =0,
{z = 0.
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9.5 = | # £

Al 4 (9. 5. DR PR » H & BE

G (y,2) =0,
Mk L 7 yOz Pl LR REMELNTER
G (y,2) =0,
{I* 0.

BOLIDATHWER yIHE - REHBE L 7 200 FH LM
BB
G,(x,2) =0,
{y = 0.
B19.5.1 BRBREMFER 2°+y +25 =1, FHERH T EN
xtytz=0 RILERE S5V E ML L £ 4R ERSE TR
MMty b2 =1 by b e=0 iyt = £
228 + 22y + 2y =1,
B2k L 78 2Oy Pl B BN
228 +2xy+ 2y =1,
{z: 0.
WRAEXTFRAE, 55 L 7 yOz F i LB MK 8 h
2y +2yz + 222 =1,
{1 = 0.
L AE 2Oz SV BB ML BN
ijz +2xz 4+ 228 =1,

ly = o.
2 & 9.5
Lo 15 B F 3 7 #2417 18 A 23S A PR SRR R -
ay [P (2){172+%2:1’
Y= Er T3 y=3.
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2. RLAMZ
2% + y* +2* = 16,
4y =2 =0
HHELR B BT T Ox i Oy BHEAE | 7 2.
3. RERW & +5' +2" =9 5F x+2=1HKXLE yOr ¥l LB
LR
4. S BIKR EA B 0<z< V' — 27—y A& 2+ <arx (a>0)
B LA E 20y F M 20z i E i .
5. RIEFEWMPE z=2"+° (0<<OE=NRATE LR BE.
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F10E ITRERSF

10.1 HIT&ELEERE

10.1.1 34 &HMBME

FEFZ LR S, XN B REZ B LA HEORWE. 6
.- ER AT ARER BE S EEEA R, LR
PR 2 R IR BE AR 565 7E R R LB L PR A AR DA R B0 U 4% A B A
A e o o B R 5 B B R R R R B B O, SUR [E] % e B R T
w51 R B DA R O P A R B A OG5 A R R A BE R AR AR
i 038 » B 5 SRR L 35 B AR 56, AT 2 i B AL /R OR R
BAX % MR- TEENEAKBT AU LAZR, X
H A% 2R 3R T LA 2 o ok B R

MR R - RIEKBTRANER >,y MK 2 2,y B ZI0HK
B TR BB AT LU R I .

EX10.1.1 ®DRR f— I ExE£EG EXED LM
PRE S B— X g . R ANEN.EE D FHE -8
(zyy), ERME— HLXS B — A SEH A f (s )RR AR (s ) X B Y5
LM ER DIRARE f MEXE. 2 (2, y) BUE E (3 D B,
B Rl f(a D R ESHRARE [ EE. A DORR
S B XL ROONDFR fHER.

R RERNERBEENERE R ER My &
W RGEE R B EARBAR AR REENNES
BHARAKNBERRERRI T FRE FII, f(2, ) =



%10% $AasKmad

V1= =y glx,y)=In(xy—1) ,2=1"+cos(x— y) FH E¥ %
PR,

FEVFEIEE . ZoUR A — 8 i RE. BR 1 L AT 4
) %) % R AL » 3] L) 43 B 45 pRBCR R BR B 5

2 ) = 0,00,
flryy) = Jl H 1 TP F

0, (x,y) = (0,0);
RH TR R OB U AL 5055 T B 45 R R A KL Bl

1
Blap = [ 2= 0pde, gy = Za iy,
0

thé@ﬁ?ﬁ—ﬁ\;#ﬁ]ﬁ,ﬁv?ﬁﬁlﬁ’ﬁ‘ﬁﬁﬁﬁfﬁﬁ"ﬁﬁﬂ’ﬂ*’l\
RIBEAERR ML EER . W/ = 0 F AL R My K
KEPRRABRT « My BEARER. i, LB
L4y 2 —e = 0. (10.1.
Moy WEZE, BT x, v,z W B 10, 1. D, & =5
AREAEE (L. iRy Q0. L DlE TAR : MR 2,y 2
(6] B 3 b EL AR OC 2. M B R B XA TR BB M T —
NRE z=2(, ). XREU, FPHEHENESES D P
BHE () AR =, #18 r,y, 2 EFEA.1.D. B
RaeMFER o,y WREXR z==2(0, Y REMFEN, B L —
BAGEHHER = RRHEF oy — P ERBERR. ZEM
AR c==(a, I FRA0 1. DHE R EE &,

10,1.2 A &G EHEMEE

TE—ERHT ZICRE 2= f (s y) K9 BT R 25 6l i) — K il
WS SREXE KN D MhE S AW (z,y, f(x,9)
) € D)WY sl A BRH f 0958 8 D 18 87 25 3 il T 2
Oy F 1 B 5.
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10.1 3 n#4a#

B CRT IR f WER £ —E&KME T, Filg z==C
FIRITE S (97388 R — & /KOF & FRox 4K Ffh & i S 787
i z=C ik, kFihmE S 5FH = =C WL B 20y F
R R &M% Le: f(2,)=C. R Lc hRE f %
E.

B 10. 1Ca) AIEE 10. 1Cb) 43 3 tH — 7T bR 4

r=(F—ye Y, —2<x,y<2
BT UL R B i 2 2 . 7E I 10. 1(b) h i — A il R AR R SF (H k.
B £, A v 1 X I8 PR BRI R K s R =2 B £ A TR 1y X R U (EL A/

(a) (b)

10.1.3 =R H eIk

AT — 5T bR BRI B 5T oR RO B B S R OR T MR (]
R* f B 5 DA B 25 T 1 BB R I
S ER L X FAEEMA Pi(x )5 Po(az,y:) .8
EENZE MR
d(Py,P;) =+/(xz — x:1)* + (32 — 3m)>.
A THEBBES S BT LAS] A 3 Sk i 48 & A Bl S 18]
FE A
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ﬁ{Pn:(lnvyn)}%RZ *E‘J—‘ﬁu,ﬁapo(l'o’yo)%Rz i) —
AW E A IR Y n—> oot J1E d(P,, Po) 1 T, M FR &5
{P WS F A Po. XBTRR{P. ) WL RE A%, I HFR Po A5
{P. IR ER -2 4E Po = lim P,.

B Py Cxo s v0) ARE Py ) B3 S IR FER d(P, Py)—0,
MFRBhE P, y) i) FE S Py (xo sy, icfE P~P,.

AMERUE, AP WS F R P MESVLELRHER P.=
(x> v ) BIPIDABAR 205 v 53 NS F 8 Po = (o 0 ) B AH 7 AR
(TIERN 1 <

llmx = Iy, llmy = .

B Pl »yﬁér‘]:’r‘nz p=1 Po(fo sy ) WIS LB A 2 Py y)
BIPTAR AR 20y 43 BRI F & Po (o yo) BIAH BL A B 20 v, » BJ
(s 3) > (2o v VM TF 220,y >,

TEV-HR® by fh LA 7 45 i 4% PRl A 10 4 6 N 38K 0 OF X 8,
TR B30 33X 26y 2R FR R 1 X SR B i R T X 3 T L 30 SR R
AR R o X 8

Bl FER® L Py Sl iEE S HABRHFR U, (P,) =
{PER|d(P,P,)<0} RITIX B s HIB{PER |d(P,P,)<5} &
HIX S BE{PER" |d(P,P,) =6} B iX AN K11 5.

MBI AR B v —a.x=bCa<<b),x §l, L K S
& y=f(0) (a<a<O) BB ES NI R — D FF KB DL E R R

RIBHZRAG AL T IX A X R (8 10.2).
1 DER? R4 KB A5 77 75 1F
MM B AT (e 9) € DL 454 o+ {%
FSMUIER D A4 R B 7 R
D 2 F X ol a b x

TER? B { (2, ) | 22+ 32 <a?)
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10,1 2 a#%8sK

FER X D={(x,y) |alx<lb; <y<d}REHRXHE; F—FR
A={(x2,y)|x>0,y>0} B IR XH.

TER v, s E E B E S D WERFR A OF) X 35, 33 £ if
R X3 D B F. X3 D & [ H i A a5 & PR X

Flan, R o, BT A W R &4 0<<a® 1" <z, 0<<e<<1 B M
MEEESE-TIFXE. XRE—-1THBY
M z=x"+y" AP E==1E RN X &
B R HMPE =2+ FFE =1
P — R 43 48 R (B 10. 3).

AP U R B R. 5IA 5T
PR [ ) TE— 8 P IR LS, 2
RHTHBREHE PR TENEHP,
B BRBUE £ (s ) BB P AR fL R 2.

HE PO RALL Py Rt DI
ME$ o ERMF R FR NP, O H & 10.3
FOPy iy 0 4RI, WIARERIR. £ N(Py, &) rh
BrE A Po BEIMESHRRIE Po BEOBELICHE N* (Py,8).

EX 10 L2(Z e — SR FR) ) Py JE: th— g,
ARFEDNLE BB S P BENSLBE N (P OWNEE
SR FAE—FER e  BREBRBER 6, HEBXN FHAEL
0<<d(P,P)<<0 WP HA|f(P)—A|<<e, MFY P #mF P,
f s f(P)H 4R BR A,iE{’EgirEf(P)zA.

A P )BEHTES Pol(xos ) BHF 2—=200y >y, , B
Mﬁfﬂ%gﬁ’rpf(P)=A HE lim f(x,y) =A.

-
7z

¥ Y

LR R HILABF HU R HE TR BB RO EE S
e

e 43



F10% 3L RHBLESF

2 2
% 10.1. 1 &f(x,y)zﬁ—‘lyﬂ,(x,y)i(oym.Bf?f’fﬁ
KE( l)i—r»?o o>f(1’y)%ﬁ?’£'ﬁz-
B X FAEER (2, #£0,0,8 0<L+y<<(|z]| + |y )*<
2Cx* 4+ ) BT LU
. 24yt
) —0 = Y
]f(ly) , |l|+|y|
XNEBERAEE A (L) R A 0,08
BEBZEF (2P ). BT LY A (2 y) B

S (0, 0) BB d ((xry),(0,0)) =
f v 0 Bt BB S () =
PSR R T R R R X
]  lim )f(l',y)=0. [ 10.4 ZE% x=

<z l+Hl yl< 20?4 45,

(zey) =€0,0 K 10.4
SfCx, y) ETE.
f10.1.2 &
1, >0, — 2»
Flayy) = =0 Hy =2

0, HAitiEH.
BRRARBR lim  fCx, ) WTFAE B

MM y=0®¥ =00, i FRRKIESTE. B4
B )W Bl BE y B 1 TR0, 00 f (s ) B 1) F 22
SURAMERAE > 24 3 5 05 AT B — 4% 28 o B 45 B9 BT 48 8 1 F Rt
fla BB TEATRTLGESR  lim (o9 RIFEFE.

FEE R FRBREAE N —FETE FAMFENR
e=LFAER 6 REE (0, W HEXKW0, O WESETF
2+ YT NF 8 BA | f(a—0|<1.

{HRSCBR b IF AR fnite. BOA TR E 8 0 B4/, BT UE WS
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10,1 24458 RHK

Y= (@0) EARE] 4 o) (8 o) BURL 0,0) BB/ F 0.
AT B R U TT A 3 £ o) = 1WA | £ 0 0] = 1.
RBRTRA lim () =0,

Wb SMBTUE T RBR lim | fCas ) FAFRE.

$10.1.3 & f(z,y)= 2+ — 7 (2, y)F(0,0), BFFT R
lim flx,y) BEEME.

(xyy)=(0,0)

i Y x=08H y=08, f(x,=0. WK,z K, VI x
BECEW y B FRAOO, f(x, BRI TE.BEY y=x

2 £ ) = BT A 530 4 (o ) HE B4 5 — ) TR 4B

S BTy BIRER  lin (G ) R,

XA R R B R LI 10. 5.

L ERA G AR £
T B B 64 A% BR [ R Le — T BB B Y
BEERBE FEFERETF: AT
HIWi R R lim f (z, y) BB 716, R 1k

FEEBH K (s y) LSRR
K18 F 5 5 (o » vo ) I BB B TS AL,
3.

10.1.4 #4RH

EXN10.1.3 &:iﬁﬁ fi“E}-j-i P, (x ,yo)%%ﬁ\%iﬁ*
#5E S R Lim f(PY= F(Py) , BB f 45 P, 4.

Ui —TRBR T R B S8, TR LA £
TCHT) % PR TR AT B0 R SCIR A B R A Ak i 5 . R R ) % R B
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£10% sassms¥

B s E BB AITIE.
#)10.1.4 T ERE
flxs ) :{l al+lyl’ (x,3) # (0,0,
0 (x,3) = (0,0)
f i S

B R PR MBS ZRE T OREARR K
B AR T I f () BB 4 R BRI A A . LR
8 L AR ST VRO 200 % B . PR S A o
I A A B P

PEREIAED] 10. 1.1 o B ZUE D T HBRlim /(. ) =0, B

XE XA £Q0,0)=0, /i LLZ R B LE IR & (0,0) # 4.
FiSho e 10. 1.2 F1 10 1.3 1 i Flim £ (s ) RIFAE BT

LUTIR BB iy bR AL J 55 (0, 0) R FE 42

THESREEERBAERRAXE LR, A E XN BA
BTE A A X 8 i S .

EX10.1.4 {BE DCR® BHAAHME L BRMNARAHKX
. BB R f (s DIEXE D ARG R (2, %S S F DY
WAL EWE—-R P Y3 PED WMEET#EE T Po 6f (B
PED,H d(P,Py))—0), 8 f(P)=f(P),MF f(x,NTERRHA
X3 D k%L idfE f€CD).

DUTRAXEZERFWILNTEEEH.

EE10.1L1ER. B/MIEH) & DER® RARHAKSE,
feECD)RP fla, NEAXE D LabsbES W fEXH D E
HA,HHFE PLED,P,ED, f§18

f(P) = rgleigf(P), f(Py) = r}r’lél;cf(P).
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10.2 3 &$ehip 53

EE10.1L.2(NHEM # DR BEHFRAAKXE; €
C(D). m=minf (P), M=maxf (P). M3+ T m 1 M 2 [ ) %
ML BFFTE PEDHR f(P)=p.

BIL(BAEM # DCR HXE, f€CD). MRHFE
P,€D,P,€D,{#18 f(P,)<<0, f(P,)>0,M77 P. €D, ¥R
f(P,)=0.

EE10.L.3(—F#ELEN) HDSR REARHKHE, €
CD). W fEED F—F#Es. X FIEELEWER . ZRER D
EHOXF DHEERA PP, REEIZ AR R d(P,,
P <8, A | f(P))— f(Py) | <e.

3 B O 10.1

L SRF S TR BN E SO, X B SR TS MR TR AR
(1) flx,y)=vzln(z+y); (@) f(z,=Inly 2);
(3) f(x,y)=1fy2; 4 f(z,y)=arcsinyi.
2. THREAE0,0) SRR BFEET EFETREM.

—_zty . :r2+y2‘
(@) f(Ivy)“m, 2) flx,y =Ty}

H 2+ 2 1\ "

(3) f(z,y>=ﬂizi+y2—y); “4) f(z,y>=—f%;f—y)-

3. B P BR p— g AR LB f(PY=d(P,Py) R iF X £
— P ELE R

10.2 ZLRBHRESE

MIBERETRBBSEBREFNBEZ — A LETEY
KITAMS EERERA RS EX—F . RITE LB AREK
BT FELVEREH P LR RO T B B % o R4
5F B B A AL % A .
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10.2.1 %%

EX10.2.1 R _SuEH flx, R Po=(x » ¥o ) I A
WP HESGEE y= 00 ¥ [y B« 08— T REG I
xo SRR BISR AR FR

lim fC(xo + Axsy,) —f(ro,yo).

Ar—0 Ax

WRXANFBAFE »JUFREL A ot eh % S IR Po=(x2053) % F
5% 2 RS e 220 O | e £

AT DL 5 — it TS0 (g vl |
f;(-rr) 9)/())) yED
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dy

(’) 02 Y0
B bt 3 L) B g £ e ) Py Gyt
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FAIE x AL, CLE0M) B g Py (2oyy0)
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XA y B A&,
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TE 5 8] 3 5 (X0 s 0 » f (X0 s yo OHEEATF x BHAGF T 71 : Y= 3o »
ZYHESHME S: 2=, T ERMAE Li: 2= f(2,50),
Y=yo. XHFMRTE H (20530 [(xor 30 TR AR PILMAX T

Oz A5 O TE 9D 2 F L2002 e 5 28 (30 £ (200 300)

BFTT yHHEE . x=x, , ZFHESHE S: z=f (.8
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30 KT B (M AR F Oy mmﬁammt}v%#f—(’;‘;—’m

a3 ad
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BMEE X FEL y RIWFEE K« BEER. FTRFHE
AR — ST
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Iz _ 1 Ay taa+ty 1
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FAhE 5 AT LU SO BH 8 = 0 of $0R H 4t £ 5T 08 0 60
TR

$110.2.2 BHlu=¢ TFsin(x+y) , RETEK u B E—
sy, D) A8 = MR 35

& Eﬁﬁg—zlﬁ,ﬂ% Vi BHEBONTER » RFBE

g—; = e""sin(x + y) + e *cos(x + y).
LA LA 5]
du _ e cos(x+ ), du _ e sin(x + y).
dy dz

T —JURE (o), TR S ESEHH X REE AN 2K
S COBREHE TR x0 BEEEBR (S 20 %S
REEHE s f (xo) FETE.
SR X F 20 R B M M SR E S ESEHERES,
XA LA T m A AR E .
#110.2.3 &
1, y=2z2,r>0,

flxyy :{
0, HAf.
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dx,dx; 31 dx,’
) B 7E B T 4 W P B TE R U A
AN TFEEHHEAREBEECAMRINSGL: WRET
PR fITAR A T IRSBEESE MERMAN 2 ZFHESRS
B 5 R R I0UF k.
flan, R RE [y, DB TFINR AW FEEEX S D $
b kb7 HE S W E 1k Ab 1%, B
3 flxyys2) 3 flx,y,2) _ 3 flxsy,2)

Iydzxdydzt dydz*dydx dy* 323 xd =

:35f(x,y.z) _
819y2922

iaj = 1,2, ,m; 1#]

3 & 10.2

L& [ TR D ES BB f(2 )& () B R
SBAITE? E N ODER G DREMRS RS R EY f(a. &
Rz, hbiEsg?

. F}
2. ¥ z=]xyl Jﬁgi

3. RTFHmEH:
_xty L9z Iz
() = -y’;kax ay’
@) flx,y)=arctan ., xjf va‘

3z(2,n) 32(2 )

(3) z=cos Lsin =
z cosxsmy R 9z 2y
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a az(1,2
(4) z—arcsln\/—Q‘f'— ex ,3K Z(l 2)’ Z( ),

(5) z=InWx+vVy) 3k = —+y g—i;

(6) z== +y1n_9;}2 —'+yay
) u=STEFFE K (32) +(§—§)2+(3—'§)2-
4. RFIEH 2 H:

B 1 2,1
(D z—z+y+1y,7k

dxdy
Iz
e dnz gy 9%
(2) 2=y ,;ﬁa 3y
(3) z=In(x+ V2> +3), ;Ra a 3
(4) z2=In(V(xz—a)*+(y—0?), /‘R

3 2'

5) u= /T R+ —+L
dx az’

(6) z=sin(xy), ;k%zay

3% £(0,0,1) 32 £(1,0,2)

B L} ERE

(1) f(x, y, 2) = xy* + y2 + 22, 3k Epe
x’

2’ f0,—1,0) 3*f(2,0,1)
Iydz T 9xdt

10.3 ZTERBHIMS

10.3.1 #HMHoyeEs

MF—TERE (O, RFE [ () MY Ax—>0
i, A
Af = flxo +Ax) — flxy) = f(xe)Ax+ 0(Az).
WHEBE MR f(OFER o0 TR WMEE-TXT Ar HEMER
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BOf (o) Dx 82 Ax—0 i, REHCER A= f(x A2 —
FCo) AT RGE UM R R N Ax IR R £ (x0) Ax. FAERIRE
HS5ETRITR Ac MHEEBMET /D Ar BIX MR R BHKR N
SO S xo B 84E df (o).

A F 56 RB f ey BAT AT LS H 2 000 1 R R
s ) 8 o AT 2 A A i Ay e

J a
By WBCER. WRA Az 5 Ay B{]?ﬁﬁ@ﬁé{AI+£Ay

BN RBR AR A= fxo+ Az yo +03) — o o) B VT B
FEMIRES AERBBRBMKE/ QO A HERREE
B 35 R (4 AT+ (Ay)T—>0 ff) 2

XEREEAZOR: BEHRTR AF BEBIECHERR Ax
5 Oy (2R M R B X AN 8] B8 — T 6 BOIR R R 2. R B A R
FHMAFE BHRE -BEE, XBMBERLRT. YHE TR
.

EX10.3.1 LR f(f’y)E)ﬁ(Iu:yo)ﬁﬁWj¢{ﬁ

9f If 4

aJ 3.
a = f(x, -f—Ax,yo + Ay) — f(x, ' Vo) — ((—?—;{AI—F%A_V)
WRY Ax—>0,0y—>0 B}, G

a
V(AxD)E 4+ (Ay)?
ﬁl'JfffR f(x,y)ﬁ,éi(ro ,yo)ﬁTﬁo#Hﬁ(
af af
5 (10’y0)A1'+@
H s T (x0 5 y0) RS

—- 0

Ay

(x, 2y
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é’:f(x,y)liﬁ(xo,yo)ﬂﬁﬂﬂ‘vm df(xovyo)ﬁl% f(r,y)E
,ﬁ(l‘o 93/0)&{]%5}7&“
df oy = L axt ) gy,

A KEREN) dy (z4139)
¥ETRHOUER Ar, Ay i dr f dy(CIH ¥ « fly BR
BR300 U5 B IR B4 R de R dy). TR

df(l'o ,yo) = g—f

X

dz + 2 dy. (10.3.D

(x4 950) ay (x5

$i10.3.1 FE X 10.3.1 i1 E%E

X
f(x,y)=+/ﬁ_iy7’ =+t 20,
0, 22+ =0
TEE 5 0,0) & Al 1.
#/ BHEX f(2,00=0,f00,y)=0,FFLL
£1€0,0) = lim L4220 = f(0,0) _

z—0 X

0,

£.(0,0) = lim £ ;f(O’O) = 0.

MR f(x, TEFO,0F Y, MREE L 10.3.1, f(z, 7
B0, MR
df(0,0) = £.0,00Ar+ £,(0,00Ay =0+ Azr+0+ Ay = 0.
HEEIX ar=x,0y=y,FF LA

a= flay +Azsy0 + 8y) = flay23) — (gAx+%Ay)

=X
/IZ _|_y2.
Y x>0,y—>0 B, B 47
¢ 0.
/1_2 +yz
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EERFT,Ax=zx,0y=ya= f(x,y) WM HFH
1 . xy __xy >0,
Vi + 3y V2P . a’ + 5
ERXAM! HAEH 10.1.3 PELEFD, Y (z, ») IR 5
& F IR s it 5 SR 69 R Bk m) TR R RO (B R % iR e
JR S AT 3.
HEMEEE L IR (2, ) R (o o) A6 2 Ax—0,
Ay—0 B, RN ER Af B TF. TREBI-NEESR.
EE10.3.1 F fla, )R (o530 W HL A f (2, )T A

(xo 9yo)j§?§-
10.3.2 B THOA>FH

B R B A TE A BEORIE R B AT B . R
BEEXHE B 3R AR f(2 TR (205 30 A R
1 2

THHEERSRT " TRBE— SRS R XRE
TRBIA ¥R ERERENSL.

EE10.3.2 WERK f(x’y>%ﬁ¢ﬁ§fﬁ%’%%ﬁﬂ
Po(Io»j’o)&hﬁﬁ’mu f(x,y)ﬂz Pg(xogyo)&hﬁl‘ﬁ.

d
E TR R FRGL T PoCro. 30 R HE 5K B

x>0,y —>0.

B8 Pu o ) I — /S50, BB 3 S50 7 b b 77 2

a3
g. Az, Ay HIE AN T E I A (oo + Azy 3o+ Ay).

(zo 5 yo +AY) FRAL T X A~ 4R 3K P9 1.
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£ -
Af— [ filzogsy ) Az + f,(x4ry0) Ax ]
=[f(xo + Axsyo + Ay) — f(xosy0 + AW ] — folzosy,) Az
+ [ f(xosyo + DY) — f(xorv0) 1 — folzer3)Ay. (10.3.2)
B — JC R B B AS BA B P E e A F]
Flro+ Az, v+ Ay) — f(xos 30+ AY) = fulzo ,A0x, 3o+ Ay) Axs
Fxosy0TAY) = F(xos30) = fo (2o » o T0AY) Ay,
Hep 0<ax<1,0<0<<1. X PN R A10.3. 2)K, 157
Af = [fe(xosy0)0x + fo(z0s30) Az ]
=[filxe + Az, 30 + Ay) — fulxosy,) JAx
+ [ £ (2o s 3o +083) — £ (x0r30) JAy.
i
&1 = fr(z0 A0z, 30 + AY) — fr(xos50) s
€2 = fo(Zoryo +0AY) — £ (Zor¥0) s
b AR A
Af — [ filzosy)Ax+ £, (26,300 Ax = &1 Ax + €2 Ay.
B BEAS F Ss fy BRTE Po(xos yo) RbE S, BT L
T2, y>y B e, >0, >0, LI Y x>x0, y >0 B,
Af—[ folx, ,yo)A1+ny(Io,yg)Ar]
=o0(Azx) + o(Ay)
=o(/(ADT+ (Ayp7).
?%@ﬁ f(I’y)E}f-i P, (x, ’yo)ﬂﬁ- JEEE..
FTEEHNE WS BOE U 7E RBRT B 75 & 44> Wi
ARUE KM
X F = JC R, AR AT DR S R B AT O BE .
EX10.3.2 F=JuEE (2,3, D) FEE (zos 300 20) EE=

Af of Af ,
¢ﬁ$ﬁ£’§;9a—zﬂé\

a :f(xo +A1$yo +Ayyz<) +Az) _f(.ro s Yo 920)
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9f af af
— (aAI—i—ayAy-i—azAz).
ﬂﬂ%%ﬁ AI—’O,Ay—'O,Az—’O B‘j‘,ﬁ‘
a
VAT + (Ay)* + (A2)?
mufﬁ( f(I’y’Z)fE}f—i(Io s Vo ’Zo)i‘rﬁy;‘?ﬂﬁ
a—f Al‘“{‘a—f—‘ Ay—{—a_f
a],' x4y 02) y (xg 035 025) aZ
3] Sy DFE M (05 30 s 20) U B9
%ﬁ f(IvyyZ)E}a(Io93’0920)5]-%5;}9% df(lnyyovZo)ﬁZT'\‘
f(x,y,z)?i,r.’—i(xo » Yo 920)%@&%9&]

— 0,

Az

(ro.yo .zo)

a
df(xo » Yo 920) =—'f Ax
x (xg 35 02y)
d d
—f——f Ay-i——f Az.
ay (x4 15052y £ (x4 45 0 29)

B EHETERNNER Ax, Ay, Az B dx,dy il dz, F£

df(x, Vo1 %) = g d.1‘+a—f dy+ﬂ dz.
ax (.ro.yo.zo) ay (Io'yo'zo) z Cxg 09y v2y)

(10.3.3)

af af 2

%IE 10.3.3 ﬁu%@ﬁfu,y,z)mz/rﬁaﬁg,ég,g

AL Po (20530520 AbFELE W f(as 5 2)FE Po (20530 520 ) KL TT 14
#110.3.2 R E%K f(x,y)zfazﬁﬁ,ﬁ(x,y)%'ﬁtﬁ
df(z, Y MEQ, DAKRES dFA,D.
R R S 3L E N L e
B, LA, 3 B
f

a 3 o
df(rry) = Lar+ 24y = ydz—zdy
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Ylx,y)=(,Dnt,

WA AFALD)

df(l,1) = === 75

dy = dx — dy.

#10.3.3 & uzf—ln sz dulz,y,2) F du(1,2,—1).

B EREEX A RE A BT R SO N AL AL £
B LAAR $f %€ B 10. 3. 3 AT LA FTIE » 12 o B & A9 SO P9 4k 4k AT

. R
du 1 9w 1 du_ 1 _zx
dx z dy y' ' 9z z 22’
7 L
du = P4z + 2 d+—d —drdy_ zdz,
z y z

W(z,y,2)=(1,2,— DAf,du(1,2,—1)=—dx +dy‘

10.3.3 4o RBEMTEPHER

AT UAFRECZER, EHFEE. ARSI ENR
B B I B, 5E98 B ek B LA K
f(l'() +A1vyo +Ay) —f(xoyyo)+Af

aJ a
=~ f(xy,y9) +a—fm+lAy. (10.3.4)
x dy

%l 10.3.4 83,017+ 3. 987 B RE.
m %%:J—E@ﬁ f(f9y):\/ Iz+y2’f(394):5. ii/l\ﬁﬁ
S M, (3, D) 24 RED B
df(3,4) = af(ai’“dx-i—af;i:“dy — ddar+ Loy,
B dx=0.01,dy=—0.02, &M &R ELTR/IEY
WA (B 15 3
« 60 o




10.3 3 A RHKHHY

J30P+39§»v&+[ X 0,01+ = x<—oom]—4ﬁ9

%1 10.3.5 BAEBEMER fIR HFEUEHNBEMEN R=

R i R, i 00 3000, AEXTR % RAL 2% R, B

PRAE(E R 5000, MR RN 3%, X B R MR K
MR IR 2.

R BELEE.A
ARI ARZ
lRl < 0.02, }Rz < 0.03
HF .
R _ R} AR _ R}
R, ~ (R, +R)!’ 3R, (R +R)?’
BT A
o _ RIAR, + RIAR,
AR~ dR == R TR,
FEROHEIHRZEUHEF
AR _RIAR, +RiAR; R, + R, _ R AR R, AR,
R~ (R +R) "RR R+R R, R+R, R '
A T 2 e 48 B
R, AR, R, AR,
} ‘<R1+Rz Y
_ 300 500 _
—mxo.02+300+500x0.03 0.02375.

10.3.4 R HBRIKFEHA

B (OREERE- B4 f(o)dz bERFEANEBEF ()
S BEXMF TR EEREUNREE: BE u(a, s
W, RN ELERE B2 u(x, drtola, dy BAEHE

ZICERE (MM (2 BRI (2, R
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ulx, ydxr+vlx, y)dy B — 7 JE R 5.

A XMENERA R — TR EFIERE. A TFEEX
AN, RATFERE w5 vz, ) AESENR T mE
ulx,y)dx+v(x,y)dy BENS"TLERE f (x, y) B (255,
wWH

z—f = ulx,y), % = vlx,y).
HF ule, G vz, EEZEZVIBSEGHTLY (. ) RS
RFBESL NTTRBESRIFBESKBRFLXER

TRENBE T REX ulz, y)dotola, y)dy 778 F R

du__ dv

M‘g%ﬁ: @—g

KFRXMNFERFESM RITEAS 13 Fitie. REFRW
e 3K J pR 8K

$110.3.6 RBiF f(x, ) R Cxy+y)dzt+ (2 +2xy+1)dy
B—NREELHRE F(1,y)=3"+2y,35K f(x,y).

B THRHAERSOFEREEE f(z,y).

d
195 0L = 37 + 2y, T 4

X

a3
Flay) = j £d1+C(y> - J(yz + 22y)dx + C(y)

= xy'+ 'y + Cly),
XB CE y HEA R

%—'7:7@9E93—§=xz+21y+1 ¥

%[xy2+xzy+C(y)]= 2+ 22y +1,

e H2 o
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FR 2zy+2' +C' (=2 +2xy+1,8 C'(3»D=1,C(y)=y+C.
BT 45 F)

flx,y) = xy* +2*y+y+C.
A f(1,y=y 12y X85 C=0. {lt f(z,») =z +2*y+y.

3] &M 10.3

L ORTFI BB E R 24

Y e ) s

(1) z=arctan
x

(2) z=In 1+ +3* , A1, 1)

3 z=e 573 ka1, —D;
= —Z _ 3 ;

4 z—arctanl_*_y2 »3R dz(1,1);

(5 u=(§)z,2§_ﬁ—~)¢i(1,y,z).

2. BUEHI T 5 sR BAE (O, 0) SR AT 8
(1) flx,y)=+/x cosy;

2xy
ppe— (I;y)¢(0,0)s
2 f(I,y)z{ Vxi+y?
0, (z,y)=(0,0).

. ERMBH (0, h() G HIER A [0, 2: 15030 3 | FiELE, R
B

flzoy = f g(ds| hode
T Yo

E,‘ﬁ(lyy)ﬂ'ﬁyﬁqﬂ(x,y)€D={(1,y)Izoéxgzl,yo<y<yl),

4. FIRBI A BT 5 BE Y EUE

(1) /1.02%4+1.97%; (2) 0.97+%,

e — a?

5. - EM z(x,y)iﬁ,@ﬁﬁﬁl=z+y,#ﬂ 2(x,0)=x,2(0,y) =
VoA 2z,

6. 3R ¥ et (dxt+dy) +2ye t dy i JH H B
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10.4 EH5RBWIZE

10.4.1 452X EN

fE— TR RS RIBEAMRIE S RBM A E. &
y=f(w, u=g(OHBETZ R uo=g(x)) . ME SR y=
feglax)= f(glx)) A7, JF A

dy| _df| .dg
dx | =, dul., dx

KBRS 2 TR B BB,
 AEBFR — Aok S BT 2 sin Toos L RIZRTE.

Xo

WRA u=" o= L HRATTLOR = Bl oy MR REL B

. x
z = f(u,v) = sinu cosv, u = —, v= 2,
x

3 .
BAXEZILESRE-HERIMUFEEEE R HBESN—
TC PR B A oR B 43 1 I R AT LIRS B R 8K

dz x 1 y y y

—= = cOs — » —CO0s == — sin = . (———2)-sinl,
dx y ooy x x x x

g—z = cosf . (”}%)cos%—sin% . ésin x
LhR b EEMEZTRBEA AU EEER - TERN &M
WMAENLHMNBRE BB AR TERSE. BERATHTE
ZRRBCEAHRTHSEE UL TEROTHNEE, LN E
LEAREMABREN — BB ETHR . BV EZTRBE AN
Bk S v .
REW iz A MERESETAELTRENE & KBNS
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BEERAE—-WEXERITETREEFMNER  RITEE SR
B RULRE B RR.

EEH10.4.1 Fz=f(x, VR, H B, x=x0),
y=y@OR t WA FRPCMEEGRE == (2, y()) R ¢t BhF]
SRE-HH

dz _ 9f(x,y) dx(®) +9f(x,y) dy(t)
dt dx dz dy de

R BRAAR MR A A TER .y KR
Axr = x(t+ A1) —x(t)y, Ay = y(+ At) — y().
Hi A A BRI 2 MR R
Az = f(x(+ A,y + A1) — f(x(t) ,y(2)).
T z=f(x, ) AT, BT L
Az= f(x+ Az,y+ Ay) — flx,y)

(10. 4. 1)

_ox,  2s
= axAx—f- ayAy + a. (10.4.2)

Hpd 2—0,y>0 6,4
= 0/ (A)" + (Ay)D)
= o(| Ax |+]| Ay ). (10. 4. 3)
WA (O y(OR G, LY Ac—>0 B,
Ax = 2 (DAt +0(AD), Ay = y )AL+ o(AL).
(10. 4. 4)
#(10.4. HRARA 0. 4. D REF
a=o(| 2" (D Aat+ oA |+ y ()AL +olAD) |).
R T HE
lim & = o, (10. 4.5
(10. 4. 2) KB RFE R UL A4 Ar—0, 3 F]F (10. 4. R, 3
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lim Bz o fz(r,y)A1+f,(x,y)Ay+lim a
ar-0 AL a0 At A0

= filxy 2 () + filx,y)y (D).

g )t 7 B8 2 (10. 4. DL

%) 10.4.1 ¥ y=(cos)5i“”iﬁj—i

f EE_IJTEE y=u UK u=cosx,v=sinx, i ] E

H10. 4.1 8%

2,0

92 __a;yili a_.y@ — vl o3 v
dr  du dx + dvdr (— sinx) + (nw)u’cosx

= (cosx) ™ ! (cos’ xlncosx — sin*x).
iz 5 E 3 10. 4. 1 AR J Bk AT LALE B F € B 10. 4. 2.
TH 10.4.2 B y=f(usussu)0fu,=u,(t)i=1,
»m) A 5, A

"<

S du
E_y_
2 30 dt (10. 4. 6)

mEH® A E@EE*{IW?*I@/}%E%’J%T&%E.
EIE10.4.3 & o =2(u, W ES (u, 0], — T

A u=u(z, ) v=v(x, VEFR (. VHFEZE MR SE WA

dxr _ 9z du , Iz dv

dx dudr  Jvax’

(10.4.7)
9z _ 9z du | 9z v
dy dudy Jdvay’
dz dz du au dv du
HA S8 5 R (w0 o MEFEN —HEE (A

R B y M« B R B R 2 =2(u(x, ), v(x, )

¥ BWMAZER w,o BMPEZR,y HEBFHER10.4.1

RS
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dz _ dz du |, 9z dv

dx du dx ' v dxr’

R O S S ot 0 O R 0 Y B A )

dx’ax’
(10. 4. DR P 3 — 5. FAE# 7T LUE H (10, 4. DR K
%K.
HESRBPEZMATERMENTRERN AT L.
EBE10.44 EmtRBE y=F Cusurssu,) 7EEH (uy s
uzv'",u,ﬂﬂﬂ%‘l,n fﬂ&ﬁ ul:ul(Il’Izv”‘vIH)suzzuz(In
L2909 Zn) s s Uy = Uy (L1 s Tp s s TV FE (21920 ) TEE R

du, , . .
Mﬁ%%ﬁzrx(z:m,---.m; F=1,2, ),
S .
Ay Ny Ju,
an Cxpazy oz ; au, Cuy sy ymevu, ) 31‘} Cxpaxgareaz,)
(G =1,2,-.n). (10.4.8)

UL E &Rk AR 0. 4. D % (10. 4. 2) ~(10. 4. 8)Fk
S E .

B110.4.2 & z=f(xy,§),ﬁ\iq3&ﬁ fHCBEERS

'z
kIS
@i
. X /_af /__9f 2 7 3
U=xy, U';’ flfa’ fz*%s fJu:—a?{, f’z’zzﬁry
fo= Ll =2, gy = 22
dudv ul\dv)’ & avau*av(au%
mE
k_ifau ﬂa'z}_ ’ 1 .
dr du 3 + vi_yf1+ 2
322_ d 92’ _ ’ 1 ’
5= = axl5 )‘sz(yf‘+§f2)
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2 f)Jr ! ;I(.al) (10.4.9)

Y37\ au EIYA
R 0L SR o h AR L 2y H AR R A
$ I H YRR TR AR S MG T LUK £l = £h BT
(3 ) =2 )+ 5 (5h)5
=y 5L+ L=yt Lr,
(ﬂ)h_{_ (af)av

v/ar dv

. azf 1 azf_ " 1 4
TV aua Ty aw T et Gl

KU ERRA0.4. 9K 187

g SN A U
x° y
#10.4.3 B u=ulx, ) —HEXTH.HAHEEFE
32 32 —0.
81‘ 3_y
L é=x—y, = I+y,ﬁ£ﬁE =0 B3L.

aea
B Ky BERALXR .S BERPREIZR, F AR =N
(10. 4. H 15 3|
du _ Ju 3¢ | Ju 97] au
dx  JIEIx  Inar ag
du __ Ju ¢ 9u37]_ u__au

dy JEdy  dnay ag aE
Pu_ 9 ( 9 (u
az* ) dx\d¢& )

(95(—5)—5; ai<a_5)97+ae(aq)gﬁ+ 77(3:;)5;]

H

_|_
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_ Pu (ﬁ+£)§2@
T g Ix 3531] dr dx) I Iz
_ d*u *u @
e aea,7+a1f‘
A A AT 1%
Py _Pu_, Pu Pu
3y2 a8 aga,; o
Pu I 2
a?WZﬁA—L— a@

10.4.2 & F @ FHAHE

RPCL S

A, — TR SO fES o 1B g e
ﬂwﬁﬁ%&x%ﬁmm&k$w%®ﬁﬂwaﬁMw
o) BT BB A SL 50 9 e T B f (0 = WA

CERE ALk AN
MF RN ETEENE (. (W N A, (2, y) T LU
u&ﬁﬁf%ﬂ%ﬁmﬁﬁEM@MﬂLwTu%%ﬂﬁ
=(20,y) WEE—KRBHL [ BIETF M= (20,5, (B 10.7).
M5 (o, y) S R[] B 48 443
F M= Caory) B RSty 2
ARLE— R RERF . XBE T
AR Y oL M,
B M, (xe,30) €ER? —2 5
v=(v,0u) ER B— /M HiH ) po
%- ééﬁ)ﬁ Mo (IU ’}'o)v#ﬂu$&
MRy = (o, 0" KRN E Mo10.7

df(x)
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2 1 B‘J?J‘i!j‘f%]
= {OM, +tv = (xy + vt 30 + v22) |— 00 <t <+ oo}.
(10. 4. 10)

MAKAZE G, YREEXFEL LS (2, y)=(x t
vty yo Tut) W (e, VRERER t —mElET g () =f(x+
vitsyo T ) I H g(0)=f(z0,3,).

EX 10.4. 17 5 B/ f(x, ) FER Mo (205 y0) FIFEA
MEPAEE L, v =(u,v) €R REMNHE, R WEREK
g =f(xotvt,syo+v,)FE t=0 FE1E S50, BIAR FR

lim SMy +tv) — fF(M,)

=0 t

_]1 f(Io+t’U19yo+t'U2)—f(.l'oyyo)

t—+0 t

A MFRIX 4% R BR 3% S WFER Mo (xo 5 y DS F v 9
S8 itk D) 12%3——~f(1°’y°’.

(10.4.11)

*E%L:zﬁﬁx,af(x" ) 5 B F (o) FE 2 My (s 3o )

77 [ v B AR {3,
% 10.4.4 R ILERE f(x.y) =2+ A M, 2, DIEF
mow=(3, =T I

B OKERw=, — 4T BB Ry ==

' wil

(%ﬁ%)T ®r=0, 0, &7

fr4tv) — F(M,) =(2+%)2+ (1—%)2—@2 +12)

:%{+22,
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B A

AfM) _ o flrtiw) — f(My) _ .

-4
dv t—=0 t -0 t 5°

H 0 7 B0 S ORI > BRI — 0 Mo (o s o) B T A B

G T2 00 g £y e Mooy R

BT O B 7 1) 5 R BRI S ORI B O ) R

PRBFE — R 1 R LB A7 TEE S R B s M S S A B
BERHRXR. RINCEHE, 88 (o, D ERNSEEE R
R X — R TER B A RS HAE R B R
RO EESEYE. 7340, B e 3 R AFFE BT A 00 07 160 B 580 R BE 4 1 o
WA % AL S

i an, % 2241 10. 1. 2 o () s %K

1, y=x,2>0,
s w{m i,

EANRBERSRE,HRE TFEEA AR, SR

9ﬂ0mﬁﬁﬂ%?gﬁ%@ﬁimﬂﬁﬁﬁEﬁOmO)#

HUBo W EmBEHER MNZERE S RERANWERE S
Y= (>OBEAFE HWMEX —/NEEL b f(2,9)=0,

e AR 7 1 33 ST W e 2L o,
2. BEE i ) 507 1 S 3

BRERE (2, y)TE A (xo» vo) 7] 1%, %ﬁﬁ(af(;;’yo ’

af(»;:(;’yo)).r %j f(x,y)ﬁf}ﬁ (xo,yo)ﬂ@ﬁﬁ(ml)’iaﬂz

grad f(.ro ’yo).
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$10% S3ARBHKESF

FEE N R e A K
Bo €R® BB, BRI B REA cosa Fl cospflasf 415l
REEv S 2,y BIRRIIER M) XBfv = (cosa,cosp) ™. B8
TE S5 BB f (s I B M (2o 5 30) B 5 1] 3 B0R AR BR
lim flr+tv) — f(M)

=0 t

~lim f(xy +tcosas yo +tcosB) — f(axg,y,)

-0 t
ﬁqu:(.l"u»yo)-%llﬂsaﬁu%ia z=g(z‘)=f(x(.+tcosa,yo+
tcosf) » AR 4 b R4 BR Bk 2

f — dz
r71) (ro‘yo) dt

K= 5t X REEARHE
oz= flx,y), x=x,+1cosas y =y, + 1t cosp.
R E A R ((10. 4. DR)OBF)

lim &0 — g(0) ,
t

(=0 t—~0

2f _dz| 9z dx Iz dg_’}
AU | xgo5  dE L=y, X [ aguyy dE [e=0 Ty | xguyy dE le=o
dz dz »
=_= ¢ = . 10.4.12
Ax | (xyyy osa + A RN cosp. ( 4 )

PR v = (cosarcos®) s BEK S (s 3D FE 8 My yo) OB BE [
BE gradf(x,, y) = (.«’)_f 3_f)

323y ) L Br LA qn B F ) B e B
R S, WE
” oy BTAdf(xoay0) - v (10.4.13)

ﬁu% gradf(fo ’yo)i()y/&\

w — grad f(xo » y0)
” gradf(:co » Yo ) “ )

B w RN, B SHE gradf(z 0. [ . & T
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10.4 Z & BBy E

df(xoyry,)

3w = gradf(ze,y,) » w= | gradf(xo,3.) || >

(10. 4. 14)

Fren 2L ey ) K o) BT 997 10 5 M09 K

HCFFARMESEEe TS W, EEE— 5 RS
BE R AR 1) B, B HE T 16] & ok 5016 1 m B DR K 1) o B R 1) B Y
KEET SRR KE.

$110.4.5 KE¥ z=f(x, ) =2"+4y* ZEA M, 2D &
WLk y=22" B9 Y0 IR KI5 1A T 5.

B WYL y=22 A ML) MY mER

T
(1] ) 0T S A BB A B
{4 11 fon . = 7£u4ﬂxww

af af\'|  _ :
grad f(1,2) = ( ay) L = (2167, ‘

B LA

af(1,2) __ 66

T = gradf(l,Z) U ‘Jl_?’

f(1,2) 66

3‘02 == gradf(l;Z) * U, = 7.

10.4.3 #HTH&ER

BORR FH— X8, ERBREMERL f,#48—

M x=(xi,xz, 20" €0 HE— MR FEDy=(ysy25,

y)TER™MFR £ R Q FIR™ B)— DB, R Q B % B A E X

HOMS fWEXBIEED). 5xcQXpy Erxhy=

JCoO. 2 x BGR Q B, y=fCoOFER™ o i BUE 18 B AR bt £ 19
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%10%F B34 BKRBHF

{5, Bt f B RS IR (D).
Kol fERTBEARFEREER f =0 foy
£ S B

M1 :fl(-rl 912,"'91,,)9

= ( ’ 9%ty ,,)9
y.z Jelan o * (10.4.15)
Ym = fm(xl ?12?"'71")9

Ho fisfors fn BREXEQ L n TTEREK.
EX10.4.2 FOQRR PH—IMXE,.f B BR" —1
y&ﬁivxoerﬁ ﬁﬂ%ﬁ?*/l\@ﬁ fx(l‘l’129“”xn)%5}.5§(1?s12,“”

ST B R FH G G= 1,2, i = 1,2, ) AL 80

I]
m X n 56 [
(S ah L A

(71,'1 (712 axn
Ife 9fz .. e
. dx;  da, dz, (10. 4. 16)

fn fm .. Ofa

LAz, dx, Er

*o

FRABE y=FOOFEE x = (23,28, 2D B TTLL BB, it/
J(f(x@))aﬁ%‘

IV s Ye st s v,)
() s x5 5% 5x,) 5
Btla,BICR" HAEZEH RA KA, (), y(1),2(0) BE XA
oo Bl S RB M FRBE T — A ilas fIBIRY 1% 42
%%:
x=x(), y=y@), z=2() et P.

(10. 4.18)

(10.4.17)
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MRS r="(x,y,2)", WX B4 AT LUE B

r=rt) <t<p. (10.4.19)
XA WEBEER h R —FESML, (10. 4. 18) X H &
Q0. 4. 1D A XFZFMERHSEITE . Kbt AHENSE. X

A B 55 B4 E BT HL R B 2
dx
at
Ixsy,2) _ |9y
at ERERN
dz
at
#)10.4.6 HHRE
ct

a = acost, y = bsint, T =5 O<r<< 2 (10.4.20)
T

Bi%E T — L0, 20 ) BIRY ) — A S T A (SR R B —
B (M 10 3(a)).

(b)

B D RER FH— NI, x(uyv) s y(usv) s 2Cu,v) ((uyv) €
DEEXED EW =N EERE- METFTRAHET 14 D %
R® ) — > e e 5t -
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r=x(u,v), y=yu,», z==z2w,v) «(uv) € D).
(10.4.2D)
L r="(x,y,2) 7 WX A WG AT LS R
r=r(u,v), (10.4.22)
EREERER® g il , 5 8 (10, 4. 2D 8 (10. 4. 22) LR X
MME A SHETRE P w,v BT SE. XA BS R IR
35
T
du Jdvu

9(I,y,2) _ 9_y 9__)/

I(u,v) du Jdv|’

2: 2z
du Jdv

5)10.4.7 HHE

. ot
x = arcosf, y = brsinfl, =z

=5 0<r<1,0<6< 20
(10. 4. 23)
BWET—1H D={0,0 | 0<r<{1,0<0< 27} BIR® — /&L
BRI, T A 1 38 R TR 9 — B8 4 (1 10. 8(b)).
BAEM R B A B 5T 6 FE BT EL 4B .
B OCR B— MR u=(uysus s u) " =g(x) BN Q 3B
R™ ) — A, y=f () S E LK DSR™, i FR* Wy
. RS u=g()MEH R(OSR” MEE y=fwW T X
B DWZREES . ME T — 1548
y=f-g(x) = fglx). (10. 4. 24)
THRERSEH TR A H55m.
EE10.4.5 Fu=g()RMNR BIR" (LS . y=Ffw) M
R™ BIR" fyB it BB RE wi (x1s 2255 2,) s i (g s gy oo
) G=1,2,m; k=12, DT E RS HELE, W E S5t
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y=fgC) M RETT HLAH B N
J(fe@(x) =J(fw) « J(gx)), (10. 4. 25)
il

(7(y1,yzy"',yk) _ 9(y1,y2,'",y§) a(lﬁ,ltzy"',ltm)
- ’
3(11 1 Xz y"‘fln) a(ul s U2 s"‘yllm) a(l( s Xz gt 71,1)

(10. 4. 26)

H Tioouisye My WRTINKE:
u; = uj(:C; y-rzy""l,,)v

j = 1929""771; [ = 1,2,"‘,k,
Y = yl(ul sUz s** sy ) s

(10. 4. 25) A (10. 4. 26) KM FR W L TLH A BB M B AR
0
51 10.4.8 B

U = x,cosx; + (x; + x2)?,
[yl = UrlUz T UL U3 .
1 ) U, = xysinz, + x5,
Yo = UyUz — Uz, 5 .
u; = 1 — 1712 + 23.

_kayl # +%9(y1 yy2)

a(x; y T2 ) (1.0).
R mEASERRMSYEE
Ivi Iy duy | 9y dup | Iy Juy

91’1 3u1 al‘] 3u2 31’1 3u3 aI]
= (uy —u3)[cosx, + 2(x, + x,) ]
+ wy (sinx, +x5) — uy 2oy — x,).

AL A 5 A9 4% 2 0 (10. 4. 26) 48 3

CASY! ’yz): Iyrsy:)  ICuyyupsus)
a(.l‘l 912) a(ul s Uy 9u3) 3(1'1 71‘2)

[uz — U3 uy —u 1
U — 2u, Uy
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%10% S EH#EF

cosxy + 2(axy +x;) — xysinx, + 2(x; + x2)
X { sinx; + x2 x1c08x: + 1)
2x, — x4 2x, — 1y

M2y ,x0) = (1,000 Cuy yuz 5us ) =(2,0,1), F &

a(ul yUy yu3)
(2,0,1) I(xyy23)

a(yl 9yz)

a(yuyz) _
(1,0 3(u1,u2 ,u3)

Alxy ya2)

12 —o[P ? -7'4
:[ 1 0 ZJ& _ﬂ:[ 7 o:l’
L XETLAE B, Y o =1,2,=0 &,

Iy Iy dy, dy:
—_— = —_— - = _ = 7 — 0 = 0.
(71‘1 7 al‘g 4 ’ al‘] ’ al‘z

& A R 8k (10. 4. 26) AT LAHE H £ 00 bR B I &R 34
533k (HP SRR S R R WD

EE10.4.6 K QSR B4, y=f(ORMN 2 R
B — A BT i R 5 xo € Q. 305X N B 5 7E AL xo B0 T BT B4 BE
Jf ) A1 3, WIFEAE yo = fx) ) BIFEANBH U FEHEU LEXT
B y=FCORBBE x=F (W WE xe=F"" (o). WG x=
SUOTE R yo BOTERT LA RE K

J

a(I] s XLy 9*** 9.’[,,)
(10.4.27)

Iy sz st s )
(10. 4. 27) Ui B = 336 Bl 9 #9 B AT b 6 I %6 - B o 4 O b 4B %
) 360 6 I
iEH IRATAZH 10. 4. 3 RIEH X A58
M IRRR FEFR, W IFLUERIy=F(OFf x=
F I OOHEBKE Aust:
Itx) =x= f"1- f(x).

— I:a(yl s Y29ttt 9_')'1,)
¥ Iz s, st s Ty )
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EEIME S TR LREREER LRI E, ITLURE
A (10.4.25)78 5]
E=J(f"(y)) « J(fx)).

R (10.4. 2D .

$10.4.9 &

x = rsingcosf,

{y = rsingsinf, 0<{r <<+o0,0 << o< w,0<<H< 2nm.

2 = rcose,

(10. 4. 28)

R PMAXIR Q= {(r 0,0 | 0<r<loo, 0 <, 0<XH<2x ) 5|
A={(z,y,2) | —oo<ux,y,2<+oo) 5L A B4, X4 TF4F 5 —
F(ryg,0) €QGr7£0), & B RERT Hb 46 B K

sinpcosf rcosgcosf — rsingsin
98_((% = | singsind rcosgsing rsingcosd |,
cosg — rsing 0
(10. 4. 29)
AT AT HIR
sing cosd rcospcosd — rsingsing

det E;((—f:;}:—;)) = | singsind r cosg sind rsingcosf | = re sing.

cosg — rsing 0

B = 7520 B 970, o7 x B, BE AT AR RE (10. 4. 29) R A ¥ (9. F
FEIX A BT R MU R R B AT . RIEAR0.4.27) 8

singcosf rcospcosf — rsingsing]
d (7' 1Py 0) . . . .

S . — |singsind rcospsind  rsingcosf
Ix,y,2) .

cosg — rsing : 0

§5<r,¢,9>::(1,11

2 ,0),(1931,2):(1,0,0)113‘,
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1 0 O
a(x,y,z) = |0
A(r,p,0) JE ’
¢ (1,3.0) 0 0
A
1 0 07! 0 0
Irp,0) =1lo 0 1 — 0 1
I(x,y:2) | ao,
yEilaee e 1o 1 0
3 Fm O10.4

LR TS A RB R
(D 2=yt u=L 3okt £ 3 C' KRB LR x 5o +5 55

. 2
(@) 2= fQuyw) u=z w=" g f 3 C ;g&ﬁ,*%;

@ o= (L) +yg( L) Jeb £ 3 C KEHK AL

-y p g ldz, 19z
(4) = s JOP KBRS R 50
Ju du Jdu

(5) u= f(x,xy,xyz) , Hd fﬁgﬁﬁ%&&ﬁ,}ﬁé},a,a—zs

_ . ; d
(6) z2=e" "%, r=sint, y=1* ,;Rd—:

- 2 — L3z 9 3*
2 BM==S( ) R RS S SRR RR G T

3. @ z=yf(2fy. L) Heh £ A RGN R R 7

OREH e AEEFH A s (T) tag (L) ke TY+
u
yazay'

2
5. }}2z=ln(e”+%)E,ﬁ(l,l)&ti‘ﬂ'v=(a,b)T(a¢O)B<J)5‘r‘6]§'pﬁ.
6. EH flx,y)=x"—xyt).
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10.5 ReE&EHo %

IR PLIEY TR LR S Lo PS P SRR YN EL

H? R b R K EMBR/NME.
(2) B3R gradf(1, 1), FH IR I a1 5 K/ E L.

10.5 PBEeRER S E

10.5.1 B AFHHFEPBL

TES 2] — TR R B B o B it FRATT 8% 22 18 23 B sk B0R S50
[R) R, 4B p F 3% BT 2 0 UL A BR 4 XoF e R B (0 A G B8 SR AT AT
FITE. FEIX — 35, %5 W F 45 50 bR R0 43 2 B0 3R 5 5 0 o %o B o 3
B A 00K 50 v T A8 L B R A B R 5T

WEFR—ANTTREERHTRE

Flx,y) = 0. (10.5. 1)
WRBEREXN AR (o, DR ESRESE . RABXAH
BB ETR 5y ZAOEMEHKB LR, B—RERN
T RFMALEIFA - CREM B X R W, XA EE R
—ERERRN yMTF o (HF oM F ) WRBERBLE y=
(), BT x B — A B — i —NME vy 5H R

RIS FHA X Car &) PEI T A ) x, EBIEREWE — 19 v, {F
B, WRFEA0.5. 1), BABE HHE0.5. DHE T (arb)
EH—TRE y=y(2)  H H Y 2€ (a,0)BHEH

Flx,y(x)) =0.
XMERE y= (O F I FEA0.5. D EHWEFY.

FEJLfT b, AT EBX MR : & F B— Aol 3B 4
HEALS. DREWE =0y FHE LM —KMB? B, 2%
FHMRRTRRN y=y(@) (HF z=2()). ME XKML KRG
BAMHMERR y=y( (K HF z=x(y)), AR AX &l R K — 3

e 8]



£10F BAAEBLZF

FEEERRHF y=y() (HEF x=2(y))7?

Bl EBEAF C: 2 +y'=1. ER BB AEAELRR R
Y=y WARERRA =2 (y). HEFE K0, DK EA LB &
IR I/ R AT AR AR K y=v1— 2, #E K (1,0) By A 4B 1
TR LB LR RN
x=y/1—y* (& 10. 9).

PLE® R IERBR R E
) JL AT B X

MTRBHE.EAFUT
JUA ) BB 7% B 5%

(1) ey ] 52 B R B 77
FEPE?

(2) A7 38 i © 50 R
FCx, MR X B BB B y= f(2) B9, a0 % 28 v . AT 1%
4.

(3) ey 15 B R BB () S 405 () 432

B3 bR B0 7 R0 () 2 5k e )

10.5.2 —AFRHBEHEIK

Eﬂ 10.5.1 iﬁn+1ﬁ&ﬁ F(.IlaIz’""In,y)E}é‘((I(l)’
T3 2 y0) ERTEAEIR W ch A 5 S, 3 AL R T A& 4

(1) F(ay,al s sxd,y,) =03
(2) R¥ F(xysx2500 2, THEW hHESEK g 08 5 505
(3) ?’:E,E‘S\(I(ljyl‘gv"'ul‘?,,_}’o)?ﬁ/i%‘io.

WHFE R (2 xts o) ER W— BB U UEREXEU LIy
~/|\ n ﬁ&ﬁyZy(rl y XL s"'!xn) sﬁ@—l‘“ﬁﬂ%iﬁﬁﬁ_\"ﬁ-
(1) y0=y(x(1’,x§w‘wxﬁ),#ﬂé’{(aﬁ,Iz,“"ln)EU B‘ITE%‘
. 82



10.5 MREMH &

F(I\sIgs""Insy(Il s Ty s s X,)) =03
(2) B¥ y=y(x1 2052 U PHEZER ¢ Hr e FE
(3) Blxyrxpysx,)EU KA
aF(Z’l,Iz ,"'71,,,37)
9y(x1 91'23""1'“) - axi ;= 1’..-”1’
31,- aF(Ilyxzy"'?In ,y) ’
dy

(10.5.2)
Ha y=y(x1,x2,53,).

AT EE KX A B A9 UE B 4095 . {H 2 AT DR R E B b R A A
LT HBEBE R, LI R B (10. 5. 2) 3% 7R 19 B BB 504 1 2
a5 i 9.

FHDORLEM, EHAWERME F(x 2, 2,,y) =0
B xis a2y 2y AMESIES. T A Flx,xp, 0,
Xy ¥) =0 BT RET E BRPREL y=y (215220000 02,).

Ak () FEEE () PEBH  BREL F (15205000520, y) B AT 8K 1 W]
DAHE H B oR 0 Can SR A7 1) B A AR IR B B 6 T A

FA O FIEMBRER y=y(x 20, z) FEEE—4
KR FMA(BRRREVESLRM) SR, 10U U B bR 2
FE » T AN 95 e B 0B T S 3 > 214 T LA P B 55 A9 SR 1R

FRAARTRERHRFAX. RINMHTEBEHAXAS AR
R A AT 75 1 8.

By BMEx  x sz, R y=y(x1, 25,2, 3 F
VR

F(xy,25 50 52,,y) = 0,
PR 5 56 F o RIR FEE 5
aixiFl(Il’Iz’ T y) = g+a_1:

B R A 5 2 AT B8 51 (10. 5. 2) .

_l:
3 0.
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Y n=1nmf. BB W T L.

?Elﬁ &:J—E%ﬁ F(l’vy)fi:.,‘i(lo’yo)eRz mﬁ/l\%iﬁi[]
A E I B R T B SR

(1) Flxy,y,)=0;

(2) R F (o, D ELER g e T EG

d
(3) e oo 0 WG 0.

WIFEAE— N E o BIIK ) (as ) LA R AE (asb) FE LR y=
y() R .
(D) yo=y(x) s HY 2€ (0,00, {BH Flx,y(x))=0;
(2) R y=y(OFEEN ¢ B FH8
(3) Y€ (a,b),y=f(Out &

IF(x,y)
df(x) dx
Fpamie IFlzry) (10.5.3)
dy
B110.5.1 B y=f(2)H 2
2+ 3y —3axy =0, a>0 (10.5.4)
2 (& 10.10), 3585k AR 8.
v
B

K 10.10
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10.5 reRH Mok

B 4 Flx,y)=x*+y*—3axy,ll
aF aF

£=3(12-ay), $=3(y2—a‘r). (10.5.5)
?%%f—m¢wm@%$ﬂia

WMRERH y=f(OFERESR 2=x FBRE o . W 20 5 30 ah
PR BA0.5. 0,3 B £ (x)=0.
TRFERBUT HEYA
{F(x,y) =z + 3y —3axy =0,

dy __ 9dF(x,y) /dF(x,y) _ x* —ay _ 0
ay - > = 0.
dx dx dy axr — y

B B A K 0€0,0) , B 2a,4a).
B E OO0, BRWEE FO0,00=0,{H 2R BB R E
FP MM B S 00,0 BT RIEE B B (R

A 10. 10). 78 8 B(VZa,vaa) kb, 6 f2 B 5 B8 38 ob 1) 4 38 46 12
FREU 20 =VZa HPLMEANKE EFE— BBy =
FOER () =0,81 2o =vZa RXPMRBEIEL. N T #—
BHEBRRE y= (D REF 20 =20 BEMRME, HE y=F(2)
BB T -

f”(«a/fa) Za%(Iz — ay)

ar — y*

¥2a

_Qxr—ay)ax —y*) —(a—2yy") (2 —ay)
(ax _yZ)Z

Yo
HFE 20 =V2a KR [ (2) =0, FR& 2* —ay=0, H M h |-
X E
d&f _ Qxz—ay(ax — y») _ 2x
dx? lyz (ax — y*)? ¥2a (ax — y%)

¥a

EREY r=V2a W, y=vTa, Fi L bR AT N ER, fi 48
e 85



%10% B2AREMSF

KR S W2a) <0, IR y= f(2) 1 xo =v2a BB
KA.

B10.5.2 AR 2ty +2F —1=0 £E B L A48 P RE S
WS BB 5= =) ? R (2 R 525 0%,

B OBy L 1=0 FRP O TFEACERET 1
() BR T

Jig F(I,y,z):Iz+yz+zz—1,%]%]%?:21’,%[)},‘:{%2#0,*&

#EEH 10.5. 1,I$,sf{(x’y)%%/|\é‘ﬁiﬁqﬂﬁé§%$ﬁ z=z(x,y)
AR U IR A A (s y s ) AR B — /N B AT A E R 2=
z(x, ). EABRRE 2= 2(x,3) F LIE (x, y) AR IR S, 3
BH

dz __OFJIF __x 9z _ 9F[3F _ _y
dx dx/ dz b4 ’ ay ay dz P ’
Y
az_z:i(a_z‘):i<_£>:_ xal:_xz+22
art dx\dx dx z 22 PR

4 y7F0 B TESR (0 vy D FEAN P BB y=y (2, 1),
WAL IZIRETE R (2y s ) FEAN BB A — /N7 LU FR K
y=y(z,x). XA BRREE UTE (2, ) I FEA SRR .
IR, 2 2720 B, 76 8 (0 v, 2) B A48 880 o 77 75 B R 3K
r=xy,z) WL R X BREFE & (x5 5, 2) EASF B AP By — /N B
ATLLRAR R 2=2(y,2). XPNBRBREE X1y, 2) 4B,

10.5.3 FABAETHB 2L

TFEREHR 10.5. 2 Y £ —ERGT, REHBHT LR
B} 5 5 1 B BR .
ERWNTRIHEE.
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10.5 &M e &

EHEH10.5.2 BEHEAN=ZTTERE F(x,y,2),G(x,y,2)E
ITHE R (o0 305 2) ERY WEANFHR W pHE L IHBHWER T
At

(1) Flxoyyos20) =0,G(xg 550 920) =03

2) P F.GEW PEH q BriEZsimTE8:

9F OF
dy dz
) 3R G 3G #0.
dy 9% | (guypney
WAEL 2 € R NP UL L KLE XU LB — TR
y=y(x) s z=2z() , R T I &4F:

(D) y(x)=yr2(x)=2; Y 2€U it, Flx,y(x),2(x)) =0,

Glx,y(x),2(x))=0;

2) B y=y(@)z=2FEU +tHq NELREE;

(3)
dy]  [9F aF|"[oF
dx dy 9dz dx
=— . (10.5.6)
dz| a6 2G| oG
dx dy dz dx

LA EX N IEAAY. ARTUBBREHEL L)t
BRI 0. 5. 6) & nfaE 2 8.
By BMEr WER y=y(2)z2=2(2) , W FHANH B
Flzyy(x),2(2)) =0, Glx,y(x),z(x)) =0
MM HET z KRFP-EREAESREMO .53

—~F(:c,y(x),z(x)) = —+3F dy-}.ﬂ?ﬁ =0,

dy dx 9z dx
d G 3G dy , 3G dz _
o G(x,y(x),z(x)) ay dr ' 9z dz

*gdy dz

ﬁf%ﬁfi%ﬂﬁ X AT AR FT LL8 ) (10. 5. 6) K.
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%10% 3ARKMSZF

MFENTBRBHENEZ T EBRE-ARLUNEL B TREHN
FH X BAEIE.
$110.5.3 EHEE c=x(),y=y()HFEHA
2ty +—1=0,
{12+2y2—~zz—1 =0
UT e
B A Fr,y,2)=2"+y"+2*—1,G(x,y,2) =2t +2y" —
Z—1. E&F
IF,G) _ [Zx Zy}, dot 2FG)
d(x,y) 2r 4y A(x,y)
P R R (o5 30 s 20 VTR F (20 30520) =G (a0, 905 2) =0 H

2oy Z 0 ABAHE 2o BENBB P RBFLEBER c=2(2), y=
v(2), 3 BARHE (10. 5. 6) X 48 5

41‘_‘)} ’

dr IF
d=|  a(F,G)\' |z
dy - (a(x,y) ) G
dz Iz

_ 1 4y — 2y 2z 1 12yz
7—4_13’—[—21 2x J[—Zz]:—m[*&rz:l’
i 75 3
dr __3x  dy_ 2z

dz x’ dx y
B 10.5.4 B TR Flu,v) &SRS 5. z=z(x,y)H

W Flr—z,y— =0 iz qe;’—ﬁg-;—

v _dF _,_JF _
B R P =5 Fi=5

8F(x-z,y—z):Fr IF(x—z,y—2)
dx b dy B

J
F3,
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10.5 RREBHMS*®

IF(x—z,y—2)
dz

TR - hE 10.4.1 85
IF(x —=z,y—2)

dz _ dx _ F,
dx  IF(x—z,y—2) F,+F,’
dz
IF(x — 2,y —2) ,
Iz _ dy __F
dy  IF(z—z,y— z) Fi+ Fy°
dz
dz | dz
=t = ——(F\+F,) =1.
dx 3y 1‘+‘F2 ’
2] & 10.5

L y=y(@), 2=z RM IR z=2f(x+ M Fla,y,2)=0 fighs
BIGRHC I S AN F 5250 A I G 5 ORI 5 30, ok S

2. e F(T, ) =0 TG B B <= =) R 22 2.

3. EB: R F (a2 yt £ ) =0 g BB 2= 2(2 ) W

T

az dz

91 ya TET A

4 Bz=f(wW,Bu=ulz,y) ?ﬁ@u=¢(u}+le(t)dt(KEP g,

p€ CLH G #£1,p € O.RIE: p(y) +P(I)

S BHIFR F(zty y+o=1 ﬁﬁﬁz?ﬁ%&ﬁ Z—z(x,y) JHHF AR
— . P’z
e
2ty 42 =3z,

i dy dz
6. £ x + 2 =
BB, Wy S R WRNRD
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10.6 Z—tBR¥HRHAR

10.6.1 —amHMmesy PHETR

B ST B — T R B B 4 o B B (A BE H E D

B f(OFE X Al Lxo » 2 LR A (20, ) AT 5 W A7 £E 6€ (0, 1),
s

F(x) = flxe) + f(xo +0(x — z26))(x — 30).

X F T IueR B f (2, ), AT AR B — A KM S5 L.

BRAMR Polxosy) fll Plxsy), ZTREE f(2, ) ER B
PP A AE R SR BB N T AL AL T ). & h=z—x0, b=
Y=o s MIERBE Py Pk ) AT L3R K (o +ht s yo +1k) (061D,
H t=0,1=1 2 HIX$ B & Po (2o, 3 Fl P(x, ). TEX KA |,
fly AT LRR IS H ¢ B — TR

g(t) = flxy+htyy, +tk), 0<Lt<1,
Hr g(0)=f(z0,30),g(1)=f(x,y).

FERE S BRSNS M n R 4 B
SREETT LA . —STeR B g (O FEL0, 1% 48 750, DA &, 3 B 5
TR/ €O, H

g = (h Lok 3—;:) o (10.6.1)
X F—ILRE g0, #[0,1 a A B B o E 8, 18 5
g =g +g' @, 0<h<. (10.6.2)
Hi 5 F
ﬂmw=¢0m%H{h%+k%)%mw%,o<e<L
(10.6.3)
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10.6 —AsHBEHAX

XEE R T on R A R E E .
10.6.2 —am&HBEHANX

it F—mRELBRE f(OELE A 20 BENFFXEDFE
nt+1 G FEG WX FX AKX B S 2. B

ﬂw:fun+funu~n»+%ﬂuuu—nﬁ+m
oL ) (= 700 s (10.6. 4)
Heba, Bn BrAHBBAELRT,

An

(n+1wﬂﬁnuv+“1—rﬂﬂr—xw”3 0<a< 1.

MR ERBAER 0 B9 1B n MR S (20, £ (20) 500
7 o) FEHE W TT LK T 5 R AL 8 T =X«
an = ol (x— x,)"].
AR T TG £ () B MR
T BURE B 5153 B B RS A S
Bl (xos o) s A hok 5 BIRARAETT x My B2 & (B
h=Ax=zx—x, Je:Ay:y*yo),')l'JEﬁ f(on)fE}f—i(Imyo)ﬂ‘J

; 2f af
ﬁﬁﬁax (zy139) h+ay (x4535)
a
Mg (hapth ) oo nsl| ot
dx (2923 3y (x503)
MR
If 2 I f *f :
axt (zo.yo>h T 3xdy | z5.5p) hk+ﬁ <x,,,yo)k

j‘j&ﬁ Sz ) E (xo 9)’0)%_5/\1%15} ﬁfﬁ'ﬁ@)’bﬁ%iﬁ‘%

@——+k )fum%)
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%10% 3ARKREHF

FAREA B iy
Xﬁ?—vﬁﬁ‘lﬁﬁ%%
" 3f
;C’"a Ay™ | gy

KRB f (s ) TE R (05 30) B m BY RS LR, FIE S

(h——l—k—) f(xo930)

hik m—i

R m s
O BRBOH A AR B H AR TR AR 8
22 AT LA RRSR O T T B RE B

EIE 10.6.1 B IR f(x.y)
FEAL s Mo (x5 yo ) I EAN X D N
HEZM T RMIH Mx,»RE D
h—EH, RBEMMEL2G&F DR

(& 10.1D), A B 10.11
a
f(l"y)—_‘f(loyyo)_"_( a )f(onyo
1 d d
+(h otk a—) f(@or30) + -

1
+a( _+k )f(lo’yo)—Fa,., (10.6.5)

Hrph=x—x0k=y—,0<0<1,a, & q BryW:

1 d AR
= e milhasths,) fa oo, 0<o<1.
(10.6.6)
iEBl LREMMu L ERK (2, y) | x=x, +th,y=y, +tk;
0<e<<1}.t=0 Fl t=1 23 BIRFRE Mo (05 0) Fl Mz, 3).
$ (o) h i B AR (o, ) BB ER B MM L, TR 4
¢« 02 .



10.6 —am &K EHNR

Fx, AR t B — TR g ()= f(xo + th, y, + tk)
O<<D. AIFRKBEMME 2B FXE D, Wik 3 FHRAM 1€
LO,1 ], g EBEENIHH g0)= (20,50 g(1)=f(x,y).

EH—TRE eOES =0 bW BREBE KT g B
€35/ /NG W

g(t)= g(0) + g (0t + Zi'g”(onz NENT ki,g“ﬂ 0

+ QD (gpypatl 0<<9<1. (10.6.7)

1
G+118
4 t=1,18%)

g(1= g(0) + g'(0) + 2_1'.g”(o> S c%g@ o

+(q_'_11)’g(q+])(8)’ 0<<O< 1. (10.6.8)

WA S% 2" (0. &
g) = flxy +t(x—20) 130 +1(y — 3))
= fCao + th ,yo + k).
WEE A B L83
g ()= %f(zﬁth,yo k)

haf(xo+t}z,yo+tk) af(xo+th,y0+tk)

dx Tk dy
(10.6.9)
TE
g/ ()= 2LLLorye) y y If iy
dx dy
<h~+k )f(xo,yo) (10.6.10)
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” __i
g () = dt[h

daf(10+th’y0+3k)+ daf(10+th7yo+lk)
dt dx dr dy

(10.6.11)

dy

& A RE 15
d 9f(xq +th,y, +th)
dt dx

azf(l"o +t}l9y0+tk) azf(.l'o+t}lvyo +lk)
5 +k
dx dxdy
iaf(l'o_{_t]lvy[)_‘_tk)
dt dy
af(10+th’y0+fk)_’_kazf(l‘o"i‘tflvyo"_tk)
dyd 2 ’
ydx dy
H X B EE AR A (10, 6. 1D, 18 5]
g//(t)_hzaf(10+th?y[)+lk)+2}lk azf(10+t}lyyo+tk)

=h

axt dxdy
+k2 a f(-ro +th,yo +tk)
Iy?
T2
N 2 a* f(IO’yO 3’ f(-To’yo a? f(.l‘ ,y
¢ 0=t LRIy g TLI0) g S o
(h—+k ) F(xos0). (10.6.12)

A A 443 BT LAA5 3

g?(0) = (h—+k )f(xo,yo), i=1,2,%,q

g (@) = (h =tk 5;) " FCto +0h vy + 0B,
(10.6.13)
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10.6 = &Kt B

Hax B 5 AR A (10. 6. 85X, B8 1 (10. 6. 5) LA (10. 6. 6) 3.
JE BRABAE.

B Ah A R A T B 2R 8 3T LA BR IR 0 T R E

EE10.6.2 R _ITTHRE (2, ) FER Mo (x0530) T q
B e m S HL WY h=Ax—0,k=Ay—>0 if . A

f(lfoy):f(l'oyyo)+(h_+k )f(xovyo

+%<ha%+ ai) FC@oryo) + o

ad
+nl!(hz+k 5;) F(zorye) + ol /R FED].

(10.6.14)
:ﬁ@ﬁ f(I?y)Efﬁ M, (x, ’yo)%ﬁﬁ%% Elé%lﬂiﬂﬁ—f‘ﬁ‘
F8ARXNK

Flaay)= f(xoyy0) + (h L 4rZ )f(l“myo

+2(h—+k )f(xo+6h,yo+0k), 0< < 1.

(10. 6.15)
fCrs FER Mo (o s yo )R R R T —H BB AR K

F(xyy) — f(aoyp0) = (h—+k )f(xo,yo)

1 P
+7(h Stk @) F(Zorye) +o(h? + k7).

(10.6.16)
af( 09 ) d ’
s fxxyo =0, f(g(;y()):o(ﬁﬁi% M, Cxos 30) Ry

fCx BB R R F G R 4D, W) (10. 6. 15) K #1(10. 6. 16) K 3k
A5 1R
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(zyy) — fC >=l(hi+ki)zf(x R,y + OB)

fI’y xO’yO 2 aI ay 0 0
(10.6.17)

P ol

f(x,y>~f(xo,yo>—7(h—+k )f(xo,yo)+o(hz+k2

(10.6.18)

#110.6.1 EHREI f(z,y)=InCt+z+y+zxy)FEH(0,0)
WHAR B BRI — M B8 A XML ERA _HrEHLAR.

— of 1ty  9f_ 1tz
# f0,00=In2, dz 2+zxtytaxy’ 3y 2+zxtytzy’
3*f _ 1+ y)?
axt QC+z+y+axy)?’
P f_ (14 2)*
ay* QCH+z+y+ay)?’
a3f _ Ff _ 1
dxdy  Jdxdy CH+x+y+xy)¥
TR
9 9 h+k
(h 5y +H5y) 0.0 = 224,
9 4,9 __ h'—2hk + &
<h91+ 5 )f(o 0) oS TE,

_ (A +6k)°h* — 2Rk + (1 + 6R)?R?
h— k—
( + ) f(6h ,0k) = 2+0Ch+k) + G he )

HEEIHXEAR (2, y)=(0,0,h=Azx=z,k=Ay=y, @ Ilt

) =InCHx+y+z) EAO,OHHRBEERTH—HE
BMARN

¢« G o



F 10 F4 A4

In(24+z+y+zxy)
—1 2_’_1+y_l(1+0y)2x2—23:y+(1+61)2y2
- 2 2 240z F+ ) +Fzxy '
WL ERT M EHARXN
In(2+z+y+xy)

=lnz+ 252 — L(2? = 2zy + ") + oz + y0).

3] &M 10.6

LB =2 ER0DEREERTAN =GR AR, d it
w11,

2. GEBIN |l | FEAP NG AT oot — - ().

3. Bili f(z,y)= 1+ cosz FE KO0, DI — B £ 81 £ TR K R )
H & .

£ 10 E4

L&) REXEEANFEENEREKD Y 2+ > + ook,

flzy )= too. RUEFFLE (205 30) »
f(xo 5, 50) = min{ f(x,y) | (z,y) € R?}.

2. B flz, ) BE LBV F %R £(0,00=0, B % (x,y)%*

©,08t, (x>0, Vi3 FAL BRI (2, ) MEBILH o A
flex,xy) = & f(x, ).
RUEFEEH a6, FEN TREEN (2, y) B
a(? + ¥ < fla,y) < bla? + 7).

3. EXMFEBRLE - BE f(z.y, )R fGxyty, )= f(x,y,2) 1Y

Sz, 50K k WFWRH. R L RFRER f () BRFE

af y Jaf. af _
131+yay+z 7% kf(x,y,2).
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£10% s$anfk#usd

4, B FH=Zm B v=ulz,y, D) BRHAFTE F(u? — 2% u? — 5,
o —2°) = O0W E MR A KiE
u, u’y u_’, _ 1
PRI
=z
5. Ekjfﬁazay
6. ¥ z= f(x, ) AbAb AT a6 REEFE. RIEWE T8 bz, =azi iy
KFEGERTEE- TR g (), #18 2= f(z,y) =glaxt+by).
7. D RIEEFELOOCOH -4 K. (., EDPLHAELERT
BLHHME of:+yf,=0.KiE f(z, 7 D FEEFENEHK.

=x+y R &G 2(2,0)=x,2(0,y) =y HfR z(x,y).




F11E ZTRBHSFHINA

1.1 o RESBHSHEMRA

11.1.1 ®mEEHH

B2, yOM z(OREXEXE I ER=1RE,4
r(t) = (x(),y(),2()) = zWi+yW)j+ 2Dk, t€& I,
(11.1. D
mxt Fg—4 e LR hHAER K- RE r) 5255,
Pt ix BxE XAEX fE] T Egg—A o IHE R ¥, s B@ X T X [
I BEFR® f—Apst.
() y (O (O3 FIFR K I BEERB r(O/ = &y B
Mz o8 R (0, yO M 2(OFAEFEA K o LS, WFR A BE
BREr(OTEH to ESE. XA
r(z) =(x(te) »y(t) ,2(2,)) = (limx(2),limy(¢),limz(z))

t*to t‘bto t*to

=lim(x(#),y(2) ,2()) = limr(s).

=1, t"to

R (), y(O)F z(t)%‘[SEEIEI‘] I FasE, MR r(ORXET i
EgEmRERH
8 r()=(~@,y(),2()) 5R® 5 M #fE— %t 5. i
RrOEXE T EEEBAYKAER  £RE ] FEEEIHE,
Hr=(@),y0),z)FEHPBRER® iy — Kkl
L.AL L LRI L gy g .
BiaEFRAL L DERAFER



F1% B3ABKBESFHEA

= x(1),
{y=y(t), te I, (11.1. 2)
z = z(1),
MALL2DXFEAIEE L WBRHR . HP TR  RAIBH.
WMBE r FRE,,r()=(x@),y(),zNDREBENREAE
Bzl e s 8, XA (11 L DRFAL L 2D KXRRRERH
B, MR L RN A B E.
B11.1.1 BERHEL L#@TR Mz, 5020 UERHE
v="C(vi,v,v) R EE,N L KEETEY
r(t) =r,+tv,
Hro=(z,3,20). L ISEHTEH
x = xo +tv,
{y= Yo ttvy, oo <t <t oo,

z = 2o +tvz,

BI11.1.2 @) ’
x = acost, y = asint, =z = ct, (a,0,2¢)
a>0, ¢>0
BHE

r = acosti -+ asintj + ctk *
HER LRI EAFRE. EWEEN
& 11, 1.

11.1.2 #3485 Heh 55

XL 11 B R R r (DL 0 BB R
R4 Attt Ar=rGo a0 — (). BB lim A gk,
SO 60 0L BB )£ £ 2o T o 36 B B 0 BB 6 2 r ()
A BB G AT
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1.1 @aEFEIKHFHIRY

BRMB X COFE-BLER—IHEN RS 6o HEH
) &,
HR r()=(z@),y),z()), fF 4

N o AF
r (lo) —Llfj(l) Az

b4

_ ( lim x(t + A1) — (1)
At—0 At

. y(to +At) _y(to) . Z(to +At) _Z(to)
fim R lim S E0—E0)

=2 ()5 (1) 2" (£s)).

Eib, ' COFERNRIVLEEBREADBNESH 2 (1),
¥/ (t) 2 (b ) ERFETE.

BLTE BF 5T =5 ) il 4k 09 40 &
5] . v M,

RiE=EBENHETBRER . ")
E5E2EFBRIASHAAL L DR \\\-
(111 2) . Mo (s yo s 20) =
Mo (x(t0) s y(2e) ,2(t)) LR L
PR —foMBEER r(OES x
AR fE L EM, B TR — & B 11.2
Mz, y(t),2()) 5 M, f1 M
WA AEER L A BIRM M 11, 2) , 8128 6 — 477 1 6 2

5 = (1(t) — x(2) ’y(z) — y(ty) ’z(t) — z(to)>
t—t, t—t, t—t,
_rle + A —r(t) _ Ar
At At’
BT riOES 60 TR Y >t B, i B, SE S TR NS
v="r'(z,) = (£ () yy (1) 52 (25)). (11.1. 3
MBEEAEE 2 1)y ()2 () R EFBE [ (1) T +
« 101 »
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£11%F 2AIBBSFHRR

[y U)PH[2ZUDTFFO, 0 F ) R— AN ERHER. MRy =
r () =" (1), () 2 LD FR IS L 755 M, il E .
Zit Mo FHU PG RFTREROERRNME L 74
M, sb Y1k, I i [ & 5 B A
r=r,+rQt, —oo<t<+oo, (11.1. 0
Ht ro=r(t) =(x(2,), y(ts) s2(2,)).
MIRM SR B R
= x0 +x ()t
{1=y0+y/(to)t, —oo <t<l+oo, (11.1.5)
z =z, + 2 (&)1,
B 11.1.3 SRERLE
x = acost, y=asint, z=ct, a>0,c>0
e M, (500 bty
B OHMT=EAS0RREEERT SR A M 3R K0S K

At =4 FTLUBETE M, Ak b i it 2

o= (3)= () (5)(5)= (F )
BT AT R PN R B S B BN
I_J_:—ft y-\—/:—i—f Z:%C—f‘c‘i.

HBB ¢ BREE, (D)= (20, y(1) , 2R FERA RS
%] ¢ f2s AL B WS r (ORI S8 (O 4 B E 7 S 7
B 22 ¢ 14932 Bl BE AN B 3 R A i R B AN R B L 1 ).

B11. 1.4 g A R 9IS BB o 11, 1.3 rh g (B R
BRER R BR S3 FEAT R A 20 ¢ 0y BE A0S B

B HANESEWEBEIHD N r(e) = (acost,asint,ct), Fr LA R
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1.1 & FEIKNGFHPRy

RIERT %) ¢ #3230 3 B A

r() = (' ),y (),2' (1)) = (— asint,acost,c) s

JE R AE I 2 ¢ 8 BE R

) = (@) ,y" @),2(t)) = (— acost, — asint,0).

EUREEMEER SR 2 ZHRBHERENRS
EM, FTREBDINETXFHBRERBFORSEN, EMN5HE
{BL BB B SR T 95 I 3B 3 26400

EE1L1.1 Bu®, v (ORTTFH BB KT
TRV BUE R B ¢ AERE B W T 5033 58 5 W R L -

(D —(cu(t))=c —u(z);

&
@ 4 (u(t>+v(z>>—iu(z>+dv(z)
(3) a‘]‘;u(nu(z))—d"(‘)umﬂ(z)diu W;

4 d%(u(t)-v(t)):(au(z)> co () Fulo) - (_vu))
(5) d%(.;(t)xﬂ(z)>=(iu(z>)><v(t)+u(z)><(diu @),
R S (OMQOKEHER &R, RITE LB RE. &

W) (DO G)MUEI T B 2L AT R 4 H 453 (5) B iEBA.
HEE

4w xv ()

dr
— i ¥R X v AR —ule) X o (1)
h—0Q h
lim ut+n Xv@+h) —ut+hr Xo® +ut+h Xov@® —u@) Xv @)
e h

= lim (e + ) x LUER Z0 @0 | wG ) —u@

= 5 7 Xv(t))

B
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= u(t) X (%v(t))-{— (%u(t))x v (D),

R A EE.
R L L2 PN AR TS BB AR S (D=0,
51 BB 69 E B 4

EFEI1LL3 rkeknmgEE | r@ | FFEEO /TS
B RN R
r(z) « r'(v) = 0.
ER X r | =c B 11. 1.1 @I HES

% o) 2= %(r(z) c () = 2, ()  F (D) = 0,
FRIrW | EFHEE r() « ¥ ©O=0 BEHPY.
11.1.3 @S2 a4
HEERENRSEATINEHNE N BERBNESRE
.
W r)=(x@),y@), 2z FEX Al [a,B] b L, M E X riz)
EXELa, Bl BN

B 8 8 8
J r()de = (J x(t)dt,J y(t)dt,J z(i)dt)

~([zwa)i+ ([ywa)i+ ([=wa)k.
Bi11. 1.5 R EIEE—nt % ¢ 8935 303 B 3k (cost,
Smh])»)l%ﬂﬁiﬂﬂ'%ﬂ t=0 ﬁ;ﬁﬁ‘z?:ﬁ Mo(—l,O,Z)Jké’l t=mx BTJ-
FR S BT Ab B 2 8] 41 B
B HRAFAHNSHEA B LGB RS RE. t=0 W R A
&E% Mo(_].’OaZ)yt:Tf Bﬂ‘ﬁ,ﬁ%ﬁ‘zﬁ%
rC) =r(0)+J:r’(t)dt
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1.1 FE2HHFHIPRY

=(—1,0,2) + (chostdt,rsintdt,jxdt)
0 0 0

=(—1,2,n+2).

Bl 11.1.6 RZFESEFEBE, BB r=r(@. %

0=a,0=Ra<<PAMME r=r(OFRPYXBHEHR S KA L
r(0) X8 L, 14333 BB SRiE

(1) % r®FEXE e, f1H33 8

B
WA S = 4| Irxdrll gidr= ., AN

r(6)

S0 llv | Ferm o o B3 CED

M), 2EE 11.3; o
(2) M r( @O E R T MH E o113

BE 0 89 S 3 CRI 3 T AR IR D

ds
@——H r@ xXr' | . (11.1.6)

ERR XY AGTR/NET, AR r(DEL,0+ AKX [E it
BMASHMBWE T Hr@,r0+2aD U RER Ar=r(0+2A0) —

rCO) B L0 = 8 T B TR 35 B3 L 8% X Ar
NGO Bt iR 55 A0 A 8B B B T35 /). L

dS——lI rXdrll RS = f lrxdrll.
HOOMWEEAES S 2.
3 = 11.1

Lot u(e) v (O R AT G 14 B B A () 9 7T 5 5008 o 80, SR AT

M ad;(/l(t)u(t))—d'\(t)u(t)-h\(t)——v(t)

d _ d
@ F@® v =(Luw) « o +u - (o).
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Bl F 3ARBEBSFHEA

2. RFFIMRIEREAN BT RER -

(1) rc)=C(e*,e % ,te¥),t=0;

(2) r()=ti+2sintj + 3costk ,t= %

3. RTIIMAREREENIE ST B
(D r=A0+2t,1+:—7,1—t+£—¢) ,M=(1,1,1);

(2) r(e)=sin(xt)i+t j+cos(nt)k,M=(0,1,—1).
4. RT3 ) B AE B B B4

(1 JM[cos(Zt)i—i— sin(20)j + tsintk Jdrs
[
o

(2)[x (V7 i+ ety + ke

5. B (),r(0),3K re) .

(D FO=( 48, — ) ,r(0)=(0,1,0) ;

(2) r' () =sinti —costj + 2tk ,r(0) =i+ j+ 2k.
6. MEBA TR .

1 Lo xr )= X

d _r-rw .
@ Il rCe) | o] (r(1)£0) ;

3 %[r(t) (P OXPEO)T=r) « [F Xr" ()],

7. REHBAE S r=Reos(wt)i+Rsin(wr) j 75 ¢ i 2000 7 FE 5 i .
8. BHIBELRMWMBFE N r=acosfitasingdj+b6k(a>0,6>0) ,3K
TE 6o REMIE R 2.

2n
9. ¥ r =— asinfi + acosf j +b0k.5§—;—J (rXr'Hde.
[

11.2 ZEHEMNYTETESEEE

AT B9 2 (6] o 1 B 470 OF TR AN 3k 1 B LT (6] B R B T 6
Mo BN 2 —.
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1.2 zawanmtalia®

11.2.1 W& z=z(x, ¥+ &

W ICRRE 2 (2, y) € LR 2Oy VTl L X D. 75—
EFMT XA R EE (=R ES (25,2 [(z, ) €D,
z=flx, )} MW —kthim S, lEM FBEME 2=z, ). A
Az, Ay Fl Az=z(xo T Axsy0 T Ay) —2(x0 y30) S B FRm 2,y Fl 2
Ak it Mg S B XA RR K 2 =2(x0,30) + Az NRTE
XA 7R R = (s ) 7E £ (o » o) B A, PR 40 AR 5 i 7 B
BB FEM TR

2=z, + 2. (0 sy0) (x — x0) +z/y(xo,yo)(y—yo)-
(11.2.1)
7 Fm X oF T FR « T S 75 M (205 305 20) I HI F 7 (K
Hozo=2(xo,y)). A MBS FEHEENEKKRIME S 7
RMMEE. LR TRBERN

X — Ty I — Xy

7 = = =—(z—z). (11. 2. 2)
21(1093’0) Zy(xo,yo) & =

LRI J7 1 R £ (=) (20, 30) 525 (2o s y0) s — D FR B BT S 76 &
MiZEmE.

RIS SHERZFEXR UL FERE ~ W BSHES
BHRBZREIMXTUES: X4
V@ADTF @Ay 0 B, Y F & 5
HEmEREFANESS
VAT FAYTHEREBEH T
25 /N 11, 4).

Bl 11.2.1 Rkphm =e=1—
2=y EE MA,2,— )Y
TET ¥ 1) ik )

m EH:F & 11.4
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F11% SABEEHFHERM

-~ 9z(1,2) _ 92(1,2) _
2(1,2) =—4, T 2, —_3y 4,
—=(1, 2)+M( 1>+3Z(1yz’< —2)
=—4—2(x— 1) —4(y—2),
Bp
2z +4y+z=6.
R n=02,4,1).
11.2.2 —f s THaWFE
WmEdmE S HAE
Flz,y,2) = C (11.2.3)

ﬁﬁi(ﬂﬂﬂﬁ SE=ZEE Flx,y DB — N FMHEE) M (o » Yo s
2 S b — gL WMR S 7E R Mo (xo s 30 » 20 ) Ab FY B ] B 1
)°F i ?

BiX Flx,y, ) HELEKIR-2E I HER Mo (203052 &b
%Eéﬁ: gradF (M, ) #0. X B} 7E 558 M, (x, 'y Yo r 2) B =R T
#3E L S E o — A RN E R A0 TR
SR B AT LU AR (o v ) O AN 4B IR U “Pﬁﬁl%_&&2~
2(zyy) R 2o =2(0sys) FH Xz, EUBEA Flx,v,
2(x,y))=0. HERRUL, MIE S 78 & (o » yo » 20 BT B9 — /0 - AT
LR R z=2(z, ). TR, ZMETE K (o> ¥ 20) &I VI FE T )5
FHOL2.DRXEH.

H B R B o 518 3
dF(M,) IF(M,)
Iz(xosy0) _ dx Iz(xosy0) dy
ax  3FWM,) . 3y T~ 9F(My)’
dz =z

11.2. 4
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11.2 R amtasxa$

'f‘hA(ll- 2. 1)5&‘,%1&?5@]%@ S Elﬁ(xo s Yo ’Zo)ﬂ%m:\lz‘ﬁji
B/A
IF(M,)

aF (M,
e + Ry + -2 = 0,
(11.2.5)
ELITRR
I:Io+aF;IMO)z’
aF(M,)
=y F ——0 (11.2.6)
1Y Yo 3y
z=20+3F(M0)z'
dz

B AT I 2 grad F(Mo) #0 B, 7 8 F(x,y,2) =0 B 5E i i
STEM, b g R gradF(M,).
$111.2.2 JEBARRE Si: 2*+y'+2P=R* 58H S,: 22+
¥ =a*2" [EAX.
B OEPHEEXRREENERALANERNBEEAS
H.id
F(x,y,2) = 22+ y* +2* — R?,
G(z,y,2) = 28 + y* — a?2?,
WHE S EERE—K M(z,y, )4 i B H &R gradF(z,y,2) =
QCx,2y,22)Fv,=(x,y,2).
FIFEH, M1 S, LAERE— & M(z,y, D) bWk B N, =
(x,y,—a*2) . BH/ Mz, y, D RFMEN A IS MEZSE
v v = (2,y,2) » (2,5, —a’2) = 22 +y? —a?2? =0,

BIEE 23 30 A Ak 0 ol T 4 5 ) M T RO 96 by R AE RS (R 11, 5).
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$1U1F S2ARKBSFHER

Sy x2 2 =2 22

Sp:x2 +y2 + 22 =R?

11.2.3 —HFETERAHLEAWE

BEZHEMELEMES 5S. XL B S WHEBR
Flx,y,2)=0,S, BN G(x,y,2)=0, L g HEL
F(z,y,2z) =0,
G(x,y,z) = 0.
B Mo(xory0s20) B L B — AL A MM RAIE L 5% S04
OF-

&iX P, P, ﬁ%ﬂ%%ﬁ S\ 58, &L M, (x5 yo ’ZO)H(JUJS{Z
M, R LA M YR B TRk L BRZEiE S, b, XAE
S, BRI (BRI F Py b, X F P, BB LS M &
VMBS S WEmE gradF(M)BHE,. X5 S, ki
gradG(M)FEH. TRYME 1 5H8v =gradF(M,) X gradG(M,)
L WMBEAR M (Iovyovzo)&twjﬁ\ﬁﬁﬁ]%gradF(Mo)—%
gradG(M, ) RILgk, M EZ 5 &
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1.2 zaaadtmtasxasd

v = gradF(M,) X gradG(M,)
BE L HES M (x50, 20) 00— DY) &

Zig e he. SR T RS R,

s LRI AL 2. DM 2 L F—s. RIZAEK
Flx,y,2) § Gz, y, DO FHELK R FE I BAEL M WA
B ) & gradF(M,) ,gradG(My) RILL, MM LR L 7548 Mo &b &4
LF= e

v = gradF(M,) X gradG(M,).

1) 11.2.3 Rk

4y —6=0,
z—axt— 3y =0
R Mo (1,1, 2) kb Y12k 5 2.

R B F(z,y,2)=2"+3y"+22~6,G(x,y,2)=2—2>—
Ry

gradF(M,) = (2,2,4), gradG(M,) = (—2,—2,1).
Rl M, (1,1, 2) kb @b R

v = gradF(M,) X gradG(M,) = (10, — 10,0).
FTRIRMIL B R
x =1+ 10¢,
{y: 1—10t¢,

z = 2.
11.2.4 A¥FBRTFTHEOWEE

BRiZmE S HS KT =
xz=x(u,v), y=ylu,v), z=z2(u,v)s, (u,v) €D
(11.2.8)
FTn . Hd D BR dfl— AN, B8 2 (s v) s (1) » 2(us0) ((uyv) €
DEHELHMIFHE MWH AL 2. OXBETM D FIR f—4
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11 % 3L BBMEyFHEA

Eﬁﬁfﬁﬂy&%&(uo 9U0)€D»é\
Ty — 1‘(“0 y'Uo)v Yo = (uo sV ) s 2y — Z(uo v'Uo).
iX/I\Hﬁ&ﬁTE}.’—i(uo 9U0)B<Jﬁﬁftt%%j‘3
dxr Jdx
du 3dv
dy dy
du dv
dz dz
Ju I ] y.y)
MR E T AR BIR® il — 2R 1 e 55 P
oz Iz
du Jdv
L
— au av g ] (11. 2. 9)
9z 2z
du Jdv

X Xy
Y Yo
Z 2

Cug vy )

E%:
_ dr . dxr  _
1—10+9u(u uo)—i-av(v Uy )
- dy dy
y‘yo‘f_—*(u—uo)_’_—(v*vo)’ (11.2.10)
du v
e 27
Z*%‘Fé;(u u0)+8v(v Up ).
TTREAL 2,10 R R AT A Mo (20,30, 20) ) — K FE P, 3iX
3&?@'&%%%@Sﬁ,ﬁMo(xo,yo’zo)BﬂfJﬂzﬁ-
RAERBEOFE AR AL 210 TRk thi@m S & A

Mo(IU * Mo 920)%&“"]%-
FEHFBEAL 21004 u=u,+1,v="1, 183

o ray o
(r—= T,y = 3012 —2) = (au’au’au)(uo,v(,)'
B e oo y— 02— 2 I P b 9 — 1 B 57 21 s

it (50,50 55) | RYIPE P LRt FIREAT LIS,
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1.2 =R aitasEzas

(9-"-,32,95) HWEVTEP FH— M HE MEXRHA R
dv dv dv (g v

AL IR A T S 78R Mo (205305 20) B T B BE R

_ (9x dy Iz dz dy Iz 11.2.11D)
n_<8u’8u’9u)<uo.w (3v’3v’3v)<uo,uo>' (1.2.
i+E B
n = Ai + Bj + Ck, (11.2.12)
Hrp
2y 2z 2z ax 2z 2y
du du du Jdu Ju Jdu
A=oleta L B = det 3. ael’ C = det 3 30l
gy 9z 9z dx Jdr Jv
dv dvu dv dv Jv  dvu

(11.2.13)
FRLHE S 7R Mo, 30520 BB B E Ai+Bj +Ck, 4
ST F9 7 72 U] LA R
Alx —x0) + By —3,) +C(z—2,) = 0. (11.2.14)
B111.2.4 LIRSS o HEREERT S SBTERY
x = asinpcosf, y = asingsinf, =z = acosg,
0 o< m,0<L << 2n.

B o= 0= THE 3R S BV E AN 1 i

R g—;:acosgocosﬁ, %Zacosgosinﬁ, g—:)Z‘asingp,
Z—J;Z—asingasinﬁ, %%:asingocosﬁ, 3—220.
%igo:%,ﬁzg-ﬂff,x:%a,y:?a,z:ga,
ST, Roi, 21,
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£11F SARKBIFHER

dxr __ 3 dy _ 1 Iz _

R - = —q, —_— =

0~ 4 9 1
HAL 2. 10XEBRTEEH BN

AR AL 2.12) B B Bk 0 & ok

n= «Tg% — X (=21 0)= L 2,215,449

3 A 11.2

L RTHMEERESREL RS EEFE:
(1) 22+ +22=14,7E 4(1,2,3);

() =2 =y e (2~ 1D
(3) 2a* =22 —a’ ¥y =0, fE fi(ara,a);

<4>—+y —1Eﬁ(f¢_f)

T = uUcosv,
(5) {ykusinv, TE Cuyv) = Cug s o ) b
x=av,

2. MERRTIHER LR FE:
(1) W 2° + 25 +32° =21 M5 FE 2+4y+62=0 P57 80U F i s

x+2z=1,
2) Ml z=2"+y WEHR FEHKYIFE;
yt22=2
) WY mE r=(utv,u—v,u0)fE u=1,v=—1 LB EH.
3. RIE: #fEVx HVy e =va(a>>0) FE4E B A A B9 ¥ F T 75 45 A b7 3
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11.3 3 A& RIE

FHBEZNA a
4. B KM ax® +by e =1 H My (2o 30,20 ) Y FH H
‘A
axex +by,yt+czoz =1,

5. BB S AT RIEME < v/ () BB O F WA F A
Ty
6. ComEN S B EIE (22 20) —0 HER—ALMT

T — IR R E.
7. BRME S S MFRSHA F(x,y,2)=0,F (z,y,2)=0, f:
Fy fF, Eﬂ#ﬁ@ﬁ»ﬁfﬁ S\ 58S, ﬁﬁ%ﬁ%ﬂ‘§§ﬁ‘%x‘fﬁﬁtﬂﬁﬁ§%’
— Az, y,2) , F
aF, aF, | oF, 3F, | 9F, aF,

dxr dx By ay 3z 0z
8. BEHERE Foltf . & THMMBES: F(r,y,2)=0 S M, (x05 Y0 »20)
WY FE LR T EAEE &G Mo WAL RIE: &S LEE &M%,
BRI Mo S EIERIE 1T 0 L

11.3 ZxHBHRE

11.3.1 HAMBAL L2 &M

Boue BR h— G EEE u MEANBR U 58 F AN

ucU #HH
) < fluy)  (Fw) = f(ug)) s

TFR fCuod) B fQ B —ARK I E, HFR ue ER™ K F #— 4 4R
K GE K.

R KRB /ME S o) UL B ¥ X A BB 5 TE 1o
B SR5 U Pyl s AR RO 45 R B O 3 A 4 18 UK 0 1B 2B 4R
.S A BT RE.
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FUF SALRBBHIFHEAR

B 11,6 B R A IR RS 2= £ () TR BT
A LUt — AN SR BAT AT 5 4R 18 o T RS 3 AR A I A B
YT T LAt SR B e = axHoy (B arb F2EFRIRKE
BiREJE 11.7).

XtF—JTR S0, RATC L REBARE LT LM RK
B SCOTE R 20 BEIRAE B/MESR KB R f(OFER =
AL M f (2 =018 [ (x0) =0 & zo AR f(2)
B A5 B 5 R0

RFZTRBENRERNLERES, RNAS—TREXBH
it LI TR BCR B A TR E B

EE L3 IRELNLERE BEZITLER (2, )&
RCxo s o) IRBVRAE R/ME SR KD » 1R f (2 90 78 5K (205 30)

f Af oo o df _ o Af
#Eﬁ@%ﬁza,g},mqﬁﬁﬂ_o,a_o

E 4 g(@)=Ff(x,5) .M xo B— TR g(x) WHBAE A,

i F g o) = L0 g ) a4 5 R R B0

i ¢ (x,) =0, }}kﬁﬁm
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1.3 $n &K HRIMAE

df(xyyy0)
dy
A B9 B2 AT LA BT A E .
ERILI2(BLREBESHOLESRNE) Hn IR

FQOTE S u €R” KR R £ () 7E A wo ﬁ&ﬁ%ﬁ%,mu

=0.

ﬂ:o(i:l’z’...’n).
3u,~

WERRE—SHBEEE L ASHED T EKHEL.
Wit WnmEE S (WHES wCR KBIRME, MR F(WHE
B ouo A, WA gradf(u,) =0.

BT R R HGL =12, o) S F 80 8 o B £ )

B B AR B I R AR

XTFE 1131 111, 3. 2, 5% 595 5100 0H 79 A

(1D 3 TR BORFIER BREL S 1B A R R 3E & it —
TERREL f(xs ) =V + 5" 1 A (0, 0) 35 B4R /ME (th 2 & /)
{8 » B F 1% 08 BOFE R 2B BTN S 30O R AETE » B LA 25.(0,0)
B, ) =V2"+ 5 5 4.

(2) 8 11.3. 1 fiE 8 11. 3. 2 Y0, ] £ o B0 R RE 7 B &
BBHME HEFAFERBEOEDIEG. FlNEE TR
fla,yy=a*—3*, [F A 0,0 B EM—/ 5
FoHEZREERARNBRME, XEH
HE M EFEEAUSAME (O LA
flsy)=2*—3y"=2">f(0,0); BETLE y
B E R DA s b AN

Sflxyy) = 22 — 3y =— % << £(0,0).
FrEAESR (0,0) B B3 LB £ £(0,0)
BEA Bt KAH , th AR AR /IME (B 11. 8).




£ 11%F SAREBHSIFHRA

11.3.2 HHMAEK 5 &4

R AR e RO e T on R RO E I TE o R A
EHEFERPHFEKENREPRA X KRB LM AR
BEENBMANZEEITUREHSIBE MEZRERAXK
5.

B 11.3.3 Rk (xo,y) R TINRE [ ) B — A,
S y) B (xo yo ) FA SR P A TR SR G209 — B I 4. i

_ azf(fu » Vo) — E)Zf(xo ) Yo) . 32f(10 s Yo )
AT BT ey 0 T Ty

(11.3. 1)

y I

WA FH 458
(1) # A>0,AC—B*>0, M f(x,y)7E(xo» yo) ik FIAR /IME 5
(2) # A<0,AC—B*>0, 0 f(x,y)#E(xo» o) L BIMR F{E 5
(3) #F AC—B* <0, M f(x0 3 ) N RARAHE.
iR CREAE)

M (oo 30) 2 f(f’wB‘J*/l\EI,ﬁ,Efu&?;’&:o,

df(xysy)

S =0, F AR Sy (o 30— B R B AR AR

_ _ 1/, 9 AN
flaesy) = flag,z) = 5 (h 31+kay) f
ﬁ[:’: 5:10 +0(x*xo),7]:yo +0(y—yo) 7E|]
1 azf(f’v)

&

f(f’y)‘f(loxyo :7[ Py (x—x4)?
I fE,p
+2—ﬁjv(1‘—l‘o)(y_yo)
dxdy .

2 f(&vm
+%yi—”(y—yo)2] (11.3.2)
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11.3 3 AR AHRMA

MAEKICS TR ERNEHS R
f(x,y) '_' f(Io Qyo)
7 fE ) L

1 ; ax* dxdy l:r— .Toil
:‘—( - Y T Yo .

2T e re, P fep | Ly—

dxdy ayz
(11.3.3)
ic
azf(ss'f]) azf(eyﬂ) azf(e’fl)
e ’ _ C b =

A&, p P B, p 229y &, oy

w1 3. 3HKETH
f(x;y) - f(l'o yyo)

zl[x“xo L0 yo]l:
2 B(&,p) C(& )

Y 7 Yo
(11.3.4)
(1) # A>0,AC—B*>0, Il 4 p&

A B
[B c}
RIEEH. BT f(x, ) 8 B R 8AE R (2o, 30) EEE, MK

M(x,y) BB M, (xo,y0) I8 453 I » 5 B

[A(E,y) B(E;p):l

B&y) C(&yp)
WRIEEN. HER, YA ZTER TR (x— 2,y y) AIE
Bt RBRE R f(x,y) — f(xory) HIEE. Wt (2 ) E S
(g » 0 ) IK B AR /ME.

(2) # A<0,AC—B*>0, M4k
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F1F EARKBLSFHER

A B
5 o]
RIAEMN. BT ()W RFEEA (o yo) BEE, UK
M(x,y) B8 M, (xo,y,) T4 I AT , 55 BE
[A(E,#) B(eyﬂ)]
B, C&w
o . A S R R 2z, y— ) RN
W BB AR () — oo, y)) IRE. Bk f(x, WA
(o s y0 ) IR B K AH.
(3) #F AC—B*<<0, % /&
5 o)
B C
E%Z:%IE%B(J 9ﬁl$%ﬁlﬁm f(»T’y)EAj—i Mo(roaywﬁiﬁ?ﬁﬂl*&
IIVEL 1 7R AR KA. ‘

(4) JAC—B* =0 i AUUIRIE (o ) TE A Mo (205 y0) B9
B REARUAE (o) TEE M (xo,y) REBRERE. BS
B — A 138 3X BB

B 11.3.1 KRR f(x ) =2z +y' — 222 —25° WA R
AR (H.

B kESEES =8~ Sy — 1y morma

a—f“—"st—Alx:O,

dx

a—f:4y3—4y=0,

dy

BB 9IS

(.Tl ,yl) - (0,0)’ (Iz 9_'}’2) - (091)7 (.1'39_’))3) = (09 _1)9

(x4,y,) = (JLE’O)’ (x5,y5) = («_/—LZ-,I)’
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1.3 %t eyiid

(x5535) = (:/1_57 _‘1)3 (x75y7) = (_\/i?,o)’

(x5,y8) = (—\/lé‘,l), (xg,y9) = (“\/l?’*l).
32

oY TN T BTN SN SN
R BTGB =242 4. S =12y — 0, Tl =0 g bk

BFAESHITE AB,CEB T .
1 1 2 3 4 5 6 7 8 9
A —4 —4 —4 8 8 8 8 8 8
B 0 0 0 0 0 0 0 0 0
G —4 8 8 —4 8 8 —4 3 3
AC —B! | 16 —32 —32 —32 64 64 —32 64 64

Hﬂ*&{ﬁﬂ‘]?ﬁﬁ%ﬁ‘ﬁ]‘%ﬂ»é@ﬁ f(l"’y)ﬁ(fs»ys)’(xs » V6 )
(xa 380 (oo 30 ) BURERAR/ME - (0, 0) B AR A M8 2 » FoAh 252 S0 B
R R E D

BIIL3. 20/ R) RER Yy Sz ZHMERE y=
axtb, Hifab REEEHH REELLRMUBT vy 52 —4
ﬁﬁ(xwyl)a(xz ,yz),"',(xnsyn),l‘ﬂﬁﬂﬂmﬁ—éﬂﬁﬁﬁﬂ%
R EN L arb

i Eﬁ%%{% R 160 B {E 500 00 0 2 R 938 2 F 5 Fak F)

B/ B a,b B ek ¥E f(ayb) = 2[3& — Cax; + 51 KRB/
. 4

af .

72 ——2;:1 (y; —ax;,—b)x; =0,
af o< B o

a—b = 2{21 (y, ax,; b) = 0.
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Hy A5 3

ﬁﬁﬁf#ﬁﬁﬁa.bmﬁ&wﬁ”%%d\ e 1.
11.3.3 n i BB H E 554

XtF n TCRE f (v szps 2, s MR T TES M, (28,20,

) T AN AR P A I S0 TR SR WX T A 4R kAT B —

Mz ,052,), R R Af= (M) — fF(M) TR R K
Sz sx,) — f(ay x5 5000, 20)

S Sty

— 9
Iz, (x; —x})

1 2 £Ca0 )y ee s 22) . .
PaZ T e e

+u(§"]<x,-—x8>2). (11.3.5)
i=1

%MU(I(]),I%,'",I?,)%J f(I])1‘2""91")%3}4}&87}7(11.3. S)it
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1.3 s eHmiE

f(Il s Ty """ 71:,,) - f(I? ’-Zg a"’ng)
_Lz") 3 f(ad 28,00y x2)
) dx;dx;

ij=1

(z; — 2] (x; — )

+o( D) (@ —a?). (11.3.6)
i=1
iE hl:l',-¥l‘?(i:1,27"'!n)yﬁ%}ﬁ%ﬁlﬁii\‘ymu(ll. 3. G)ﬁ
78 AR
SfCxysaysrsz,) — f(xdyx) 00, 20)

1 0 0
=E“(x1 _-r?vl‘z T Tp ettt e Xy, _1,,)

TS If .
dx? dx,dx, dx,dx, . 40
R 41
TR T T |
X | dx,dx; dxs dx,dx, xz 2
aZf azf 32f Xn — 12
dx,dx;, dx,dx, 37’2. ]

+o(2(1,—x?)2).
ST B R S RS R TE A M, (20, 2) e ) HEL . H
T B R BB R n X n 5

dxt  dxdx, dx, 3z,
' f ’?f .. 3f
dx,dx, dxs dx,dzx,
A L S
\dx,dx; dx,dx, ax: |

FRA BRI f(xroxes sz VB My (2 s af s o, 22 (BB SE B, T
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F11F EARBBIFHER

&£ H,(M,).
ER11.3.4 BnulB f S Mol a0 REMK
A B SRS H grad (M) =0,
(1) Hy (MO IEER Mo B eR% f BB/ME
(2) H (M) et , Mo BeR% f BIR KRB A
(3) H (M) AEfE, My AR R f IR E R

3 H O11.3

Lo SRR 51 oR A B AL - I I T AR K 5 AR /INME -
(1) z2=2+y*—3xy;
(2) 2=2xy—3z2*—2y"+10;

(3 z=xy+ L+ &,
Ty
2. R z=2(2, R BB 42" +2y° +322 —dxy—2yz—8=0 B E , X

R z=z(x, R MES.
3. WMIERH 2= (1 +e ) cosx— ye' H H3F MR T T4 M.

1.4 Z# KR E

KT EZRRBRHREO TS, AR (x,y, 2 BEE
SO R B AR ST AT AR, T AR M AR, FREAN K
B 18 1998 LR X R B A B A R B — i i IR M
NN TRARRE. HEELHRENET BT LHER, Rk
PR RS, AR (2, v, 2) Z B E T S04 69 FR $1. X BE B 7] B 7k
Ay 9% P AR 16 R0 » 5 24 SRR A (1 . FF T JR AT SR BF 5 4% 1A AR A ]
R I SR A8 O ¥

11,41 A R &4B4EFH

B E R — B R B (A (i A
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1.4 & 4 14

min f(z,y) (11.4.D
s.t. glx,y) = 0.
A 1) B A A B o, ) W R AR g(2,y) =0 44 T R
Sy y) BB /ME. R R A (xos 30D s 78 oo yo) W 2
g(x0s90)=0,3F B f(a,9)7E £ (o » yo ) BLIE 2 MF 4R /ME. 3% I B
(o y0) R (1. 4. D) g — AN A8 X AR £, ) FR K B
WREM, T g(xy) =0 RNAREHS.

P TRMXA A, A5 BE— P TERE TR g(x )=
Ot y=y () X MERERRA fa,y) - TEH
[ ) BR—TERB @) = f(x,y(2)). F 1 &4 8 14 1
1.4 D BREE AL 3R — T8 R o) /M E (9 5] 45

{H R FR T 1 — TR R R A S ST, K EE
—REITE g2, =0 RDEEBME v X F 2 W AHBBLE
y=y(0), RE r M Fy WABMBR X Rr=2(); B - THE
B EZNAEREHEIE KRR ETRE LMk % 46058
B0 UL TR T AR 8 40 5 2. B BARSX Rl 7 2 0t
20K T BT T LR o AE X AN 7 B R LA 2

SN AR TT LAY 2 b R R B O — 2 89 R 4T
BE-BREEBIALAERENELENHENEE.

B (o, y) R QL 4 DR — R X EEE X T B

g(I,y)ﬁﬁ-—‘/l\fE%: g(x,y)i{,#i(lo ,yo)%ﬁ/l\{ﬁffﬁ%’%z:

@wwzx%ﬁﬁ%¢mmmﬁﬁ@ﬁz@mﬁﬁ

g(x, ) =0 BATE x HENBHPHET — N RE y=y(2), X
TREHHEE ¢(x vy (2D =0,3H yo=y(z). WX R EER
RA S ) B R (o DB —TTRE ¢(x) = f(r,
(), FREMBRERBAL 4. DRFELIR TR o2
W/MER B B FERE T (2o, y0) B (11, 4. 1) 48, i L —
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11 % SLaHMEyFHER

TLER L o(OTER 2o BBMR/ME, T RARBARME A L BERAHEDN

o (z0) = 0. (11.4.2)
R E & RBH s 15 B
/ 3 afd
¢<xo>=%f<r’y<1>> _ =(£+9_J;d—§) o)
(11.4.3)
SUAR 4% B3 pR B84 1 3R
g
dy| __ dx
b 3 ) (11. 4. 4)
9y (xg039)
BAL4L HRRAALAL DR, B3
g
of _9f 3z =0
dx Jdydg -
ay (zy3)
B I 3 — 2518 3
felxosy)  filzory0) (11. 4. 5)

g_lr(-ro !yo) N g;(l‘@yyo).
ﬁﬂ(lo ’yo)ﬂ‘ﬁﬁim%ﬁ:-
felxosy0) Fy(xor30)

WHRIL A== == S AR — AN REBE RS
gI(Io 9yo) gy(l'oyyo)
JFH

f;(xoyyo) zAg;(l‘oyyo)y f;(l'o,_'yo):Ag;(Io,ya).
FI (20 ) B RAREN g(z, ) =0, FRBBXETF (z0, )
MRMER A T BRH

af Aag 0, (11.4.6)
dy dy
g(x,y) = 0.
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11.4 # #4144

0 54 18 8 Bl PR 4K
L(x,y,A) = f(x»y) —Rg(x»y),
W Cxo s yo ) F1 A TR

dL dL JdL
dx 0 dy aA

Ht(ze, v, D) BB R Lz, y, DWER. TEBGHFEAH
(1. 4.60)aFEFBHANL 4.7, AT LIKRBE (o y0). KRR K
B AL ELEAE R FBRAQL 4. DRFEHL 4. 60K
(20 30) ZJG AR ATREAR 1L — 408 , R IR [l R L Br S0 BRE R
A H5E (o » 30 ) R R [B)EE (11, 4. 1) B9fgE. MATT SR 1 SR fA AR AL
B0 SR R R L1 4. 1D o i BB /I S0 AR B R 1L B
max f(x,y)

0. (11. 4.7

(11.4.8)
s.t. glx,y) =0,

AR 2 8 VR ) R Y T ok PR P R — R Y. ,

R L(x,y,2) = flx, ) —Ag(x, ) FR AP BE B REA #R
HPMEBHRF. XA RBEGERBEG T ERKR IR AR
F.

#111.4.1 K flx,y) =2y FEBRBL: (x—1)*+4¥*—1=0
b BB K E F R /ME.

M [F B B A R AR M A AR

min f(x,y) = xy
s.t. (=143 —1=0;
max f(z,y) = xy
s.t. (x—DF+3y*—1=0.
R R (B R L(x, 5,0 = f(2,3) —Ag(z, WA UE
WL (x,y,M)=f(x,y)+Ag(x,y))
Liz,y,d) = zy +A[(x— D+ 4y —1],

(11.4. 9

(11. 4.10)

BB E
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211 % S$AREBSFHEA

L 9f+Aag y+2xa(z—1) =0,

31 dx
af+xaé 424y =0, (11.4.11)
M dy A
aL o
= DIy —1=o

XN REB B =R

(zrsy) = (0,00, (a7y3,) = (%§>

(x3,y3) = (%’ —‘/g)
BT R () =zy EHALXR—-IMHFHE) LE
S BT AUX A R BCE B L b BB 3k B B S /ME R R K {E. 5
—FEAEI R/ MEAMBKER A —E R T BRHA AL 4. 1D, B
iB/MERMBKE—EE EREAMOERDHBH. LE=A4
R R R

oo =0 (38)-35 (3. -5)=-16

2

)=
B)mimmrm v (3, —2)m

TR f =ay (2,5

oo

8/l — 3.

11.4.2 — A8 R 5469 1E P&

% 5% {E (3] B

min f(x,y,z) max f(x,y,z) )

s.t. glx,y,2z) =0 (E&%s t. glx,y,2) =0/
(11.4.12)
XA E E: FATR (0, DOBEAK g(x,y,2)=0 /)
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1.4 & # 4 14

FET o REE f(2ry, ) M B/MMEGREBEKE. EXAREF,
[y, ) RERER. TR g(x,y,2)=0 RARKH.
TEARGRERBEAL4LID P, HTFTHEER (2, DB
BARR PHENMXE, MEH TR g(x,y,20)=0 REH -
£8. FTUAEA#E S RIERNREIFRABBHRME. RITA L@
R B RIAR B H T R R AR IR (11. 4. 12). #3548 BY R 3K
L(z,y,y2,8) = f(xyy,2) +Ag(x,y,2)
(KA RRBMBHRF, MRS REER L(z,y,2,0) =
F(xry,2) —Ag(x, v, 2)  BE R B —FEHD. PIAEBI H |’ T KRR (=
T0) BREL f (s vy 2) B LY SRAR A A 1] RE 55 Ak A SR B B bR M L (s s
2, A) (VU JT pR B0 9 6 2 3R 18 64 ) JBi
FHLAE B H 36+ ok i 1) BB (11, 4. 12) AR F 0 F
(1) &[] RE A4 15 58 Bh o6 3L
Lx,y,2,0) = f(z,y,2) +ag(x,y,2).
KRB BRE L(x,y,2,A) (98L&, 5 R

dL _af , ,9g _
dx 91+A91* ’

J ay dy dy

ad
aL 3f+A9g_
2z

L
ER

(2) e ERTTRE KRR T BRI 2o s 0 »20,A B B H]
RE R it 75 B 2 A ).

(3) AR RIRE A< B 25 7 W 49 B L () 40 » o) JL 4 JL A 2 S
BEXURLRERBHE R (2.5, BETE (o yor20) 3K
B &M B KR CNE.

BI11.4.2 FHBEHE-DBEBREF aa>0WEZ K Fik
» 129 -
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F11¥F BARZBBIFHEA

WET - ETHWK.ENETNETEL, FEEEHBIEE A
) Bk B T AR B A 7
i ORKITERBK . FENRDIH oy, WEIEEFHAN
PR E A '
flxsy,2) = xy + 2xz + 2yz.
KITRETERE 2. 4 g(x,y,2) =zyz—a, W B E 15 5
glzx,y,2) = zyz —a = 0.
P X — S R AR AE R B, BAR R ER f(x,y,2) =zy+2zz+
2yz, ARFMR g(x,y,2) =axyz—a=0. B T RBX AN KR MAE
152 B3 ¥4 2% %8 Bh R 3K
Lix,y:2,4) = f(x,y,2) —Ag(x,y,2)
=xy + 2x2z + 2yz — A(xyz —a).
RIEQL 4. 13DRXF|HFEB

aL _df _,9g _ e —
P P Aal—y+2z Ayz = 0,

% = g—f—/\% =x+2z—Axz =0,
(11.4.14)

dL _9f g _ o —
3z 2z /\az =2x+2y—Azxy =0,
aL

w glx,y,2) = a— xyz = 0.

AL 4. 1OKXPRT =N TR HEU x,y,2, 8 3]
{ry + 2xz = Axryz,

xy +2yz = Axryz,
2xz + 2yz = Axryz.
L
xy + 2zxz = 1y + 2y = 222 + 2yz. (11.4.15)
B LA IDKXFPHNE-IEREBR rz=y2z. JHH 270(FE 2=
0, B xyz=0, Nl RARFM zyz=a>0), fTLL z=y. Hh
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11.4 & # R 1A

(11. 4. 1)K P HE A ERBEH xy=2x2, 0 2> =2zx2. } FaF#
0,k x=2z. % 2=y Mx=2: RAHYKF B zyz=a, 7 LA
i

3
=y =2, ZZJ_Z;.Q,

W o200 = (Y2, V2a, Y20 ) RS J A e A 0 B9

R K TR B =y =Za,= =" 22 R, 5 ok A B

1%%)? AT LA RE A BT « AR B Pl B 1) 52 B B8 X 15 R PR (B T R

BAWK . B—FE, XAERK FEME (2o, vo20) U FIE
RBABAL4AIS HBEBEFEBALLIDNBEA —H, 0

3
(xo ' Vo vzo‘) = («S/Ea ,%a ,\/—g—@).

Bt %4 ERAIHRAE: K EABINN 2=y=vZa,z=
2y ot R
B111.4.3 ’I%IEﬁa 5}52" /I\IEﬁflsl‘z”“’In Z%‘ﬂ’ﬂﬂfﬁj
FEAREMETI x1 2,2, THK?
®m 4
f(l'] PR P APR A 91‘,,) = X1 XX,
g(l'] 125 Ty) = Xy Xy A e +x, —a,
T JE 1) R Ak Ay £ A 4% {8 1]
max f(x; x5, 5x,)

(11.4.16)

s.t. g(xisxzs*5x,) = 0.
3 3 58 Bly oA B
Llx a0 m) = mizpz, — Ao 2 + o+ 2, —a),
175 .18
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F11% SARKEBOSFHORM

oL _ f 4, % _

-_— = —sz;;"’l,,_/‘:()’

dx, dx, dx,
AL _ A L . _o.
dx, dx, dx, 1 "
: (11. 4.17)
d d
;11; = 5{—+A f = X1 X3 Ty — A= Ov
L it n et =0
i T A EF)
xl=xz='"=r,,=~3-. (11.4.18)
?%5}21&(1‘1yl‘za"’yl,,):(%v%y”'a'z_)y#ﬁ 1’11'2"'1,,=’%.

WRFM ottt tr,=aln NEx1 20,02, KT
Moz ex, BREERR/MEBREENRKAME. 5 —FHE, n#
flrisxesy ) =zixx, EENE (1, x5 x,) BB K
B RA XN ALABEFRAQL 41D, JHi f(x,20, 0,

Zp) =Xy Ty e TE SR (%,%, ,%>5$§|J§zf¢ o tap bt =
a ZF# R RME, B

n
a

max(x,x;* " x,) = (—) .
n

TRMTHAWRE ot d o, =a WIER x1) 22,5 22,
A

ATV R 8 < (

et — A AT R B

1t xp A —I-I,.)"_

n

o+ x4tz

n

1
(xyx22x,)7 <

(11.4.19)
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1.4 & 4 & 14

EXMEBAEE—HIE R LA P EAR T E AR HE.
B11.4.4 & A=(a;) Rl nX¥n XFERERE K KB BH

n
f(Il s L2 9" 9 Tn) = Zarj‘ziri
i,5=1

R P LIRT S = { Covoeronz) | Dot = 1] EgRAMH

B /NE.
B WS RE

L(l‘l LR IR o WA = z":a,jlffj _A( znjxrz - 1) ’
ij=1 i=1

5 &, g
aL _af _, o
31’1 a1’1 al‘l
= 2[(an —Ax tapx, + - +alnxn] =0,
aL _3f _, g
812 31:2 33:2
9 == 2[(12111 + (a22 _A)Iz + A +a2nxn:| = 0’

IL _ 9f _, %g

dx, dx, dzx,
= 2lanzi +aunz, + -+ (an, —A)x,] = 0,
(11. 4. 20)
a n
L _1-a=o (11.4.21)
A i

FRANLA2OERER 23,20, 2 WHESDELMERA K
FERE A I FRIE(E.

BE 21,27, 2, BABAN1.4.20) WEZEW. Ll 2 =
G = 1,2, fRAFBRE (11, 4. 20, H b & 4 F7 84 5115 LU
Toal e sxny SRR A A AT 23K A 4 (104,21 7T 2448 3
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£211% SAREBSFHRA

f(l"(l) vIg 9" ,x(,,)) = A. ini‘dE;%i}ﬁ, :(kﬂ @ﬁ f(II 2 Tg """ yl',,) -
iz, AR o AR I 69K R/ LB R A
MARFIEME. TR f R fh iy S A7 BRTE b A9 B (8 AL /INME 4 51 2
WERE A BRI /INRIEE.
BI1LA.S o p N TR IFEMR =) X T AR
EH o,y iEH A%
xy < %1” + —};y".
o RARMRETERIEARER f(x,y,2) =82, y,2)
SRR X FAE BB Co R AR AR AE 19 B
min  f(z,y,2)

s.t. glx,y,2z) =C.

WR [y, DTEMFM T HRMERNTF C AT f(x,y,2)=>
g(ryy,2).

B PR AR 7]
min %x“ + %yﬁ
s.t. oy —C = 0.

¥ 58 B iR L(x,y,)k)=%x“+%y"+,\(xy—C). 5l 75 72

—L(x,y,/\) = x* 1+Ay =90,
—L(:c,y,/l) =y 4+axr =0,
_ Y

mum%u#—*] — A y=x. BH zy=C. B L

r=Ct, y=Ch,
jlid:D)
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Flrry) =Lae 4 Lys

a B
_103E 15
—aC 8+ BC #

<] 1
—CH (ot 5)

of
= Cots

af 1 1\
=C c"‘ = (—4+ = ::1).
(E%a +8 (‘1 B)

TR CREH S (o) =+ oot RN 2y =C 2 T W08k
AME. KRR IS 20y W R A 23 =C B o £ o0 B KA
RAAE FRY 2y =C Rt [0 ) B B/MASF C. B i

%x" + %yﬁ = xy.

11.4.3 3 A~29 R &4 69 B4R 9 AL

7 88 W ™ 29 TR S5 4 B9 5% A AR 4 ) RS
min f(x,y,2) ({F max f(x,y,2))
s.t. ;1lx,y,2) =0, (11.4.22)
g:(x,y,2) = 0.
XF F 3% A 6] B, W LM 3 & B TR T B S Bh R 3
Llxyysz5d15A2) = f(z,y,2) +higi(x,3,2) + A8 (xry52)
(11.4.23)
SR 0t T Bl BRBOR B R B R AR AR A A B B SO S R Rl
MB/NE.
Bl11.4.6 KREH f(z,yv,2)=zyz TEW AP FHERx+y+z—
30=05xty—=2=0 XL L M EKMHE. .
B Yooy, Dd=xtyt+z—30,g(x,y,2)=x+y—=z,
¢ 135 «



F11 % SARBBIFHER

b 5% ) R T A 24 B AR A B 2R AR AR A ] R

max xyz
s.t. x+y+z—30=0,
r+y—z=0.

HBAL 4 IDR GBI R
Lix,y,zh1342) = ayz +A(x+y+2—30) +A,(x+y—2),

B Ry R A KR B R B 3 A
Tt B2, %8 — e ta +2, =0,
%+A1 %gj‘f‘lz %g;' = x=x +A1 +/12 =0,
g—£+31 %gz_]‘{‘/\z aa_g: =zxy+A —A =0.
ENT TS AR 2.y, 2 18
xyz =— (A + ) x>
{Iyz B (/‘1 +Az)y9
Ty —— (/‘1 _AQ)Z.
% A‘+/\2209mu Iyzzo,izﬁﬁ)&z(% f(x,y,z):xyz mﬁj{{g‘Q
B A +2:7°0. 2 2, +2, 70 B, B ER P RRTRI RS 2=y, 8
WEHRRAB AARFEBE 2= 2z WX HERBHRAL —

AR ITTE WG F)

21259 y‘—‘%, z=15;

f(%,%,ls): 843 %

QN fa] S X RE R TSR A B R (A VB ? X T LA o (6] BE A B i B L
EHM. AR s+ y+2—30=0,24+y—2=0 WET —HKHELK L
REBEMRERBEEEL | ERBE f(x,y,2) =zyz R KME. —
T ZHEL S EARARRAR XA ryz=0,H% 5B M E
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11.4 & 4 #B1&

F(5015) =843 SRRRUME. 5~ F Wt FRELT LM

B CEVHREREM, L f(a,y, ) =xy: HFHE LB E R
MEBREBRAE  MEKEI-ER ERFEHANSE, HKt L
HRGHRBERERE (2,3, 2)=xyz EHK LB KA.
X F m AR FAE) n TR (m<<n) 8K I/ ME R R
min(max) f(x,,xs5°*,x,)
SUg ) =0, (11. 4. 24)
gm(X1sXp s yx,) = 0,
WA LA s B B S F O R . R BFENT.
(1) HyEHIHE B H 5 B SR 3
Lxyyxpysx,) = f(xysa5500 5 x,) + A g1 (21205000 2,)
FArge (T sxaseyx,) + oo
FAngm (X1 sy 5 0y x0).
(2) I T ntm AR -

JaL d d d a
p 354—,\1 St 582, S =,
1 1

dL _ 3f I8 Ige Igm _
dx, Az, T dx, A ax, Tt dx, %,
JdL _ 9 a 3 a

< f‘i‘/h gl_+_/I gz_*_."+)‘m Zm —o,
ax, 81 X, adzx,

gI(Ilvx29 "91‘,,) = O,

gz(Il 9127"'9I,.) . 0’

gn X125 ,x,) = 0.

(3) MBITRBURM x1,225 32,5410 A0 0 oA ZJF > BRIE 9] B
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B2 R B B A RO B R /IMA.
11. 4.4 Z A48 64 LT &
2 B2 9 A 249 B 9 4 1 0 18 e

min(max) f(x,y,z)

s. t. gl(r,yyz) =0, (11. 4. 25)
g:.(xyy,2) = 0.
IR R B JL AR R SCR T 2

’( 'V ):Ov
L,{él s (11. 4. 26)

g:(xyy,2) =0
B3R fCrsy, ) BB/ CRO .

REMAK L SBH BRI x=2(),y=y(t),2=2(),

(), y(0) 2D RV F BB I B

() 4y @) + 2" (1) > 0. (11.4.27)
IR 2y s 3o 5 20) AT (11, 4. 25) B gk 338, (205 yo 20 ) 7E
MZk L b, JFH f 7% A BUS &R/ (RO M.

WK (s y, O PRI L £ f(xsy, ) R BH ¢ 19
—TEHRE g (D= (2@, y@),2()). i 2o =2(ts) 0 =y(t),
20 =2Ct) B A g (OTER 1=t BUE B/ (K. I — JC R ¥R
LB 2 (1) =0. E & BB E LB 5

0 :g/(to) _ af(loayyo ,ZO)I/([U) +af(10 » Yo ,zO)y,(ZO)
x dy

af(l‘o * Yo 920) ’

+ z (1,). (11. 4. 28)

dz
HEEE 21,y )/ GO R IR L 7E 5 (o s yo 0 %) BB 1)
B TRAAL42HATIHEDR: 7EA (toryor20) s f(xsy,2) B
BB gradf(xy, yo,2) 54k L B{’lﬁ][ﬁ]ﬁ(z’(to),y,(tg),
2 () FEH.
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55— AT F L YIRS a
grad g, (xo,y0520) X grad gz (xo 530 +20)
A7, BT LA grad f (xos oy %) 47 F gradg: (xos o5 20) Fl
grad g: (zo» 30, 2 ) I FH, TREFEB DL 404, FH
grad f(xo,505%) =A:1grad g, (xosy0+20)
+Azgrad g, (xosy04,2). (11.4.29)
WKEM T TI=AHRE
8f_/11 agl + 2 3g

b

dx

af agl

3y = A *lr‘/\z ay
d d

gf_A1 gl+Az gz.

2z

B b A AR K
gi{x,y,2) =0, g,(x,y,2) =0,
BERE S SR H 4% 1 AR A 1) JBL A 4% (0 5 30 5 20

P E— AR F AR AE 18]

min(max) f(x,y,z)

s. t. g(x.y{z) = 0. (11.4.30)
AR LA R SCREME S: g(x,3,2)=0 FR f(x,y,2)
B /N (KO fE.

BRE (o505 20 ) B2 (0] B (11. 4, SO MR, MR B, (xos vo»
zo ) FEMITE S b, 3F AR f B8 &1 B/ (RO 1.

S EREBAE—FEE A (o020 HE (2o yo 2 HIEE
DK E L, BR MBRK (2, y, ) MEEdHSE L I,
(Zo s yo» 20 ) AR R SRAF B K8 (BB /MED . F 2B FE AL
BCHE  grad f(zo s yorz) SR L 4] 1) B % B X st 28,
grad f(z, » Vo s %o ) ﬁﬁ?ﬁﬂﬁj Si@“%i‘i,ﬁ(lo » Vo !ZO)E{’%%
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Bl B TE - FXHEAMRGER (20, y0,2)) MTTLER AL
Tl S 78 8 (20 yo s 20 ) B Y10 « b, F ik grad f(xo 5 305 20)
BETYFE ~. Nifif gradf (xos yos 20) 5V F 1l o BB 0] &
gradg(zy s yo 520 ) AT, G, 05 grad g(xos yo»20) 70, W FETE
HEOALEH

grad f(xosyos20) = Agrad g(xy,y0520).

XTI REEEN T IIRYA
If 98 _ 9f 5% _ of _,98 _
o Nar = O dy Aay O 3 A5 =

B - YRR g5y, =0, BT AR 205 305 2054, X 5 HI5E
0 Bl bR IR SBOR R — AR Y.

3 E 11.4

L AR 3 = r ER 8 R (2,8 MBS R,
2 AL 25 5= 1 B A — KT HE B U BUR K R MR

KAE.
' LR faw=2tty —r—y EB={(x, 0|2+ y¥<1) LB KES
B/ME.
4o REE [y, =2y 2 HARES 2+ +825 = FTRKAME,
HIERARER

3/Izyzzz < 2ty + 2

3
S Wy BERIERKIE:
n+ ” + "
x 23’ > (ITy) .

GRS AR oty =a T ok 2= Gy MR
5. RN Si: == +5" 5 Sex oyt e=1 ML b B A 0B B
K5 R

TORRAIHREBS R =0, S E R E . E R IE = f% 5
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SR BT (10 T B R A 3R MR M
F1EHFER

1. B X ar B RE 2 +yTz+—"‘9i=az SR 22y 32=100

Li:R7IR
2. | (. NELFEARH A Y 2+ >+ o), ¥R &4
| fCx,y) | > oo,
Va4 oy
RIE: X FAER M Bo = (v ,0) JEES Mao,x0) 78 grad f(xo, ) =w.
3. B flxy ) =3z"—dy’z+y" . RiF: EMHESHEEAMNELEL L,
fs IR AGEER/ME. BRFEARE f(x, y) R /ME.
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12.1 ZERSHE SR

12.1.1 3]

1. lh TOOAE f i kAR

B0 — 25 1A X 48, B ph = 9K gl B AR 48 — K il 7 2 <Oy
V- A R K D, R D RID KBRS
Oz $ VAT S 5 =K B AL F 20y Vi L Ml i S. B
M S BRI UG 2= f (2, ) (f(x,3)=0,(z,y) € D). %
P 09 23 ] (AR g i T A 4.

BB 2 4046 K il TR 4 £ 44 L.

Jo 7K M TR Q R VoK D AR A n A/ K B
ADy,AD; =+ AD, o A B H » i TR 4K Q 8553 B T 7 4/ iy T
A& AQ L, Ay -, AQ, (F 12. 1), [
Aoy s Doy Ao, 4y Bl F % AD,,
ADz,,AD, TR 76 AD, FAER— o | [ie
BP o) A<i<n), Il AQ: MR
V. B ABME K ? y

V. f(P),)Ao..
W ANl AR R B R BT DU A, T AL P
15 0 il AL AR Q B0 R B B — AT 0L Bo12.1

z

Va D) f(P)As..
i=1



12.1 —ERHgHBMEPER

HMWEE,Y D ogsksamnt, Zf(P,-)Aa,- 2k B
O R M, R D 48R B R P, A

S £CP) A, TR T HA T B0 80 A LI A B2 i ORE 4K

Q Wi,

2. JFEE AR5 5 A 7 AR R

A — BT B 50 A AN 355 B AR G SR VAR B R 7

K bR MRE T EALIRR 20y (8 12.2), l1 D X #
i ok 4 B T A 5 X I B m (2, ) (Cxs ) € D) SRR X3 D
CEp AR B R (o ) 40 B B 5 BE . K X8R D DU B 5 4 i
%:F¢/J\|Ziﬁ ADHADzs'“vADn’FH Aoy s Aoy 50 5 Ao, 5}%’]%7_‘[:\'
AD] vADz 7'"9AD'1 E‘Jﬁﬂv ﬁ:‘ AD:‘ EF‘B:‘W—)% P.-(E.-,m)’ﬂ!ﬂﬂ’@—
BN HAR AD; B BE Am, BOE IS F m (P Aoy, T REAH
i B JoR B R DL AF T

M =~ Z":m(Pi)Aa,».
i=1

AR X D 5 145 ok A gn B, bR A T PR B T RS
M, R 2 Ak i T st 5+ M.
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LA A ) R ) LA B SR ) (L A e [ L ) REUARL U T 20 R A
[R1E). SR AT) 2w R B B AR B LT B S W S R Rk
() B 72 R A B FEAR BB B TR BTE A X AR

12.1.2 —E84568H4

R T BERTTE 5T LA RIE

(1) X3 D #R145. K KR D 43 # T/NX IR AD,, AD; , -+,
AD, s $ ADy s AD; s+, AD, & D B)—A%145 AD; B8 D —4
FiE.

() £ERAWER. B G ERPH—-IPESHERES . EG P
EBRBEAP,QEMZHMER P, QE—-IER .- BHHGRE
RES FTUABHANERERABLIE MR ENER M. T
AP G ZRIMERRR— N RO TRE XM ESH ERAK
HERGCHER. AHdGOXRRESGCHER . FRA

d(G) = sup d(P,Q).

Q) MAMER Ad RR/NXKB AD, WHERZ iCri=
max{d;|i=1,2,,n} ,§R 2 A% 4 AD,,AD,,-,AD, W HEE. tn
RA T={AD;}. RARK | D 8R4 H/NK B AD,, AD,, -+,
AD,, M FHACD RR XA R4 EHR.

EX12.1.1 & DRRPH—-NERAXE, HH f(z,y)
D EHEFR TR D WEERS T=(aD:)} -, URIEER

RESp) €ADG=1,2,,m) , FEHR D) f(& 7)Ao, BB
i=1

lim Zf(fi 977i)A6i

FETE R £ e D ERTR e 4E f(2ry) ER(DY s oG B {4
BN f(xr) % D EHI = BRSY ol

7 wde = tim 3376950,
Y AT —~0 =
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sh [ RZERHS.D RRAE, () RUAEY. b RER
5%

EEMACT RRIS T 0ER, 58 D 4518 8Ok 4, 3t 2
%MD»MAm%AD%Eﬁ;2ﬂ&WMm%:!ﬂﬁﬂv
R R B, -

5 TEERB B — R TR [[f (230 do R BRI
KRR, R XA BT, AT ERANEXIR D, &
Fifs (& p) AE AD; th/ERERR , B8 I (B PR A 26 F BLAMA.

6" AT LRI T BOTE 2 3R — A4 5

% D RR i — A R, BE S (ory) £ D FH
A€ R BB BN FIEREL RS e BB R E M &, 18
BXF DMEBNA T = (ADY., REBH A Gy €
ADi (i = 1;2#"9”)» ,D\§ ACT) < 0, ;ﬁfﬁ

‘iﬁw.wAa~AL<a

Mﬂ&ﬁf&DLTﬂ£W%ﬁﬁA%ﬂnwEDLm N}
Ry

R B[ e 3)do B0 MBME R 5 BREH £ bR
DA X M5 BAR TS 2.y B, 5 TRMES 5 6 AR 0
BHXH AP TR T8 [|f o) do B[] do. bt D

EHATR R B R &iEH R(D).
ATERHEG, ERARGS ARG ER YV R
f o) D EW = ERSME, B

\% Z‘Hf(x,y)da.
b
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Ffelih, E B m(e, P EER D WEERN
M zﬂm(x,y)da.
KT ERSOFEFME - BRITRABHUT -2 H.

EE 2. LIRS FM & (o ERFRAE D £
B8, W f(x, 7 D B,

12.1.3 —FRH5 MR

MEBGTRIE AT AR L ERU 5 Z B S R 2 Y
R R BRI - R W ER AL SRS %
LB P BT LUTF 31 % ARG O A 6 TR

RIS N FHBRREOREETR # (2,0 €
R(D),g(x,3) €R(D), MV a,BER VK af (z,y) +pg(x, ) €
R(D), ¥ H

Jf[afu,y) + Bg (ry) ]do = aﬂf<z,y)da+ﬁﬂg<x,y)da.
D D D

MR2AAM FREGAT M) & D=D UD, U
UD, B Dy Dy, D, AT B FA X BT A 3L A W £y y)
X D AR TS D BELEMR f(2,907 Dy, Dy sy D, F&
AL E ’

ﬂf(r»wda = ﬂf<x,y>da+ +Hf(1,y)da

MR 3T Ef(xyy).g(x,y)ﬂEEﬁDJ:Tﬂ,
=gy, ¥ (ory) €D,

Hf(x,y)da >ﬂf(1,y)da.
D D

B % /)20, W[f (230do > 0.
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12.1 —EHR5peIMERKRR

R4 Ff(HEXED EAHAL.N
lﬂf(x,y)da <H| f(x,y) | do.

HRSUEEEHE) & (2, ERXR D LA, & m<
Sflx, <M, I

mao <ﬂf(1,y)do< Mo,
D

Hrbo ZRMaE D BEH.
MR 6B b EERE) ®DIAERARE, f(2, )7 D Lk
HEE, MAFTEEpED, #15

jf(l‘vy)do’ = f(577])69

D

Horb o RS X D #HE AL
MRT LU ERERE (s IS D Eay AL
(D @RGP D X F Oxr $xHR, f(x, D EFET v BFH

BB f(xr— )= f(zsy)), muﬂfu,y)da ~o.

(2) WG D XF Ox $xIH, f(x,y) XFAT y B1B
BRECCED f(x, —y) = flx,3)). D, B D i F Ox % + 5 &8
ﬁ},ﬂlljﬁﬂf(r,y)da — 2ﬂf(x,y)da.

3 WM X D %F Oy Bt #R,. f(x,y) £FAIC 2 B3
FRCED f(— 2,y) —— f(x,y)),ﬁlljﬂf(x,y)da —o.

) BRGXI D XF Oy B, f(x,9) XFAET x 18
RBCH S x,9) = f(x,9)). Dy BKHR D LF Oy M35

ﬁ,mljﬁﬂf(x,y)da - ZHf(x,y)do.

B HiIE(D) M), KAk,
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(D AT O B EL 2 = 2. = 1,2, ,m) U XK
FATOMPELY =0,y=1y,G =120 KRG XED
SE N T/ KB X 28 /N X 3 F Or 3l 2 X BRI

FER—/NX I BB, AP EBERADXTF O Hx K
AN E B R AR T Ox BixEFR. B 1088 Ox B b J5 B9/ X SR
KA P ), W Ox 8T 7 SEERE/NX A BUS R P&, — ).
H T HAX PR A/ DX A ER (&, —9) =—f&,p),
B AFERR ST A b BB AR, 5 R R B NS TR, Y& /KR
My BCR H AR 1 T F 0 BT 8 4 8107 AR R 3 L A0 B SR, i

BUP RS T2 BB th B4 sz e[ £ oo = o
D

(2) B D M5 81 AU RN E R BRA RS b
AR M BRH S (oo ) IR E BRI D) £ (80D 53 BTERAY 38

— AN TF Oz Bl 7 /N K 38R # - Z Az, Zﬂa Dy 5 B

— RSP RAMTF Ox BT E/NKBRA: D505 37 £(6, — )y,
HF & =) = &), FIAXBAMSE F=
Ef(f,,q,)Ax,Ay,

n

= EAI,Zf(& 97]]‘)ij + EAI,Ef(&,, _77})ij
i=1 i=1 i=1

i=1

=282, ) f(&,n) Ay,
=1 i=1

:22 Ef(e,'y??j)Axiij'
i=1 j=1

A Ax W Ay, WRAGFFER, b AR TR
s ]|f Coodo s E RS 2| £ 000, TR
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ﬂf(.r,y)da = Zﬂf(x,y)da,

b D,

BI211 A= BR[| /a5 do BB £ 0

Bl i D= {(z,») | 2%+ < 2z}.

B BN D R (1,00 KoL &, TRV T n 1
R DA~ 1<y<1LO<VZ + 5 <2 FRBEBEBEHE 1<
¥ VT E S <3 B AR B A (7 5

—n<ﬂ(y3 +Va? + 7 )do < 3m.

(B, FRATAT LUK b 328 40 8078 T hoRs o — 2t
FERBIB X D XF Ox i3Ik, f¥ »° RATR y K35 K

B0, BT BUMER 7 et [[ydo = 0.
[ +va T34 = V757w
W BE
0< [[(5 +vZ T3 < 2m.

D

3 & 12.1

L RIAHERSAILAESCR TR R4 E
(l)ﬂ VR — 2" — 3y ds,D = {(x,y) | 22 + y* < R*};

(2)ﬂ2da.D= (o) |24+ y<liy—z<1,y>0}.

2. MIAEBSMHERMG T THRSE:
@)) H(l +Mzdo,D={(z,») | 22+ " < 1,2 =0,y = 0};

(2) H(rz +3)do, D = {(z,3) | 2r < 2 + 3% < 4x).
D
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3. W TFIISHABRSERKRND:
D ﬂ-(z + y)ido Lﬁﬂ(x + 3oy i D = {(x,») | (x —2) +
D D
(y—2)" < 2};
(2 ﬂln(Ier)da Eﬂzydmﬁ‘iﬂ DHHELr=0,y=0,2+y=
b )

r+y=1HK.
4. # DCRE—FRHEB, f(z,y) € C(D) BHIEfH, RiF: &

Hfu,y)du — 0,0 f(zyy) = 0,Y (x:3 € D.
D

X

Nl»—t

5. JEBH: & f(z,y) € C(D),glax,y) € R(D) BEARZES N J&p €
D 44
jf(z.y)g(z.y)da= & pllglx,y)do,
Hp l)CR2%~;€Dﬁ~I5ﬁiﬁ~ ’
6. FIRMR 7 WERHETHRS(HARE DAL 2+ <R"):
@ [y VRT= 7 do; @ [y da;
D

D

(3) HIS VR — y*ds; (4) ||x™y*de.
12,2 —ERHHITE

12.2.1 RMAALKRTE—ERS

EHBYRET  HE —HERSN T ERE-CEWRERF
¥ —EBEMEABRRIT G GHERKER D). XBEE AN AHAH
HALRTE BRI

D B DER dPH—AARAAXEE 12.3), f(x,WHE D
b#ES. R DRTLAER N

a<l r<b,
(D) < 3y < 3, () (12.2. 1)
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Hep oy (@) v (DFEX E] La,b] b %S Ch Iy it FROXFh X 0N
o= X3, A

b ¥, ()
Hf(x,y)da =J [ f(x,y)dy:ldr, (12.2.2)
D a

» (D

seob [ [ flassrdy |dx B0 fas) 45 D 156 3 = 0 RUTE.
vzt [ reondylaegmf df” ey,

¥ ()

PAGE 2 F 89853 BR3E B

y=y(x)

12..3 B 12.4
(12, 2. 2R A M S T4 A [|/ (xayrdo e

Hf(x,y)dxdy.
D

#12.2.1 ﬁ-ﬁziﬁﬁﬂsinxzdmﬁqj DREMALy = 4z

MLy == BAA X (E 12. .

M A% y=4x MK y=2" KFA3EE R 00,001 A2,8).
X3k D "] LLRR

D= {(z,y) |0< 2 < 2,2 < y < 4a).

2=
Hsinxzda =J: [Ji: sinz? dy]dx = Ji [sinxzj.i: dy:|dx

2
=J (4x — 2*)sinz*dx
0

3:
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2 2
:J 4zsinz’dr — J ’sinz’dx
0

0

_o_ 1.
=2 5 sin4.
.
Bl 12.2.2 iJr;%:ifRé}ﬂx—zdrdy, N
el y=12—x

HPBSE D H %y — 2200y — 21 &
y =12 —x Bl B (E 12.5).

=2 ’ T o A 5
7 mfﬁzﬂ{y_ o 5{ =2 M2
y=12—=x .
y—lZ—I,

BEHL y=22 55 y=12— 2 WRAEUE), BIRHR y—57 5 3=
12—z (3248, Lk =4 % D S B K Dy 5 Dyl

2 4 2z 2 4
JI I—zdxdy= J [J I—Zdy]dx = j x° (& = L)d.r =12,
5, y olJaz y 0 2%

[t [[J% o= o2 )
= 120 — 144In2.
T2
jjx—:dxdy = H I—zdrdy -i—ﬂ I—zdxdy = 132 — 1441n2.
h Y 5, > B, °
(2) R4 BE D /T LARR K
D. {Ix(y) Sz< (Y,
cSy<sd
(12.2.3)
PR B X8R - X3, 0L 12.6) 5%

BT BLE 0] = T B4 [[ £ G, ) dady

+ 152



12.2 —&#o0it i

BB e 2 J5y MR KAS B
jf(x,y)dxdy = Jf[

Iz(y)
f(:c,y)dx:ldy. (12. 2. 4)

LS

#12.2.3 33 [eydedy S D R HEky — = —4 Ay

£ vy =2z BRI R TF = 8 £ aoEa (& 12. 1.

B OHZRy=x— 4 MMR y =2z AL AN AG, ).
X3 D a] LR R K

={uwwogy<%%f<x<y+q.

[t =[] 0= [ 5

ytH4
d
y/z) Y
1 4

:%J y(y+1)tdy — §J0y5dy
544

T

~3 73

| o12.7 A 12.8

#112.2.4 iJrg:ﬁf,qﬁﬂyz V&&= 2dzdy, Hh D =

{((x )| 2* + y* < a%},a > 0.
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& Bl DO 12.8) ATLIRR N
—a<{r<a,
{~Ja2_—?<y<m,
B LA

Hyzx/az — z'dxdy :J Va' —zx dyj|
J.

U /ﬁy

=] ol

2(* (o atyide — 32y
—3—J (@ — 2®)idx = 45(1

I

B12.2.5 5 RKIHS] de| o dy mBBUIRIEI B,
M T e WA SRR BTSN RS A
4 R OB o U BT LU ok 9 — 8 [ drdy

BAKEBED = (2, | 0< s < 1a < y < 1), A K8 XA
MERID={(x,» |0 y<1,0< 2 v} T

J J dy —He Y dxdy ~J dyj e dz
:JO dyf dI—Jye’dy——(l—el).

12.2.2 A2 E—ETRy

B St F T T AR R AE R AN 4.
MFEE LR A O KB $4 Ox. 3t FEEE O S LUSMYAT
B—HP.FrERRBOPHKE,0 ZROP544 O ik f

(12,9, R R E 0<0<2x, M S PHE—HFNFE IS r F
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12.2 —E&Ro0itHE

0. gRUIR O FAARE A LA O H 8RR - B i IE M E M
MERR 20y, W z,y 5,0 KRR
x = rcosfl, y = rsind,
VY3
rz«/m, @ = arctan %

RTHABREFETE _ERS  EAEBAERLRRAPFUOME
7 T X 3 A4 RO do.

ARSI E =0 MRS NECKRCEIER =
ri(G=1,2,k; j=1,2,, )X X D #7408 (LE 12. 10).
B T4 F X3 D 3 5 5 T ST AR A8 40 B9 /8 1K 358 2 4 » 6 4%
KRN F X D MMk 8 — A i s
—éﬂXﬁiﬁ%#ﬁ@K*ﬁ%E@rﬁ]/D@w r=r;jsr=7rjy1; %—éﬂXﬂ‘iil%
Wi%%ﬁ‘%9=0uﬁ=9f+1. B Ar; =ripy —r; F A =041 —0: B/
B X N WA LI ERER . BN - HKETF
Arjs A—NAKREFF A0 FHXA L NHIE G ER Ac 358
M%?‘r,Ar,-Af)i.

y

K| 12.9 B/ 12.10
MFEAE ZEBSOBLM DGy 00 K
Dy sy 005 & > f(r;cos, 7, sind,)r, Ar, Af..

(12.2.5)
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MEB R fAEXE D EATHLIE4 > 24 maxAr; fl maxAf: [ & &
F RN XA RS RR AR TS|/ b FREBRLER T, T

T X 35 4 T AR e i
do = rdrdd. (12.2.6)

FIR £ R I TR ([ (o) do B W

ﬂf(x,y)da = jf(rcosﬁ,rsinﬁ)rdrdﬂ. (12.2.7)

D D

AR T BETEKE D RRH (1) | a<0<p,
n(O) <r<r®), “ BB £do fre BB |do LU
D D

S BR R4
B 7, ()
ﬂf(rcosf),rsinﬁ) rdrdd = J dOJ Z(g) f(rcosf,rsind) rdr.
3 a r,(

(12.2.8)
B 12. 2. 6 ﬁﬁﬁﬁﬂy%h%ﬁﬁﬁyﬁ¢D=

{(xyy) | 28+ y* < 22}

f# X DRE—NE: 224+ —2x=0,81(x— 1)+ =1,
o E (R 12.11).

TSR XTF « 835K, Br

ﬂydxdy = 0. %%R%ﬁgﬂ\/ﬂ + 5" dady. vi
AR T, B D 7% < 2cosds e
T
o 7 SIS —‘lZL o] 2 x
BoEHBRSE ARSI RTHEKRE
iRy & 12,11
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7 2cosf
[V F5aaay= [ o] “rar
D 2

. % l 3 2cosf
o J‘,% d@( 3 r ) o
= %J?" cos®gdg
= %sz (1 — sin®#) coshdd
-%
_ 8 (ging— Leinig)| 32
_~-3—(sm:9 3sm 0) B 5"
2

B 12.2.7 BAHE-F2R o KEREERLE 12.12), 1

B—m (oD RBEER (2, 9) =V =2 — 5, R M R
&# M
B EARAAR R R i R AR BT % A9 KR AT LU R R

D:{uﬁﬂogagl&ogrgzmme,

2
BRI MR R M R
M= [lutz.y2ds = [[ Ve rdras
b oso<E

0 r<{2acosf

k3 2acosf z 3
=Jﬁd Jmﬁﬂﬂmrzjz%wl-gﬁmw
4] a Q

%5 12.2.8 % D BHMAML& (> +y) =a’ (2 +y')(a>0)
B AR B X 38 (1 12, 13),385K D g i 48 S.

* 157 -



$12% € & o

NS
>

Kl 12,12 B 12.13

M UEMAGEP KR DOARIDOWTBE r—
av/cos'9+sin'g, HILXIE D aJ L FER N

D= {(,0]|0<0<2n,0<r<avcos'0+sin'd}>
R D WERS K

2n a v/ cos® g+sin’ g
S= ﬂda = J dﬁj rdr
0 0
b

% a v/ cos* gtsin* g
0 0

=4 rdr

- z&ﬁ (cos'6+ sin'0)dg = Sxa.
B12.2.9 WAZERUSPRIERES 1= | o dr il

oo

B EBIEV US| o dr RS, T AR
B TR B 1.

rla,) R— R ER TELS 0801 2L = [ o da,
WA 1= lim 1, . "
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&
" B = Ja" e dx Ja" e dr = J.i" e dxfi" e dy.

AWmtAHFREAEXE D, ={(z,y) | —a,<x<a,, —a,<y<a,} I
WA [[ & dedy i RUHH(E 12100, 1)
D, Y

E = [[e " dzy. (12.2.9) i,
! ,

i b R R— A B FE ] -
F55 ORI 0, (n=1,2, ) 3577 LUK &
EF"L‘J"bn ﬁ*%ﬂg@iﬁ #HX\.%& -Ql (-

DS <D C -, ig J, :ﬂ e~ @+ B 12,14
D

dzdy. % e < >0, fF LU

ﬂe*(zz-i-yz) dzdy< ﬂ‘ef(zzﬂz)dxdy
Dl

1

gﬂe—u%f) dzdy < -+,
2,
B L S<SE<T<E<--. @i

lim I? = lim],. (12.2.10)

n—>—+oo n—co
HR A bR+ B A 5183
J. = H e_"z*’z)dxdy = Jhdﬁ‘rn e rdr = (1 —e% ).
12+y2<b§ ’ 4
FTREAHA2.2.100K5 7]

» 2 &
lim I = lim], = =.
n—s+o0 n—o0

FRUBE I = lim B = n, % T4 Frl =/,
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3 B O12.2
L R TFI—ERS:
(l)ﬂcos(r+y)da,D%EhI =0,y=nMly=z BHRHXE;

(2)ﬂfyln(lJrIEerz)deEmy:-T39y=lﬁlr=“1§|hﬁﬁgzhﬁ;
D

(3) [[sinCe+ ydo. Jeth Dtz = 00y = 20y = x HALs
D

(4)H| 2—yldo,D={(x,p) |0 2,y 1}
b

(S)Jf%ﬁ}daqﬁﬂi Dy =x,y=2" B

D

2. AT _EB S

(l)J sin /2t 4+ y'do, D = {(x,y) | of < 2% | ¥y < 4P
b

*1 = . 2 2 .
(2>E1+1_2+y2da,1) {2+ 2 < 1)

) ﬂarctan%daql)z (o) [ 1< 2P+ 3y < 4,220,y =0}

D

uﬁﬁﬁ+ﬁ—4mmnzunw|ﬁ+f<wx
)

3. WO A RUCKUSY b BLARNLIT » 48 o AR 50 9 2950 0 0
B

1 y 1 V122

(1) Ldyjof(r,y)dz; (2) Jildxj.imf(z,y)dy;
a Va2 e Inz

(3) Jod1J7 flx,y)dy; 4 de . flx,y)dy.

4. B T3 R X B IBUT -

a v 2ax—2% 2 2-z
) [ az] £y dys @ [ dzf\, iy,
o x — Lo
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12.3 —~ERH5HEIRBR

5. BAEE S g 1> 0,1 [ BT g5 i st 0
D

{(xoy) | 2+ y* << R%).

1.3 —ERsHTERKR

L2 2%, ER RN RRBOHEN. — M ERSEE
WH RRRHATHE, — T HS RO KB REX: B—F
T 5 4 B PR BB AR U K. A SR 4B, e — b A bR R T BB DR
AREAL L R BU o I E RS BB AL BB, S R AR
REEURRKB) HEARBZHFW-EHREXAXTEER
SRR B ERLTHERLR. Bl SIHERERHERITRER
AHERERZ—. FTERITHS S BRI ERRBRAR, I
AR AHEAXNMEHENRER. X T BRI ERABRLAXW
FEARUE B BATA IR A BRI BIE.

XEF AR ([ oy ddy, 7T LU S & TR =

SHIR 3 RBRER [y, = R R, Dy RS B E R
dedy. 43| T A
= x(u,v),
{ (u,v) € N (12.3.1)
y = y(u,v),
o BBRE £ (oo R Cay0) sy s ) BRI D 25 BT
2 wO'v VI E 6K 8 0. 304 TRUE dedy 278 A 46 2087
RS T WA dedy 246 LR BB R BB B T — B 4
[l rdady s R 812, 3. 1D Tl i AR LFRATHSE

D

T KRR D XTI oy 098U [[ 1oy dady e
D

RO KT AT, v ZEBS A BRI BT dedy B 34725 1
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4.
Mg (12.3. 1D 2 QB D #——3F LK B  3F BH P
PRE 2 (usv) s y(usv) ERA LK R T 20 BXE TR A 8 (w,0) € Q

A5 det % £ 0GXA 2% B FRL A BUAR R SO AT B L (L

7278 A B A UE B R R s R B
75 uO'v - VG TF O'u,Ov BERHMEL v = . (i =
1,2500k) Mlo=v;(G = 1,2, ,m) #4 B B L& PR X 3 .Q 53 %)
BE T/NETE AQ; (720 X 38857 5 B 3T B4 AR 26 782 R 8 00 4 /s X
). wegt(12. 3. 1) ¥ wO'v S _E B X RO B 20y FH _E X
B D. 7E3X [ B » B G (12. 3. 1) ¥ LW B 20y Vo _E Y &
R 5 33 A il 2R K X 3R D 2 FIRE T/ X AD, (B 12, 15). F &
et (12.3. 1D ¥ E R /ANETE AQ, B KB D eh i /1 i 34 0 i T
AD; . XA —K , X R R SR I 7 A5 B 20y 1 B X D B
— A aE. X
&) = (xuisv)y y(uisv)) € AD;
1=1,2,,k; j = 1,2, ,m.

)7 v Q B
> -
ADy : % 1 AQU
[\ 541
T !
(0] x [0} u

B 12.15

Xt F R (s ) W55 SR Ay BIAR R I — BB A b Aoy %
/R AD; By HEAD
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12.3 —ERH58HEERE

Ef(fz, 777ij)AUij - Zf(l'(ui7U;)yy(ui,1)j))A6{j.

(12.3.2)
TEE/NK S AD; R B2, 3. 1) (B g B BN
AQ;BEE) 20y FHE LB FI WA B F AD; BIMAKZ MBI, BT AR
BEHE BRI Aoy FR K. Hit, BRIV - IR E®
1 AAE S AD; T R B LUE.
2 A (12, 3. 1 FE A Cue s vy) B9 8505 B 5
= x(u;,v;) + g—iAu; + %Av, ,
(12.3.3)
3/=:y(uulg)+-§§Aui+-%%Avp

dx dx dy I
ﬁﬂP Au; = Uy — Uiy Av; = Vi1 — U Jﬁ%ﬁ%’%*ﬁ’%ﬂﬁlﬁ
Cuirvu) AEIHE.

ARy BT PH PoCuivv) s Py Qi 50 3 Py Qg s vjy)

iP5 Cuivy s o). B4 BRET(12. 3. 3) ¥ X MNETE B 20y P18
CE— D HIZR DU . R T A B DU AN TR A S B

M, (xCuyyv;) s yuiyv;))

M, CxCuy + Auis ;) s y(ue + Dus ;)

M, (xCu; vy + Avy) s y(usv; + Avy))

M CxCus + Aui o, + Avy) o yCus + Dui yv; + Av;)).
A MM, F Mo M, g #8483 89747 14 341 T8 B B AR

| M,M, X MyM, | = ldeta(I’y)
d(u,v)

Au,’ A'Uj .

()
(12.3.4)

R A 47 19 2138 o 18 R O /N i 4R 035 % AD, B 84 S 0

#7158

d(x,y)

A%“‘“%ww>

Au,' A'Uj .

Cuyv)
it
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A2, 3. 20 BRI F (& 9y Doy R
Ef(& » 75 ) Do

Iz, y)
I(u,v)

Y max{Au;, Ay} >0 B, &N AD; B KERBER FE, TE
(2.3 R MMBS M E T = BRS [£@ndedy. 1%

A A AR B R BR R
f(x(u;v),y(u,v))]det

’\/Zf(x(u y0; ) s v (i sv;)) ld t lAu,-Av,—. (12.3.5)

a(u,v)

EX 0 EE B4 AL Y max{Au,, Av, } >0 B, 53X A4S B4 H#4 115
FERY

Jf(r(um).y(u,v))

det ——2~ a(u,“u) dudwv.

IR . (12. 3. 5) 2P 0 BLFRA25 T21 51 T BN B
AR :

ﬂf(l"y)dfdy :ﬂf(x(u,v),y(u,v)) det 9z, y) dudv,
D n 7(u,'v)
(12.3.6)
I(x,
SR B 0 TRBUE drdy 2R T |det 2522 | dudo,

B112.3.1 CHXIE D BIPL v° = px, v =qr(0<<p<<g)
HXMEL xy=a,xry=b0<a<<b)E K (WLE 12.16), iR D B
HS

Y

" 4&@@%@{“ = WMy y) 78 D AT, A

v=2xy.
Cusv) 880 7 AR N Y 1X 358
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={wv | p<u<ga<o<h)
b B ERTEHBE Q5 D ZHE—A——5t 5. i

a(x,y): 1 1 1
detﬁ(u,v) d ICu,v) 3y? 3u¢0’
et ————— —
alx,y) x
Fr A
8(1'9_’)’)
S= ﬂdxdy_ﬂ det 5222 | o

= {| = = L p— q
ﬂsududv 3(b a)lnp,

i) D mmfgﬁ§<b—a>1n 4z
B112.3.2 & f(WELE, ¥ 8 a.b RLEZETFE,

= {(x,y) | 2 + y* < R*}.
P BBt B3 Car ) dndy LS.

" Au= ‘fi”j vo = max -+ by 3B LHTH B, L (78 M
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Ty F uo BEARHERRN — A Ex k(R EER u =
@z +by,v = artby HERERNASBEEMER: REEH

B I R T =T

BEAEH ) . XA EAAE Bl 20y FE LAE D = ((2,y) | 2 + 5 <
2} AR wO'v FE LA Q = {((u,v) | &+ < R*}, #H

Izry) _ [ a(z/z,v)]‘1 _
det a(u,'U) d6t9(19y) _ily

FTEBEAEMRH A (12.3.6)15F)
Hf(a.r + by)drdy= jf(«/'——_bzu)

3(x,y)‘
det ETOR! dudv

= ﬂf(v a® + b* u)dudv
2

Rz*uz

R
— 7 7
J_Rf(\/a +b*u)du _mdv

R
- zLR SR =& O/ E T B wdu.,

3 & 12.3

LRty =a*,ay=2d",y=z,y= 22 BRNE—2BE BN ERA.
2. ntgl—ﬂcos )da,Dng+y—l,I—-0,y—OE}ik’

3. i I=ﬂ(ﬁ+«/§)da,D= {aay) | VZ+y5 < 1)
D
4. &Dﬂazy=l,zy=2;%=1ﬂf=4ﬁﬁ‘ivﬁtﬁ5:
ﬂf(xy)da - anﬁ F(D)dz.
D
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12.4 ZERHBITE

R -ERSE T UA R ZERSE L AGERE, =&
Bor 5 —EH A MR KR

5 ZHRSAE R ZE R 8 kR AR —E BB R
Aol BRSO BB TEBANTE Sihe i A E AR5,
AR MR AR ZE R BR RS ETHE  REHRZ
HRSHERNRBRITE.

1241 ZEmHLBAXLFATHITE

BOERE-HFARAXE, BB RE— K, L FF7

T O, FIRAM KA HIRELEME 2 = 2 (2,) Ml 2 = 2. (a2,

W (z,y) < 2:(x,3)). 0 F 20y ¥ BB KV K
D, (8 12.17). it Q AT AR E R FR R

{zl(x,y)gzgzz(x,y),

(z,y) € D,,.
W fCxry0) 160 EABLUZTRS [ £y, odv
o 401 °F B RS ’
[Hf<x,y,z>dv' 1I[le!jf(x,y,z)dsza (12.4.2)

(12.4. 1)

EE@&%%FP»W*RE dV B dxdydz,7E(12. 4. 2) K &,
# D., XAIPAFER
(@ <y < 3. (1),

.. |
a<:c<b,
W Q2. 4. 2K L#—H 4 RRE S

lﬂf(x,y,z)dxdydz~—J.drjh(n f“Lnﬁf(x,y,z>dz

¥ (2 2, (2.

(12.4.3)
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B 12. 4.1 ﬁﬁzﬁﬁwﬂ](1+y+z)dxdydz,§rpn%m
AR ESEE o+ oyt 2 =1 FE] A B X 5, (I 12.18).

/12,17 B 12.18

B OR—HAKCHBRY - 877, FRBFE z=1—x—
Yo FIEAFME =0, 78 xOy Vi LR D, = (2,3 ]0<
P10 y<Kl—ab. FRAERAMR Q AT LR R K
0=zl —a—y,
{Ogygl—rg
o< < 1.
iS5l

1 1-x 1oy
mxdzdydz: J dIJ dyJ zdz
D) 0 0
]

1 1-r
ZJdIJ (1 —x— y)dy
1] 0

— % :x(l—x)zd.r = 2—14
EEFBSE Q XTF o,y 2 BB XHRE, 55

Jﬂ-xdxdydz = Jﬂydxdydz = Mzdxdydz,
a o

0

Bt L
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JH(I—f—y—Fz)dxdydz = 3iﬂxdrdydz = %
B112.4.2 ZSjE—YEBRE 2+ +2" = M@ 2=
Va4t g (LE 12.19), H i 4 S 8 R

BEEN p(2,y,2) =2, il R PR B &
B M.

B MO RS L RS E KX
B, W H R &
M = H;(zuy,z>dV' l”zdxdydz

QR /\Ei@éfizﬁ%‘z!ﬁh "F ol = mo12.19

Vai Tyt BIRE N = =va® =27 — ¥ R, A 20y 445
ERRER

12+y2<la2},

sz{ :

MAEWRMIRET D, A LIER N
{Uﬂw0<6<2m0<r<

e

Fr LA
A
nz xdydz ] dxdy ST zdz
1 2 2 2 1(= (%, , 2
= [a® — 2(x* + y*) Jdzdy = ?J dﬂf (a®> — 2r*)rdr
Dzy 0 Q0

== JTZ—(a2 — 2/ rdr = Z g,
0 8

B112.4.3 EXHOQRHMEy=1—2 5FH y== M z=0
FRI A Y [ 350 (UL IS 12, 20) , B o 45 A B9 R 92k 5 B 20 3 8 o 1K
(D QWS
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B 12.20

(2) Q kT =ApbRmE AR 14
(3) 2 B L.
®m (DOoOWEER

M = Mﬂdv.

¥ EAUEOE BB A

2

1 12 ¥ 1 1t
Jﬂpdvzj dIJ dy| pdz — #j dxj ydy
-1 0 4] -1 0

— %Jil(l — 22"+ aH)dx = %p.

(2) 58 Q % F = A HE 20y, 302,20z KT 1156 5 B
quy ’M,vl)z Mo,

BB O X FAART Y0z WA FREE BT LI

M,,. = 0.

KF Mo T LUITF R 7F Q hiEE S (xs v, &b B—
MR AV LT B AM — pdV 5 200 MBS Y T
S U X T AR 2Ox B K% F yyedV. IR O X F AR 202
WS Mo, = [[pvdV. foh B

0
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1 1—-2° y 1 127
e o[ ] ] ] v

0

_* ' 233 — 32
= 3J_l(l x*)dx To5H
A3l LAk 48
1 1-- Iu 1 1
M.o.= m‘#de = J dxj- dyj pzdz = —j d:r)[ yidy
—1 0 ] Q0
0
= A~ g = 3B
= J 1(1 )i dx To5H
I QWL R (x,y,2) 1
E _ My()z — _o_ — O o — Mz()z — i T = M,r())‘ — 3_
M M ’ y M 7 * M 7 b

2
7
fri2. 420 Rofr g = WA [ £ ooy dV gL RUH

[T rernsioas o st BB 2 A1 B A2 B

2, 2oy

B OREEHE A B  E RS s
FHHLFHRSXE QWEEEE, BT T 0y 58 F

HERO BIABE, EXTF () B—1BXE D, X =

HBG AT LI BIRFR 4

Iﬁf(r,y,z)dxdydz =:Jdd%H}(au3uz)drdy. (12. 4. 4)

0

EXANARF B E - "HRG REHE - ERS.
B R BB AR 5 — 7. fEFE S 0 1 T X PSR R
WP T B B R
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B 12.4.4 a%%ﬁn=§+§+§<lﬁﬁuwwmwﬁ

REFER p(x,y, =2, R RY R M
B ORAET R -NERRBSHEXDN =S TR
Q AT LLR IR BN T B AN 4 =
(x,y) € D,,
{—cg z < ¢,

B D= (o) |54 5<1- 5 | R A HF Ox S F TR
R 0 7 1B AT 2 0 M 2

M= Jﬂy(r.y,z)dv = Jﬂzzd‘/ = J( zzdzﬂdrdy
f; o e D,

~ 2
= J_{nabzz (1 - %)dz = ]—45-1'((117(‘3.

12.4.2 =ZERH5 T FRBK

5 RES AL 3 = Eﬂﬁjﬂﬂr,y,z)dVﬁlTu%lz&E

B %Elﬂﬁiéﬂ‘lﬁéﬁtﬂj flx,y,2)dV B BRB T Wit E L

o AR T 8.
BOER B—H R B¥ (2,9, ) Q Lk £ ——
Xt 107 H) 78
= x(u,v,w),
y=ywvw, Quu,w €0 (12.4.5)
z = z(usv,w),

¥ Ouvw MK QAR T Ocyz 25 A X 5 0, 5 i %
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I(u,'Uv'UJ) ’ y(u"Uv'lU) ’Z(uvv’u’)ﬁﬁﬁ%ﬁ%ﬁvﬂ

detQ(I—’—y’—zl #0, V(uv,w)€ N,
a(uy'Uy'CU)

mA
Jﬂf(x,y,z)dxdydzz ﬂ]f(x(u,'u,w) yy(u,vyw) yz2(usvy,w))
G et

9(19}’,2)
et )

uzmmﬁﬁ%ziﬂQMfuqawvgygﬁ&uzLm?
B EAR, HPE Ouvw AT R &Y TE

X

dudvdw. (12.4.6)

det I(x,y,2)

dVvV = ETORTR) dudvdw. (12.4.7)
2 2 2,2
o 12.4.5 *%ﬁ%ﬂ%%i%+%)§wwwwﬁm

BO WK V.
B WERIE Q R (St 0+ ) —ax MR o R
x = gpsingcosf,
y = bpsingsing, (12. 4. 8)
z = CpCOSgOy

T FE R A4 B o LR ER T A 77 B

p = d'sinpeosd,  — 2 <K TO0< o<,

BUREERIKTERT L AR R F B ST A 2
0<<p<< (azsingocosﬁ)% ,

<a<g,

/A ro| 3

O o< .
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XA

‘ det Ny y,2) | abcp®sing,

3p,0,¢)

B AR BR AR T
z x Vi singeosh ) 1,

V = JﬂdV = abcf%dﬁfo d(PJu o singdp = 3T be.
K12, 4. ) A (0,05 ) NFRH A (v, D BT X BR AR
B12.4.6 B =EFS m (z-+ y+2)cos(z+ y+ 2)? drdydz,

n

Hr
D=ty | 0<xr—y<L1,0<r—2< 1,
0L+ y+z<< 1.
% T EARKR

Uu=x—y,

{v———x~z,
w=x+y+ =z,
WA O'uvw BITEF, X Q ] UFKFRH
0<<u<l,
02: {0<v< 1,
0 w1,

Fid=h

I(xyy,2) M u,v,w) 7!
deta(u,v,w)— [det 3(x,y,z):|

1 —1 o]
- -1 =4
=1 o0 —1 3
111
B A

JH(x + y+ 2cos(x + y + 2)?dadydz
n
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1 1 1 1 1 .
:——J duJ dv| weoswf dw = —-sinl.
3Jo 0 0 6

12.4.3 MAELFEHE=ERH

Xt F Oxyz SEBRIFESSMIERE — & P(x,y,2),i% P(0,x,y)
R4 P 4 20y 1 F 8% .0 w20y FH L #) EROP, 5
Ox BiEm M, W =S8 r.0 flz EEHE -HHHEL P,
BiZsmE P E="SHHABRNEFBAC 0, ) ZHESLT —
— Xt R IR (B 12. 2. R (7,0, ) R 53 P BB 42 R, M B AY 4
WEBRAFERER. =PSB BUETEE S 5 R

0 r<<too, 0<<O<2r, —oo<z<+oo,

HARRPHSE oM z: SHABIRETN 2,9 Fl 2

XERN
x = rcosfly, y = rsinf, =z = =z,

TR

cos@ —rsinf O

det 3(x,yyz) _

a(r,0,z) =r. (12. 4.9

sinf rcosfd O
0 0 1

BE=F1HSTRMABRARX (2. 4. 6) BB B AR FFEA L IR

Mook

Jﬂf(x,y,z)dxdydz = J:Uf(rcosﬁ,rsinﬁ,z)rdrdﬁdz,

a

(12.4.10)
Q" RBG K QLR R PHERR.

B112.4.7 BHE-NREEZEI R.EH HOEB&K, R
EHRBM—ERETREEHEREE BB - FSEE
OB 122D BEHEBHRRE S AHY, HER OB EE
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FEABRREBRL, XE RS HEY
KE.

B A TYERER LD 584
FREIERF K, FATAT LA 2R
B Ry AR R A, B BRI RS T
EIELARE 2Oy b, W 2R AT LA

{ogzgm,

f + 5 <R
I 4% 44 1T DL 7R Ry

x4+ y* < R?,
{— H< z<0.
HICEEN RO E R (T, y,2), MBS, 5
=0, 5=0, z=o0,
B LAEIE 6 F 471 2Oy 8 HE /T, B

ozzm}dv.

EHLERS, EAE Q WKL A SRR
{nggﬂwfﬁ

0<r<R,
0 <0< 2n,
BRI ] A AR AR T3 B SR AL A

2x R VR -2
0= JszV = J dﬁj drf rzdz
4] 0 —-H
7]
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Bl R=VZH, X R 5 H ZEAHXE.

§12.4.8 & 0: g;;i“ RAHREIM KBk
RO E 12.22) , 85 0,0,0) G >HYME —1TFEE I m B RS
PR 0 6 R & P 8931,

M BRI N F=(F,F,,
F.) , il phy %4 B 1 41

F, =0, F,=0.
FEK F. 0. LB R B, 30 dV

R (ry 0, 2) 4b B AR BT, ) &

M
H 0 AV 3 g A 4 b O R

W BT BRBOTE R A P W
BREVZ TG0 FIUEXEA P # M.z

G a
BN AV e 3 G R R I TE = B

m LR RET

Mmd G z—b

ma’H  r’+(z—=0" 7 F (z =57
BB T HA PRSI NE z MIER SRR

MmGJ J J 1 z—b
“H)o )77 PF G0 gt
MMG

e W/a 8 —VaP + (H—85)" — H),

Bk Q3 iA P 5 hE
2MmG

F:(o 0,2 T Va +F Ja2+(H—b>2—H>).
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12.4.4 AL E=EHRH

B PRR PR EEALRRTTUR - AHEFN=
A By, ) R AP E R 20 y02 53 $1 & P 4 k58 Oz, Oy
MOz LR FRENLE: Wil LUHS — 84 FSHa
(02O RRZEAE R — £ PoHh o W P 5R& 0 Z R WEER
¢ N1 ROP S Oz il iE 5 # 5 4 .0 % I OPFE zOy i b i
$ [ BOP, 5 x B IE 18 2 695 fs (B 12. 23). 5 8L (0r 020)
(p=20,0 o<, 0KO<<2n) 575 ] W {9 25 22 18] & — — X 7 199 » R
Corps @ H 45 P HOBRAEAT , A8 R (9 48 47 R B 20 BR 48 AR . 7EBR A8 47
R AR p=C>0 B—IKER.O B AL KRN C MBRE
ep=CO<C<m K@ E, KT G B A B85 « B 02
BT % Cs 0=CO<C<2m B—K P = i N H 0% V&
([ 12.24).

p=C

¥y

9=C

.—//
8=C

B 12,23 B 12.24

p,ga,&Lﬁr,y,z E@;é/%%
{1 = psingcosf,

y = psingsing, (12. 4. 1D
Zz = pCOSgD.
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fa s it AR B
sinpcosf pcospcosf — psingsing
det ?H((Jr_,y%)l = |singsind pcosgpsingd  psinpcosf | = p’sing.
o2 cosp — psing 0
(12.4.12)
FRE 2. 4. O XB B EH ARV RBIBRAARR O ERAHE AR
ﬂ“f(x,y,z)dzdydz

Q

:JHf(psin¢cos@,psin¢sin0,pcos¢)p2singod‘odgodﬁ, (12.4.13)

a
Q" RS X O FE BRI R P RR.
ARG X Q FERRARSR R AT LU T IR S XA FRR
p1 (@) < p << 02 (@)
{;D] (< ¢ < 902(@) ’
« <0< P

R e B £ ooy dedyde fo B

8 (O 0, (528D
J dﬁj dgoJ )f(psin¢COSH,pSingoSinﬁ,pCOSSo)pz singdpdedd.

(12. 4. 14)

B 12.4.9 kK 2+ + 2P <<2az(a>0)H G E W F B H

BE 512 A B AR A T A B0 BE B B O R B R 2R R B R B R
B (LI 12, 25).

B oER(Hy D NEREEN

k
plx,y,2), y(l’ysZ)Zm’

Hrb kb RIHI ¥ ERERE TR
& 2P+ y'+22<2az(a>>0) 0] L F F %l
AEXFE:
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0 << p << Zacosg,
0 <6< 2n,
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PE R ER A AR R 0 = Eﬂﬁ )
k
m v = Jﬂ k. o singdodeds.
FAL N R *Rﬁ' A

M= [[ % - g singdodgds
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a
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BRI R 04 (0,0, 5 ).
$i112.4.10 BEEEXEH Q2 AMES: (FP+y +H25H)2=d*2
B A, oK Q | AR V.

B OERLERT QRMAS HTEN p=a(cose)’. F
Q T DL 37 R R S R
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0 << << 2n.
Bl Q B R

2x -% u(cos;)%
WiWW=jd4d4 o singdp
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=3, do L@ cosgpsingdg 3
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0
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;p=@<w<hm<¢<%m<p<a.
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3 E O12.4

e[ = [* sinz
LR I= J’odf,(odyj’u (1—z)zdz H 1.

2. MELf A R = A [ edrdyde, b 0 i E 27+ o - 2 =
l,ilzﬁiz:l&z:ZE}ﬁE.

3. AT AR A = BB [ 5T F P dadyde, Hot 0 57 + 2 <
4,1 = x<C 2.

4 (D) IR A 7 B = R [[ededyde, o 0 o <

o
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FEFERPF—MLHETE.EHP 0= (3,0 | 22+ + 22 < R,2* +
¥ +(z—R)* << R},
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n
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o
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10. i f(x) #E[0,1] L%k, iEH.
[ia] [ s s peode = ([ rerar) .

1L sk (2° 459" = 82° BRI KA ER.

12, 3R r < a(l+cosh) 5 2* + 3° = o° BE B9 F 16 FE I i m L.

18, RAMMYE == 2"+ GREz= +v6— 2 — »* frEZEEAEK
.

14, FI R =F B4 5 h 1 A7 B ol 4 2 o) X 3R i 44 2R

M 1< 2+ <22.0< 2< 75

Q) Y+ =d Y+ =2+ =22,2>0,0<<a<b.

15, RAEE aix+ bry+ cz =% hyya,x + by + 2z =% hy,a;x +
by y teyz =2 hy BT BB S AT S AR B KRR

16, 8 D= (203 [ 4< 2"+ <9) BT RBF, 6 50 KRB
Hulx,y) = 1+27 + 5 K

(D DEE-FBISFHWEL;

(2) DXFy B zg.

17, BB 2% + 3 + 2 < 2oz 5 BB R p = !

AR S .

8. ®Hz=2"+y Rz=2:FM . BEp= 1, REMN BI04z
.

19, WIEME 2= 2"+ 5" +ale>0) FERAANYLESHE = =

x4 " B B A B 25 TR X 38 B PR R — B

12.5 F—-BMLKRS

B SO — AR gl R AR 1 A e O T DL 5 S 1
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BEEME L b S HERR. EHMR LS A (2, y, 0 1
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1,2,,m), B p(POSEBIMAE R AL
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lim > £ CP) AL AF4E BRI M R E N M f (205,20 FEBIZ L b
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B 8 H5 S —RMZR S
TEHEAFIEE FE—RD MR LK R BEHE:
(D (RRFERRDPFE HFMEL: x =20,y = y@),
z=2 @<t <P PRBRE 2,y ,2(0) EHENSHK,HH

FCry0) M L b RESEHMIEBS | f,yo0d k.

E (my, ) UEMEZ L EBFA, (2, y, D) RERS K ¢
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@ BAXTHRRBWLITO BRMARS | Fd
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7. EA
JL(af +ggrdl = aJLfdl +,8Lgdl.
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L. S
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T EE S RS B AR
B S RMARL FMEERE MR LA E
r=x(), y=q3{), =z==2(), a <t < B,
Hp =R @) y@) 2O X 8] La» B 5 8. 408K ]
[0’931:
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XS L B85 B /MBI ALy, AL, -+, AL, , Hodb 4§ — /)
BRI K EN
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Ali= J VIZOF +1 P+ (0] d

=/ COP+ [ @O P+ ) Fan.  (12.5.1)
XA AL, BB P WS
2 PoAL = D POV @O F + 1Y )T + [ ) F .

(12.5.2)

T S L L R BUMETER A (D, | At B

LA X B PRl RUE AL EAEEL FRT A Po=(2(),y(x),
2(2)). KR TSI (12, 5. ) AR A,
DFPOAL = D) F(Px(r) yy() y2(2))) »

VIZ @O+ [y @)+ [ ) JP A
(12.5.3)
H—:{;Fx(t)yy(l),z(t)T{[XI'E][Q,,B] FESE, BT LA XY maxAt, - 0 B,
maxAl, — 0. P il & B 77 7E BT LY maxAt, — 0 B, 2%

R2.5.9) ZHBAMKX DS (POAL BB FHEBS | f

F—J5 T8 Xk eR f('l"(f) (O 2N [ (D] YOI+ O]
BESE, PP LL Y maxAr — 0 B, &x0(12, 5. 3) 45 Sy FI L

2 POV @O T + Y @O T + 2 o Fa,
ﬁffﬂ?fﬂﬁx}
Jffu(z),y(z),z<t>>¢[7<r>]2 Ty OT 120 Fde.
TR FEERAQZ.5. D FHBURE, s E 7
Lfdz - jff(,m) Dz DOF + Ly (DT + [ () .

(12.5.4)
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B RS R AR
HEARA2.5. O, d=/[z2 OF+[y OF+[ (O] de £
L #990 K T (BRI K T 2. '
$12.5.1 ZRAL: 2 +y'=—2y LA HAERR 5K
(R BRI % TV o7 IR MR R M Ml % % T Ox
B 4 ).

BB oMz LREREREERE "y EE L BRIl
SR TR

M= Jl VT T dl.

B x° 45" =—2y Bt AR R KR r = — 2sind, LTSI 0 %
B8 LS HTEN
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BT LA

di=/Tz" DT + [y (@] ds

= /4(cos'd — 2sin’Gcos?f 1+ sin‘ @) + 16sin’fcos20dl

= 2./(cos’d+ sin’@?dg = 2d4.
B 2R B R

2x
M= JL«/IZ + yfdl = j vV—2ydl

- Jz"z | sind| 2d6 = 8.
MIEMEL L ER A (o W AABRIK M d, HRBETF dn=
Vi y AL T Ox Bie & HE N
dJ =| y | vVa* + y*dl = 2sin’4(— 2sinf)2dd =— 8sin®6d4.

BIMEANT Or MBI ERR B | v VT2 gy &
453> Bp
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J :J dJ = L |y IVEF Fdl =—r"8sin30da = %
#112.5.2 @ LEUAAN,D,B(—1, D CA,—DHTR
S T A L 12,27 A | (2 — L

B LM=#HKKRL =AB,L,=BCfl L, =CA @i
FEMHSE T BARR, B LLE S 51# 17850

X¢$L19m1%§ﬁ(_1<1<1)’m y
', BELD |1
J (12~y2)dl:J (2% — 1dx
by - 0 1 x
—__ 4 c(1,-1)
L IFBRY y=—x(—1<a<),
B’ 12,27

dl:\/gd.l'yﬁ)?u
1
JL (Iz—yz)dl:ﬁj (2 — 2 dx = 0.
XF Lo By BB~ 1<y<D.F 2=1,d=dy, 5 LI
1
J <12—y2>dzzj (1—y)dy = &
L, -1 3
23yl 4
Lw—y%dz =JL (IZ—y2>dz+j (22 — y)di
- 1 LZ

—f—J (2 — y*)dl = 0.

3] & 12.5

1. *j () dl, H L 1L 00,00, ACL,0) F1 B0, 1) % T A & = £

LA BUR
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2. 49| |y |de st LG AEA RIS S B 1 (R,

3. qzj VL L R r = ali—sing) »y = a(1—cost) (0 < ¢ < 2n,
L
a>0) Hy—t.
4 VrﬁL VTl ek L R 2+ = ar.

2 2 Y
5.8 L AMEL + % = 1KY “’*39, (2ay + 32° + 4y*)dL,

x=e"'cost,

6. iﬁﬂh&%ﬂg{y=e’ ‘sint, 0<t<{-oo,RELLAIIK.

z=e ',

7. ﬂ'ﬁJL(IZ + 5+ 2)dl, Hb L RBAELR «+ = acost,y = asint,z =
bt (0 <1 << 2100 W—ER.

12.6 fh H AR #0 fh IR 4

12.6.1 wadm#mey£x

L 4w B E AR

Bt A a8 # — DN PAT A 7 20y FRBE R —AF
15y BT F R AR R BT M D. BRIk A 1
[

RNk — et BiZ A B— T &
EMAx,Ay,0), 5 M(Ax,Ay,0) #]
X R~ PMREFE Oz b, B — A4
BT P AQ 56 F yO= #
20x 1a F (WL 12.28). A gy s i
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n = (cosa,cosf,cosy).
WEFRIE A M ERR
cosa(x — Ax) -+ cosf(y — Ay) +cosyz = 0. (12.6.1)
A MEPRMAE A MFRA2.6. DATRKR T

cosa cosf

cosYy

P:(O,Ay, AJ:), Qz(A;r,O, Ay),

cosy
KK

cosa
cosy

“Mﬁ == (* Ax,0, AI), Mé = (0,—Ay,COS'BAy).

FREAMEBER
AS=| MP x MQ |

_ ’ (— Ax.o.zgz‘;m)x (o, —Ay,COSBAy) {

(_COSa ’ ‘—_COSB ’ 1 ) AIAy =
COSY cosy

XL A =5 AR A7 W8 T 8 T AR R A R
2. i z=2(x, P WEREITEAR
BiZE S RN
z=z(x,y), (x,y) € D, (12.6.3)
Hrh D R 20y Vil A R FH K8, B 2(x, y) 7 X3 D 4 sk
Bfm 4. T ET S MEARR .
£ 2Oy V1 & VAT F A in %
BB MK X5 D A 3 RS T A~ X
B Hp EER—-H/NYER (ZEEIR
SR K00 /N DX 380D » L 12,29, {E B
Hop—/NEE AD;, EMEMRE T
Oz, Ay;. [A B, g T S A % R H ¥ 4
Fl /A AS,. fE AD; F{EBR—
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BP ) AS; A ERAETHNAE . ENBEMNERE
A RRME S A£Gy 2E )M ERE
(— =2/, —z;,l)
AT T &
n; 50z i ARENM

(Ei,r;j)

1
BV EXCAEN A
FRAHE AS, WEFE MBS T
AxA 7 7
ey TV GDTEGD AT,

W A/ B it T B TR RLELAR I, B BBl T S &Y T ALE U
S~ DWTH+ GO F @) |, Aby. (12.6.0)

B Az 5 Ay, PEBKRE A0 B, B AL UE 40 5 A7 %
PR X 10 BR B BR R i 1T S A T AR

B—HE BN TR D T )RR D
HELE BT A2 A0 B, AR (12. 6. 4) BOHR BR 2 B /1 (D2 ()7
WKE D L= BB [T DT T ) dedy. FRAH M
HS WERHEAL

S =H¢1 F (20" F (2,)7dzdy, (12.6.5)

CcosYy;

’
(éi.ag,.)

Hr

dS =4/1+ (20)% + () dzdy (12.6.6)
FROGHE T S & R T X Bk AT
B112.6.1 HEXNHE z—zy FRBAERT 2+ =2’ |
B4 04 T AR
M H(2.6.6OREF
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dS =1+ (2D + ()*dxdy =1+ 2° + y*dzdy,
RE(12.6.5)REF]
g ﬂ¢1+(z 7+ ()7 dzdy = ﬂ VIFZ F 7 dzdy

I+y <u

= ﬂ V1+ P rdrdg = J "dBJ:r«/l—F—rz r

— %"[(d b1 =1,

Bl 12.6.2 FHEERE £+ +2F=
A EFEHE DY =ax(a@>0) A4
[iTF 2

& Fritiemhim S 8 <Oy Filg s
BETHAES S f1S.,S 1S, Wil
FAHEE (LA 12, 30).

S MR

z=«/az——x2—y—2-, 2+ y <ax,
BELAS S, 9 BN &
51=H¢1+(z;>2+(z;>2dxdy
D

12. 30

dr—a (r—2).

acosf
of
-z a —r

FRICRMEE S=2S, =24 (x—2).
3. 2R BT EmAMITEAR
R S Wi -EN
= x(u,v), y=ylu,v), =z=z2(u,v), (u,v) €D,
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Hit DR uOv FH WA RARE, B «(w,v),y(u,v),2(u,v)
HESAERSE M SHEBICEN

dS = VAT F B T CCdudv, (12.6.8)
Semmh
S = ﬂds - J}/AZ TB T Cdudv,  (12.6.9)
D D
H
9y 9y] 2z 3
ad ad d a3
A=det|°™" P, B=det|°" 7|,
9z de oz oz
\du Jdv du Jdv
ox 2]
du Jdvu
C = det .
dy dy
Ldu dv |

B 12.6.3 HEHRES: X+ +
2 =a’ WER(E 12. 31).
2 HBERALRE SHSETEN

x = asingcosf, y = asingpsind, z = acosp,
0< o< 7,0 << 2n, 12,31
[y 9]
9z 2z
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0z 9z
ago ag
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e dxr 9z a”sin’ gsing
_9¢ 20 |
Pz ax]
990 ag
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dS = /A? 4+ B + C*dudv = a’singdedd.
FREBRmmEHARN
2n T
S = ﬂ a’ sinpdedd = J d@J a’singdp = 4na’.

(2 3
0O 2

12.6.2 wH @4y

FE 2 57 iy T R4 A0 2 22 BT » 516 i 45 SR il T R R £ 1) A

WS BaE WM, S EAERLFY R, fEME L
B— & P(x,y,2) kb f 5 B T8 % B CE
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R SHEE?
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U RS A M E, AR B E ST 2(P),AS
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EHEEX. K SEBESREFT /MR AS,AS;:, -+, AS,,AS; HE A
A AS ER.EG—/NRAS FEBR—EB P (xiy,2z0)6G=1,
2ym) , X ARRITA AS WHERNERKE. HRR
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T e SR B (8 BB (v ) ZEMNTE S O B TR »
][ oy dS, B

[7¢eey2ds = 1im > fa.sy02088.
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TFTE#ERHERsNiTEARK.
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EXTE S FMHESEREL.

X D SERET/DXE AD (i=1,2,,n), 5/ [FR,
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REMEEARTEAR A
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s [+ (G + (o

14 (az(x,-,y,») )2 L (az(.l‘ivyi))on_i.

dx dy
TREE
D f(POAS,
i=1
. - Iz(x;yy)\° Iz(xiyy:)\*
-Z;ﬂﬂ%ﬁ+«——$f—>+(——£T~)Am

(12.6.11)
Hﬂ?ﬂﬁﬁ*ﬂﬁﬁ&vﬁfuxw’%,ﬁ P; BU{E P;(Ii’yf’z(fi»yi))«
FR2.6. 1)K AR

SYFCP)AS,
1
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BT R 2 (x,y) G, YA AD; W H R KB K E T
THL& AS KB AKHZBARNTFE, FRAO2.6.12) RARYH

SRR F Ml ERA]|f 2,y 0ds.
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9
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W PTESHAIER
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5 B 12.6

LOR&GME = = V27 + 5 EHE 2 = 22 AKSH TR

2. RIEFMWE 22 = 2° + 5 FEBE 2*+ 5 = 1 BFHIHEH.
3. R ILYE =z = zy BEE 2° + 5 = o RFBIMTH.

4. WHE T — 5l A

D [tz +2ds, S ppmm* + 5+ = R 2> 05
S

<2>ﬂly€ldsyﬁ¢* S Rz = 2* + ' (2 < D
S

(3 ﬂm Hby+cx+d)?dS.S BERE 21 + o + 2 — R,
S

12.7 ESTEBMAS

12.7.1 3%
DR BREEFEYEMNTEERTERHOTA R, T
IR R E Ry sk %, Hrp

too
I'(a) =J 2 ‘e dx, (12.7.1)

Blaup) = [ 27 (1— 2" da, (12.7.2)
BREXF LB AR RER . RIE L2503
(1) HHEALY o« >0 w,rxfp\ﬁ}ﬂmxﬂeﬁdx W8 B B T
PRE T(a) BE LR (0, + o).
@) HEMHa>0,4>08 LB 27 (A 2 dr

S H I B ¥ Bla,p) HE R D = (@, | > 0,8> 0},
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£12% & & »

B e de o RBUMER o RETR. 1K F <

WAL ES « BEAEN. BERINER -BE5HX  BWHE
Bl BUMER « WREL, XIRNRI KA ESERAS. R, R

ﬁﬂf1o—zwmx¢mwﬂ%§@ﬁax¢@§@§ﬁﬁ%m
Bt~ TC B
B T )% bR B2 A, TOATT 2 O A I R 2 o 2 7 R
S ) SR A R 5 R 0 B T R A )
PR ARLSY vk A4 B A B B0 Cply LS S 1 SR B0 .
f(x) = Jlg(x,y)dy,F(s,t) = J'g(t,s,x)dxv
Hop I BRAKE,

¢(t) = Jff(t,r,y)dxdy,
D

Hoh D RR R B LR fo = [ ge,ydy 5.
TATHS BIE 50 RE 0 F1R &% 275 5 B4 S 275 R 0 SR B
AT S B A7 0 22 5 T S » R A SR 5 L5 i .

12.7.2 4AZFHERS
BN o S R B B RS gydy #

B g ooy dy RASERIGEES LA 2 HEER). By
o BRSO T — A 0 BRS04
[endy tetemme - mimmme g .

IR BRK ¢ fERE RN TR TR R
[Jrctemands tete sz, ety v & 2RI RS

D
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12.7 445X ERY

(ZERG .t hBER).
HEMR S S X BRI HESEM.

TE12.7.1 i f(x) — Jpg(x,z)dt. I — R g (1)

I
D={(z,0) |[a<z<bra<<t <P

EiES W f(OEXELa,b] | #EEE.

iE BA {fﬁloe[a’b]vﬁfﬁgﬁﬁﬁﬁﬁ%%i’%Tﬁ%
SO xo B AREIEW: M TFEBLEWER ., HEEBm R
BEH O RE 2€ [, bIHRREFR (20— 20 | <8 BEA | f(2) —
flxo) | <e.

BEAEJT 4R UE B e 3. ¥ R 3

| Flx) — flx) | = Jﬁg(x,t)dt—rg(xo,t)dt‘

- Uf[g(x,t) —g(ro,z)]dt’

B
gJ‘ ’g(l‘,t)'—g(l‘o9l)|dt, (12.7.3)

MFEEAENER e, T g(x, O TEH FH XI5

D={(z,») |a<z<b,a <<t <P}
FEGE, N B R AEERS, RE | z—x, | <8, Rax
FRAE® fe[a’ﬂj’%ﬁﬁ

lg(x,t)—g(xo;t)|< £

B—a
FRBE |2~z | <8 mA2. 7. DRMA2. 7. ORXFHHE W

5
[ f(x) — flxo) I<J L gCx,t) — glxost) | dt

s 12.7.4)

<Jﬂ £ _dt =
B—a = e.

EBERT f(OLER x EL. BT 0 BEKEa,6] FIERE,
Brd fCoOFEIX [l [a,b] b 44k % 2.
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F OEH 2.7 1 RREST RS RERRELR T
BEEAE. EEE12.7. 1 EGT B TRE (o) EXELa,b] L
HEE, A FAEER 0 € [a.0], f lim f(2) = f(z). AR

)

B [
Flo) — J g (r,0)dts f(zy) = J g (o> 0)dt, i 7 )]

Iljfz)Jfg(x,t)dz = Jfg (xo,2)dt.
XK Zueh i g(x, ) &S, Bk g(x, ,y)leij?g(xyy)- FEH
83 0

}ir?J-fg(x,z)dt - f}ir?g(x,t)dt. (12.7.5)
BB B R 12,7, 1 AR M FAER « (R RREE
lim /) 553 5B ¢ 0BAHER | 1 (o0 de AT B B

HEEBI2.T.1HEET . B FRE (O ERELe,b] k%
8, ARy

[r@de=[([sxpdy)az  azr.6
e OF BARSE — B4k R BIR AR 40 0 7 B 0T LU 1
b b, (B B, (b
Jirde = [ ([edy)ae = ([ e dr)ay.
(12.7.7)
TFRBIA TR L.
EEI12.7.2 & (0 = [ gl,0d. R TEH 2.0
THIED = {(x,0) la<x<ba<t<B Likg, WM
J"f(.ndf fitE, 3 H (12.7.7) 2.

ERI2.7T2MEXET ERTEESBREFMEMRT —/
J7 ¥ BT LUGE i 38 B B4 U B AR 4> (12. 7. 6). BT, it
YL BT E R ) — AP 1.
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$112.7.1 HEBEEHES 1= J: fbl;f"dx(gq: ab EH

WEO0<<a<b.

B BTHERERRAWERRE FUAEEEMF W -
¥R AXITE XS

TEF

b

Ib__xa

Inx

J'm z
lnx
BT LA

_ .a 1 b b 1
I— Jl o2y, =J dxj 2idt =J dzj 2fdx
0 lnx « Jo

—J J gt = G+ D — Inte 4 1.

SHHE

x m%ﬁx'dxwaaﬁm%mr%,ﬁmzﬁmﬂﬁm{ﬁ.

H—AEMERE B MRE SRS R
XA BB LB S S 5 R B 4 —

R 12.7.3 & £ = [gCa0de, EREH g0 LK
BRBKTEER = R FRGEMAER B D — (2,0 |a<s<b,
w<1<pr LS M (O TR 5] 7T %56 B

ro = Lleoa=[28000 a7

MR XMFEEK 2€0a,b0],BIE 2+ A€ [a,b] (X AE
WREITH f(a+a0FE . MA

Flr+ Az) — flx)= Jﬂg(x+ Ax,t)dt-rg(x,t)dt

s )
= J lglx+ Ax,t) — glax,)]de.
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TR

f(f+A§i [l _ Al J Lglx+ Ax,t) — g(x,6)]dt

J [g(I+Ax, ) — g(x,t)]de.

(12.7.9)

B OB AR  RRBBOT PEE B AEAE A T 2 A2 Ax 21
oy

glx+ Ax,t) — glx,t) =
VR R T € (a6 AP A R 6 5 ¢ A

FTRH2.7. 9B 5

flx+Aax) — f(x) JB ag(é,t)dt
Ax . dx :

“ar Ax

(12.7.10)

i (12.7.10)5%18 3]

‘f(I+AI) — f(x) J”* ag(r,t)
Ax a dx

J‘B ag(s’t)df‘—‘J’ﬂ ag(l‘,i)dt‘
N dx

</.

T SEAE R D b5 B Bl — B . IR A BT M e, 77

HEEH S RE[Az|<SMAGEEe—zI<|azD
‘ag(E,t) ag(x,t)’

a

ag(E,Z) ag(i’t)'dt.

’

dx —a

FRY|ar|<onf, A

flx+ Ax) — f(2) _Jﬂ ag(x,z)dt
Ax a dx
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ag(f,l) 9g(x»

_ B >
ﬁiﬁ%%AI*Oﬂﬁsf(x—i—Ag; f(x) B‘Jﬂ“‘ﬁﬁj 9é;§,t)dt.
NITE

Fx) = a%rg(x,t)dt _ f dglx,t) 4,

FOAQ27.89RUEH: T ESEEBTL €N KRR
B, M TF2ER o RFERATUSHTAZR WRDEER
£ 1195

#12.7.2 HERSY J:ln(l + %cosx)dr.

B eIy = J:ln(l-i-ycosx)dx, AR 4 3 12, 7. 3 453

n

COosx

’ = N i — —_
I'(y)= L ayln(1+ycosx)dx o T yoosz

L

el apam 1[de
yJo 1+ ycosx y yJo 1+ ycosx

Xﬂﬂ:‘fﬂﬁ'r — A = tan I, W cosxr = ﬂ,dz =
o 1+ ycosx 2 1+
2dt
1+ TR
2
J :J*‘” 1+7 _ Fm 2dt
o 14+ ycosx N lfvt o 1+y+QA—3F
1+t
—_ 2 I—y V™ __2 =
WM“( el Iy 2
TR
1 1
I'(y = (—*‘—),
M Y
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B3

I(y) = xln(1 ++/1—y*) +C.
FEINY y=0n

1(0) = J"ln(l + Ocosz)dz = 0,
Bl C=—=xln2, B\ T

I1(y) = xln(1 ++/1 — y*) — xIn2,
At

J:m(l +%c051)d1= 1(%)= nln(l +¢Z_§)~ xln2

= qln Zi4«/_§

EEBHEBEFZ2ERITRERNSSEER Y
o) = F(ng(x,t)dz. (12.7.11)

A RILKRBER B A LT E 2.
ER12.7.4 RBRERF (2. RAXTESTRE « WiRFH

g—igmgﬁl) = ((2y0) |la<z<bye<t<d) |, LiZ K
a(x),f() WS, BENWEREE TFXELc,d]. W f(x) =
[ g0 e aila,6) Ears 368

alx
) Hx
o= ij gz, =J ' 3glxat) 4,

dx) « a(x) dx
+ gz, BB (x) — glzra(x))a’(x). (12.7.12)
12.7.3 &5 EZF&H7 RS
WIE-NERKIEBOXE.ZEESSTERY
flo) = Jlg(x,t)dt. (12.7.13)
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12.7 &5 %85

MR F & — A 2. | g (o0 de f— AT RS BT B4

HEBRRS, MHEMA2.7.3) AHENRBANES TR X

MTFHISERT AR HENRE RAEFEARES
P B ST L B SR 5 35 ) 45 (9] . {HL 2 et 5 2 1) A 9 BF
RYRANESER)] LRG0 — Bl d, il EER K
LES

UTENATSHR] ARG —BWSEE - REXTFES
BRIAFRABORA X EE. EAHROPTITAMBNA HTUS
E AL — AR BE S ERL .

EX I VZEEREF RSN —RBHE) ks

BREIB| g (r0d MBHFEA r € LETAR  WF

SB[ fodiEF@ = [ fod. mRs TR
E¥ e MAEEEHRN RETHET > NS FHAN 2 € T#
fi|[ rou—ro | <cmmaszazmngreou

XFETR € I —Buks.

KT ESEBEFRNINESENE RAS SREBERNE. 4
SEM12.7.1,12. 7.2 F1 12. 7. 3 BT =42 28 Gl FE 8
FIT B » B 25 53K 4 o A F B 40 ).

EEI12.7.5 B _ITEE (.0 R D = {(x,t) | r €

Leza) bES FASSERITRG | f@odXTFER

e I —Ols, MEsk Fa) = F“’f(.x,t)dt LK T F s,

EE12.7.6 Fla,b] BEHERAKNE,c 2EE, ~eR
Sl TR D = {(x,0) | 2 € [ab],t >¢) Fi#SE,HAES
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BRESFHG| [God X FEER € [—Bolts, WS
[ reade)de e 361

[ rand)de = [7([ rzdr) .
REI12.7.7 BOIEEE (.0 EKED = (2.0 |z €
It a) BALAEAT S AL ADARIE SR Jorf TR AE—IX B, RS

FE e € LAFAR AT /@0l Ligas
w xR LS00k FemRe € 1-Boka mEK

Fz) = rwf(x,t)dt 5,3 H

Fl(z) = J’“ IfCxst) 4,
a 31'

ERERI12.7. T AR A, TEHTE-1MELAR) X
Blar.

.
51 12.7.3 i+ﬁf %dx (a HEXO.

B ERERE>0,4 [ =

0

ek Sl—r;aidx. E®LaR

BERMESEREF B ot Sqy

.
LY (B S IEIA ) - BEREF B[ ot 9Ty,
StFH—ta € (—oo, +oo) s, I HST B T4
J+ J (e"'“ Lr;ax )dx = J‘:ﬂ e **cosaxrdx

o da
RTFEHa€ (oo, +oo) B—BRHW. FREEM 12.7.7
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12.7 &2 X FRy

al
o . oo
I'(a) = f: %(e‘“ Er;cﬂ)dx = L e * cosaxdzx.
R it B R 3
4 oo —kz k
I'(a) = JO e *“cosardx zm,
TR
I(a) = arctan % + C.
*e . sin0
HRE 10 = [ et %04 — o, gy c=0.

I(a) = arctan %.

B B o B Tk = j‘” ST i
RPN BRI E S TR B WX ABSLTFEBE>0 £
— BB B AR S 12, 7. 5 A DU L AR B8 k B R

' 4z Slnar

"
SETR B TR =J0 e Td;go<k<+ooﬁgi.
FiE
qu Mdr = J(0) = lim arctan -~
0 X k0, k
H ST ETE 3.
o> opf,[ STy X
0 x 2

+oo
;J_g,a<quL,J sinaz 4 x.
0 x 2
T sinax
_‘%ia:OBTJ‘,J‘ ===dx = 0.
0 x
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3 BEo12.7
1. RTFAESTEETHNFE:
I fla) = J"sin(xwdy; () flz) = J:sin(fy)dy;

(3) flx) = J (4) f(1)=ﬁf(y+1,y—1)dy.

flTy
2. i f(r) RL01) EMEREH L 2 € (011,84 Fo = [ [0 Ga—
"t de R F (2.
38 ) = [ =Dl a3k £ ) A Jim £ HER S () =

24y
1+y

In

(y >—D.

FLR2EHFEE

Lo GO RELERB RIE:

de Jr,d .“Jln—l ( )d —;J-b(b— )"71 ” )d
B A i e py i )™ fx)dz.

2 KM+ <1 CRR 5D B R y= ke 095 SR IF B0 &

REB SR ER K.
3. RANYBRAR. BN HNEREARREYS) K.
(D) Z BT FHTE SRR m BESWEH;
Q) ZREEXTFEM P LM EHTRE.

4. i+ﬁf,%\ﬂ<fz + )T drdy, Bt D = {(z,3) | 0 < 2,y < a).
D

5. B >0, f(2) 7200, 1] k%%, RiF: J dfj dyJ: FCD () f(2)dz =

% (J; f(x)ds)z.
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6. 3198[ (2% o8 )ALt Ly RBRF 458 = aF@> 0,

7.8 f(w) RESRK,D = ((x,y) | 22+ <a?) XK
af(x) +6f(y)
H o T 70 drdr

D

B8 D= Gy [ 2 [+ y 1< 1038 £t ) dady e isy.

9. ﬁéﬁ&ﬁ fﬁﬁvﬂz: ((Iv)”z) \ b +yz <tz,0<2<h}./ﬁ\F(t) =

[lce + st + 10 sk 9 i 242,
-0
nl

10. SR TS
(1 JH (ax +by + 2)’dV, Hp 0 = {(x,y,2) | 22 + 3 + 22 < R?};

2

n
2 2 2 2 2
@ [ (5+%+%)av.sema= (oo | L+ 5 <),
n
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F3E mRMEBHNMRS

13.1 ERFNRSER

TEW 2 h 30 R A S T i B B R 110 23 [ DX SRR O 3. ) i
Al B A7 7 A 1 R L3 03 B BT R AR RS B 3 DA B IR R AR
MRESS MRKE QPR SNNYEE R — M EE (F)
e L, RS HRX A GRS RERARE,.0 FRBEGHR
R XIEL B R MRXE QP EN SN EE R
1e] Bt (a0 Fy R B L 3558 BE 45D IR IX N7 R m g, 0 F e
Bt R LA Q b i im) B e 80 3UE B

WRQ ERYEBARNSE O i RAE K, T H B R,
MHEXN G HERE SR TUHEE
i%. ZFji'?ﬁﬂ”xﬁ%’ﬁ’?% wo(x,y,2)

4

—_——

RO EME RS, R (. y, ) 3 //’«:\
R E R (y D) HERR (i o) =~
BRI S5 (2., D ES) W Q3 // y
WTHE, FTERMNBEIN —1ERY

47 (13, 1), 181

B113.1.1 7R WEARE - MREN m HFEA. H F(a,
Yo D RAKFAI R (o5, 20 kb BAL TR S F= 4 0951 F1, WA

F(x,y,2) =— km :—3

R r=rityjtzk,r=va'+5" 25 A5 gL E LFER
{0} L &yl 37
B113.1.2 HR HHBWESHFEEHSE . GBRFHER



13.1 @ EHesmsrzh

KB EL, 3@ A 1,0,05(—1,0,03F HY Oz #¥17,
ENER =g - a 5 (A —NEHEE
2(x* — 3y — i+ dxyj
W+ D+ ) (x— D+ 55’
XA gE X EE 15 20y VEVITHTFE L. i
B 2 A R R AR IR) 9. X B9 ) B 37 R O F 1 il B 35 (13, 2).
B113.1.3 —4Rk T %8 Oz BhLL A 3B o HEFE B
x = rcos{w? +a),y = rsinlwt +a)yz2 = 2,
Heopr=va'+5". Hv (2,5, ) FRRK T E & (v, kb2
B, MHE
v(x,y,2) = wk X (zi + yj) = wxj — wyi.
RN ERE T 8 m &% (F 13.3).

E(.r,y,z) =

K 13.2 B/ 13.3

EHALERY, RGN ERER N

v(z,y,2) = X(z,y,2)i+Y(x,y,2)j+ Z(z,y,2)k,
Hep, X(x,y,2),Y(x,y,2) 5 Zlx,y, ) REIBRZHK =42 8. W
REEZNRBEHRELEN v (2, y,2) EZEERRE; NEX
A RBERETT A WK (x5 y,2) RR RS

MTHEBESAEREH A =MARNESES.

L BEGHEERT

BBREXEXBO FHEE N fEE (x,y, 2) kb 988
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F13%F aEpdamussy

BR
af( N IEIR af( y¥s2) . af(I,y,Z)

gradf(z,y,2) = ffhy 2P f*’;yy D 2Ly
Bt S

d ad d

= Zi4+Zj+ 2k, 11

Goit otk (13.1.1)

il =3

ad. ad . a
gradf(z,y,2) = Vf(x,y,2) = <£l+$_] +£k)f(:c,y,z).

(13.1.2)
MR SEXBOQ BBV (z,y, DR Q LR RS, R
NG R B S MBEES. RZ. T 0 FE RS (x,y,2),
WERFEAE R fH 1818
v(x,y,2) = Vflx,y,2), VY(x,y,2) € Q,
WER f R B Fe (o, D) B R

BR BTG RBHARES: BRFEEINAEY
v (2 y D BMELRE RERX M ERIG AL - EHFRN A B E
B XA AR 13. 2 R0 13,5 W AR T8,

A ZBVMEBEEF BEETRE M EE, T
RAMSPERUMEEER. &% FERIiE, HEE FVE LT %
B Xt FAEBA MR frg UBAEEE S o p

(D Viaf+pg)=a Vf+pVg;

2) Vifg)=gVf+fvg;

(3) V(i>:g_m_

g g

2. MEGNBERT

RGN BER TV « "RIXKEE X, TSR R

v(x,y,z) = X(I,y,z)i“f—Y(I,y,z)j+Z(x,y,z)k,
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13.1 wEpwi#siEfd

& X
d. ad . d . .
Ve o (ziyen) = (57 + 55 +9—zk)- (Xi +Yj+Zk
_oX oy oz
dxr dy Iz’

MEAMEXTUER, S TFEARES (2,5, 2), EHH
BV vz, ) R— 1T HEY.

HERFV - "AETHMEE: S FEEHE B EER
B AUEREBNE u.v . B

(D Ve(utpov)=aVeutpv-v;

2) Ve (fv)=fVev+tVfeu.

T4 R (2D B UE R -
Bo(x,y,2)=X(x,y,2)i+Y(x,y,2)j+Z(x,y,2)k,
fo=f(z,y,2) X(x,y,2)i+ flxyy,2)Y(x,y,2)j

+ f(x,y,2)Z(x,y,2)k.

FiR
9y = x4 ;X
9I(fX)—Xax+fax’
Dy =y Y
E P T
az(fZ) =Z dz +f3z'

IS)id

Ve (fv)za(fX)+3(fY)+8(fZ)

dx dy dz
= (XS R (S S (25 )
= fVev+tuov.Vf.
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F13% @EHNHBERS

3. MEHWEEE T
MRZNEEREF VX"EXHENH: X TFEERNEY
v(x,y,2) = X(x,y,2)i+Y(zx,y,2)j + Z(x,y,2)k,

i j Kk
v><u=(%i+a%j+%k)x<x¢'+lfj+2k)= 2 % aiz
X Y
= (55t (5 i (G5 )k

(13.1. 3

XFEmmE G, EMEEV X v B—1HKE &S, KX A5
4 1) ek 3 A ) B o B RE BE 35

TEREE FHA TR

(1) VX(au+Bv)=a VXut+pvXuv;

(2) VX (fv)=fVXv+VfXv;

() Ve uXv)=v + VXu—u-+vVXwy.
Db &% 1 BT R B, B AR i R S ST AL

L LB XD 0, B HEREE S T BT R v, v BT
FAT 6 &/ 5.

AR AR R BHE A EE S, B R R A K 6 B E
A= R BFHEIEE Y, XA ER T 13. 5 B EET .

FEUEEMOBEFS MBEEFA. L DEH—ABRE
B4R S BERE f SVHRE; V- v MIVX v 458K
BRAVEREG v WABEMXE AIVHERRE— A EEMME,
HESVAXHMERMAZRERR EAMUTHEH SRS XM
BECHNTRBRTE RITEVEN IR M #.

XF TR S AR R B (00 =Xz, it Y (2, ) j, K
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13.1 aEptimsEl

BEEE I
af. ad
Vf—_ TJ{I +£J:
{ X oy (13.1.4)
Vv _Z+$’
¥ 99X
VX v = (5; a)k.

AT G RGE , i 35 CED bR B0 i B BE 18] B 84 J 1 2 R 3T
— R RKREBRETTE HERRNERS FRBE - SNBRKY
Ie] 380 55 T e BE R BCBE B 4 38 R SORE A LUR LY Hhitig.

3 & 13.1

1. RIUFBEBFVHTIIMER, K o8 T EEE frg T8 T 4R 2 .
(1D V@af+pg)=a Vf+BVg;
(2) vifg)=gVf+fvg;

@ v(L)=EVLVE G g mmTFRAb R,

2 BIEBERFHOTAREGS f IR o RAES .
Ve(uXv) =—u+VXv+oveVXu

3. Wr=xityjtzi,r=2TF Y T2,

) # QO RAT R KRV F() 5

(2) @ F=f(ryr, RIEVX F=0. X6 £ % 244 &Ew,v « F=07

4 BIEEREFHTIIRALNR.

(1) vXC(au+po)=aVXut+gvXov;

(2) VX(VA)=0;

(3) Vv (VXp)=0.

5. KFF R HMEE .

(1) v =zxyz(xityj+zk);

(2) v=(xityj+zk)Xe;

(3 v =[{zi+yj+zk) « cNzi+yj+xk) (Hh chHEMERB.

6. KT mBFHHIERE.

(D) o=y zi+2zj+x2%yk;
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D v=f(/IE+yPFL)e HhchEERR.

13.2 mEBERGEHLZL ERR

13.2.1 ¢

WL R—FELEMAE wmE kA B MERE A NES,B R
KA LYK &BRME, HiEMmEdl A £ B. - &4
L oansR#E B Rl S8 A LS W LA S — &4 ik, g
IR L WG HCm L. (& 13.4).

i 4N 2% 1 23 (A1 BR R B — B

. c
x=acost, y=asint, =zz=-—t, 0<t<2r,

27
L HI A AR ACa, 0,00, BCay0,0). IEMEH A E B RiE
] . U 280 ¢ 38K B 1) 5 il R 07 1) — B (L 13.5).

wLRE-ZAEMME HSEHBEE
r=x2(), y=y), z=2), a<<{t<p. (13.2. 1)
BRI H D = AR (0, v 2 (D) TS T8 3F B R &4
L OP+ YO+ W] >0, (13.2.2)
XA A BEE. RSN EMS 0 EE

WY ) &L Of B O i B e MR kR AR AL Y.
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BREBRESHEHKY T RS MEER— Wt FHLL L
FE—EM@@),y®),z()), L fEM S IERGEMBETHEY
16 ) B 437 47 [y &

(M) — T Wity 0j+= Wk . (13.2.3)
VIZOF+ [y WO+
L 7EM SHAE mikf s L2

2 @Wi+yWj+ 2Dk

VIZOP+y O+ 07

=tMVIZOF+ [y O+ [ Fde
= 2/ (O dti + y' (£)dej + 2" (¢)dtk
= dxi + dyj + dzk. (13.2.4)
N TG T8 » 3¢ F i 22 B S 05 B2 0, T LAfsH 2 0 K 5 1)
SR IEm 8. T2, YRATA B i 602805 Bat, 5t 7 o #
ET LT .

13.2.2 @B BRGRHBA

HERE T RERB Q P HEES AT
F(x,y,2) = X(zyy,2)i +Y(x,y,2)j+ Z(x,y,2)k,
(13.2.5)
LEOQN—FAHERIE, EmRh AZE BOLE 13.6), 4 —14
BAREMES AR A RERMREHESR B i8S FEiEss
B F RS SRAE A AL Fho
K S Lissh Bk s Bt iR F B
MO W. R L RSN A& 4N B.
TEME FIA—8HE M, =AM, , M, -, k
M,=B,¥% L 4 M n B3 AL,,AL,, -,
AL, B Al #7R AL, MKE,cM_)FE
ARHIER L AE & Moo &b R AT HE 7 18 B 2 A 156
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M. BES T IWMBE MK BEMR/D, /T LGE I AL B R
HAM  KESFTF AL FaScHRNELZE. T, RAidl
SGMNE M BHEMAGBRD, HG FEDIENHET
AW, =F(M;-1) + ¢ (M;- DAL, &N TRERB SR #,.83 Hig
F toh W RyiE{E

W= > AW, ~ > F(M.) « ¢ (M)Al (13.2.6)
i=1

WA AL, K BE R A—O B+ b b 4 0 401 A7 R R,
AR S F 7655 i 78 o T 5 25 5 BB 3.
5 A, (13. 2. R B AT RM F - e E MR L 1 (8

—H) IMABSHOB AL B, # G — 1) tEBA | F o 17

W44 OB, (13.2.6) RATR BB FMATS | Focdt, F

R RUN ALK REF « ¢ EME L E R AR, Hfie 2y
S8 L. 48 150 5 0457 1669 0 0 B o B 7 R 13
H 1 B 5 2 B .

EX13.2.1 #OQERER) p— Rk, v= X(x,y,2i+
Y300 20,y D kAT AL PRI R LR o) —
BB A L e L GER RO E. T v o B X
TEL £ #— Ao IR D B 0 - cdl e, AR
B R R L L MR R R A
gz v d,

7 SRAT KT G BT 1 0 A 3 S
51 F 4IRS B2 1 50 F 4008 2 OB

13.2.3 F_ABWERHSGITE

BRI R B G B T8 — Rt R B B9 BT LT L
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HEE-AMARINITEFEESE - AMEBE SN ITEL
LoBE _HWMABRSEREBE LSRG RITE.

BRA WML L S BT BWA3. 2. DRXFTR. SHH
KA BV R IE R, Fr (x5, ) FR L R M(x,y,2) B IE 4]
YR (13.2.39)8). B F

@i+ y Wi+ Dk ’
VIZDOFP+ Y O+ DT

di =/[ZDOF + [y (OF +[2 (o) Fde,

t(x,y,2) =

B A
Jv «dl= J ver(x,y,2)dl
L L

— f, (Xi 4 Yj +Zk) « (2’ Wi+ y' (0] + 2 (Ok)de
- jﬁ(Xi FYj 4+ ZK) « (2 Wi+ v (D] + 2 (Dk)dr

B
=J [X (), 9(8),2()) 2 ()

+Y(x(),y(2) ,2(t))y" ()
+ Z(x (), 3 () y2(1)) 2 (1) 1de. (13.2.7)
TR B ZRMEBSMAIN TSR ¢ 2R
E MR IEN RSB EAR WS B ERB
Xt 0 F 2R AR 2, T IR o 0 BT il 2R 9 K AL RIA, B2 B0 I
1a] BR) B {5 1) i) B AR AR,
= T Wity Wi+ Wk _
VIZ O+ Y OF+ 2 D7F
ElitE AR 3. 2. DBR

Lv . di— f vt (z,y,2)dl
L

B
=J (Xi +Yj + Zk) « (— 2/ (Di— y' (D] — 2/ (D) de
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=— Jﬁ[X(:c(t) v (1) ,2()) 2’ ()

+Y(2(8) s y(2) y2(£))y (D)
+ Z(x (), y(2) ,2(2)) 2 () ]de

= J"[X(xu),y(r),z(z))z’(n
B

+ Y@, y(2),2())y (2)
+ Z(x(t) sy (1) y2()) 2 () ]dt.
B Ja 0 E R 4w, B4 T BR AR 4 b BR AT AR 43 51 3 1 F i 2R R

RIS AR LB | o - d i By

F[xx’(n F Yy (8) + Z2 (1) Jde

W RIS LR S E I RS —BGERS Rl
BUMER R FSEE € R aRE, %51 H R B840 T B R F il
e, B4y B RR X F R & .

Q3. 2.DHXDZET

Jl-u o dl= J vet(z,y,2)dl
. L

- JL[Xx'(t) +Yy' (&) + Ze' () ]dr. (13.2.8)

XEEE
ZWdt = dzx, ¥y @dt =dy, 2 (t)dt= d=.
W ey (13. 2. 83K, W B o 4R L B9 R4 (13, 2. DR EE

JLv . dl :JLde+Ydy+Zdz, (13.2.9)

Hev=v(x,y,2)=X(x,y,2)i+Y(x,y,2)j+Z(z,y,2)k.

ETRXAFE, MBHEMR LB BERNETREN
HR 5.

| o+ dim| xdz+vdy+ zde RE— 4B BBRER. @
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BB ER DN EGEME FHHRS . BLABERTE I ML ER
Xda + Ydy + Zdz fE 128 L BB

513.2.1 i+%;ma%,%L 'o-dl,L ve dl, Hrpo= yi—zj+
(x+y+2k L BEAELE—E:

x = acost, y = asint, =z = ——f,

0Lt < 2m,
FiEh ACa,0,0)F] B(a,0,¢). L, %
B ACa)0,0) 5] Ba,0,c) ) 24 B (I
& 13.7).
B S81=0 1 e=2r SRR FHl
2 L R SRS, T2 W18

2x
JL v dl= L [Xz () +Yy' () + Ze' () de

2
= Jo [y — 2y (&) + (@) + y(&) + 2())2 () ]de

— i 22, 2 2 . Y ¢
JO l: a‘sin‘t — a‘cos’t + (acosz-i—asmt—{—zn)z-[:ldt
2x ) 2 2
= L [—az —+—g—:—r(cost+smt) +$:|dz = %—2m2_
T L AT LA 2 B HL XM B 2=0,2=c 4 5%t i F
AL A Hil

f ve di— J;(Xx/+Yy'+Zz')dz

LZ
= fc (a+ 2)dz = ac —l—icz.
0 2
B113.2.2 HEE _RLEH
JL(xz —2xy)dx + (3* — 22y)dy,
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K LRaOy FEELUAE(—L, D, y
COMMLDIW|AMZABAL |
(P 13. 8) 3% Bd 4 16 K iF. ‘jﬁj

XSRS AR L L
PR, R B o = (22 —2xy)it+ 0 *
(=22 BLAZEBRATURE N .-
Jl v« dl &’ 13.8

FEH dx:Jr’(t)dtydyZy/(t)dta‘lﬁﬁf DEEMBARX
Jv-M=JXM+Y®
L L

B
=thuuanu%n+yuu»ﬂnw%nmz

HHE LR
ﬂ ﬁn@ 13-8};)?5_\‘948‘14%5’(\.14191‘29143.
MF Loy ABEIFBERDE L E a=1,dr=0,5%

1
J, & = 2eprdnt F = 2ayray = [ Gt —2pdy = 2.
\ ;

MF Lo B HBH WS 508 i J5 16 AR IE AR R » i
3 y=1,dy=0,F R

L (2 = 2xy)dx+ (3* — 2zy)dy =—Jl (x* 4+ 22)dx =— %
3 -1
XFF Loy B x B ¥ WA y=—x,dy=—dx,[Hilt,
JL (2* — 2xy)dx + (4* — 2xy)dy
1
= Jﬂ (2’ + 22 dxr — (2 4+ 222)dx = 0.

T
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J (x* — 2xy)dx + (y* — 2xy)dy
L

- (L +L +J, >(IZ + 2zy)dz + (y° — 2xy)dy = 0.

5 — RY Al B M BT, X T R R B A R . (B R
PR HERA - N EEKX .

F-RHARTSHMANFTEEXL BHEL - HMLTS S5
26 B 77 18 6. TSR L AL _ 368 — 4% il 48 80 0 4 R 14
77 18] WA

Jl vedl =—JL-0 - dlL. (13.2.10)

RN LB M S L) &y AR K.

B113.2.3 BREER K (x,y, ) KR IGEREY

E(x,y,2) = (y* —22)i+ (2* — 28 j+ (22 — y")k,
Higk L iy 8 h
22+ y' + 2 = a?,
{er -

FOED7 R« B0 TE B RS B 5 30 B4 7 1, Rk L 5 WS R

12k L BFR oL (R (v, ) 547 15 B 8 L 6 5F ot 42 D

ko ooy, BRI LRI EU v - dl).
W AEAR, W L TR

2 2 1 2 a
+ 2= =a?, ==,
y 2 7
LA yOz VT bR AERFE 0 S5, BT L 5K rE

y="2cos8, z=Lsing, 0<O< 2,

2’ JZ JzZ

=

M T

@ =0, (@ =— Lsing, 2@ = Lcost, 0<0< 2,
Z 7z =

HHBHO=0 XM FHMEEL . 0=2r MR TFERLH. FLF
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KR WESFTHERRS
J E . di J"<%Zsm g— 22)(—ﬁsinﬁ)dg
+J2“ — —cos 6’ (j—%cose)dﬁ = 0.

B 13.2.4 FEFHEALITRR Ory WFRS4H — A*ﬁﬁbﬁ
MRS XM ERTEEBR £ -5 13, R 2 — 1%
BRF XA T 58 2

r

F(x,y,Z) =T T3
r

Heh r=(z,3),r=V2+7. B TR Y L
FRETE RS HVER T B R AO,2)4  40.2) <= C(1,2)
B L 5 L, BI4A 1 1 258 3h 2 5 L
B(1,1), He L. A H AW, 2) 8K B(1,1)
FHmECL2, BREEFHEHE
M B, L, BWE L +y=2y.3kA
T Th (B 13.9). A18.9

B OLFABREAERBEENN, NGO IETF HY
TE%A ) 2% L 5 — 7 i 4R A4

(1) % L, B30

w— | dW:—L r-zdl

Ly r

_J — xdx — ydy

(x® + y*)¥?
_ J —zdxr — ydy J — xdx — ydy
AC (.’l? +y )3/2 C~B (IZ _|_y2)3/2

_J — xdx J] — ydy
(2% + 4)3* (1+ y%)¥?

Lvz—.

2
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(2) ¥ L, izsh#h
BE 2°+y' =2y IR AR AR FE R K r=2sind, BL 0 HSH, N
ZHMENSEAFERN

z = 2sinfcosf, vy = 2sinfsind, % <0< —;1

VRS M 0= 5 0= 4} IR B TF 4% 00 R RN BT A
_ T — xdx — ydy
w= JL. Fed J:,Z (% + y*)¥?

_ {™* — 2sinfcosf(2cos’fd — 2sin’@) — 2sin’@ « 4sinfcosh
= dg
w2 8sin’g

/2
=+J 00 4 — L W2 D).

=1 2sin® 0

3 & 13.2

1. 5§ L(x+y)dx*(x—y)dy,RFP I,jgi}ﬁﬁ%Jr?}'—j: 1Ry Fak A,
3 4 7 1 M E
2. V[ ydr—2tdy ot L MM 5 = 2 B2 — 1 B2 = 1 B —BL.

s, T e LB = 5 = o GUBS SR,

x? 45
ot YT b Ly 2+ 5 = @ R R,
5. +;aj ?;l:t]dy,ﬁqﬂijmA(O,—l)EIJB(I,O)EEUC(O,I)EKJ#?%%.

6. i‘l‘%L(Iz +3¥0dr+ @ —y)dy, KR Ly =1—|1—z],z €
(0,27, i 4 1E o1 % = 39 K 49 95 F.
T B eyede, o Lot by 42— L= yoth = MIERBE N

£ 7 ).
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8. i+%JL fjiﬁj,ﬁw L% lzl+1yl = 1,84 57 ¥ iE.

9. B (o = #)drt (2 —2)dy+ 2t~y de ok L at 40+
Z = 1HEF—HRE =N LIRE KK, 7w RAU1,0,00 ~B(0,1,0) —~
CC0,0,1) = AC1,0,0).

10, W¥FEEMAG Fla,y) HREA . 8L IHKR NS ZEBRELA

WOBERAE 1 B R B0 b W — R R A MRS -2 = 1 4
Ala,0) 3| B(0,b) 3Rk h13g Flx,y) B,

1L 335 ydz+ady+ rde, ok L RSB © = acost,y — asint,z =
br(0 <<t < 2m), IE (ALK ¢ MY 7 .

13.3 % # oKX

MBREA R BGH A WBREESEVE «~ 47, ) BES—
REAT n WHESK L BHE WHRXA AR HVEERNRS. R
B« B 2Oy VT, Bilt, FERABRHHTIUE o (z,y) =
Xz, »i+ Yz, »)j. BHRARXN FHEFERRGESEES
Rl 53—l AR AR 0 R SR T K8 E iy — &R
SRR A G X Eh R ER RS, EAFR L BAAR
RF- R R AR F 0 R

BDCR B HRXE, KR D £Z BG4 17 i
%.9D BT E RIXHEFERN : H4— A AWTE 20y FH LW oD 1y
IE [ B gAY X3 D SR 7E fth 89 Z2 00 (B 13.10Ca)). F 2, % T
BHY<LENARRAR 2+ 5 = 1 I fE B4
(B 13.10b)) s MFHRERE 1 < 2* + 5 <4, EHARBEFHE
B L. 2 +5'=1,L;: 2° +yt = 42ﬂﬁE,HTﬁﬁ%,EIE!E]%J
WGEest £t J7 150 o 17 J5 2 B IE 18] o 53 B 41 7 1) (P 13, 10(0)).
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(a) (b) (©

=

& 13.10

FE13.3. 1 HAAR) % DCR* 22— 1A RX L, ik
WODRGE WM. AR RAAMLEIMELRA AL, X
BWRE X(x,y),Y(z,y)TE D NESE BT A WS BOESL)
fep <8 D=DUaD I sk, WA ( § Fm 04 ik LAY )

§3DXdz+Ydy=ﬂ(g—’;—%)dxdy. (13.3.1)
iERE ATE A HIUEBH LI T AR

3gaDXd“ =—g%dxdy, SEdeyzggdxdy. (13.3.2)
M52 R E FRIERE. LT RiE 8 —=, 58 — 500 AR uE.

B TIUFHE —R, X E—FRABE . BEXE D £RH

D= {(zyy) |la< <@ <y<y(D},

KEP N (1)’y2(x)%[a’b]_tﬁgﬁﬁﬂﬁﬁﬁ- lﬂﬁﬁ‘fﬂlﬁ'aD EB g
%ﬁ‘(:?%ﬂﬁ?’x’ Ll ’Lz vLa ’L4 gﬂﬁﬁ(@ 13. 11(8)).

i [ X dxdy o RUHS T LI
s oY

a;X :J'b J‘yz(r) —al(
) 3ydxdy a( 3 @ aydy)dx

b
= J [X(xyy,(x)) — X(zyy (2)) ]dx

o 229 -



#13F AEHHBEERS

I
| Lizy=y1()!
oja b x o|a b X

(@ (b)
A 1311

b
- JbX(x,yz(x))dx—J X (xyy () dx

- (JL +[ ) Xda.

L,

SRR [ Xde = [ Xdr= 0. F e BRI

ﬂ ——dady =— (Ll JrLZ +L3 +L4 )de :_«§30de-

E—MAETE, B D AR B X A, 7T LB 4% D 4 L
NNEKIL Dy 5Dy ey D S P AN BB T R 15 201
. B nE 13. 11(b) th, #E D i Bh4R Ls, Le. X3 D 4%
D\, D,. Jeit D sh HAoD=L, UL, UL, UL,,D, 18 KD, =
LiUL; UL;ULs; Bt D, #3R %9D, =L, UL; UL, UL, .

Xt F Dy D, 43 50 B 200F B it B 551818 B

e e (] 4] ], o] o
*ﬂqudy—‘cf Xdz = ( J +j +J +f ) Xdx.

%uj:ﬂiﬁiﬁﬁﬂﬂ #E&%@Jﬁﬁﬁﬂﬂ‘”ﬂ%%#ﬁﬂ{ﬁﬁﬁﬁfi

(978 15 i £k b ) BRLG H Hy 67( B T G0 - B8 B
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Aﬂ X dedy—— (ﬂ+ﬂ ——dxdy - f]gw, +35w! ) Xdx

= (JLl —{—JLZ +Jz.3 +JL4 )Xdr = SEDde.
T2 BARIE.

FX(13. 3. DFF A M (Green) 2 K.
S$ it (ray) = X(xay)i+ Y(x,y)j,B!lJLDde 1 Ydy =

o

Jw,, - dl FREBAARA3.3. D LA LUE K
L v~ dl = j Y _ 9X dxdy (13.3.3)

#113.3.1 HEHRS
I= Jl (y* — 2xysinz?)dx + cosx’dy,

Horb LM S+ 25 = 1B R G > 00, N 607
M (E 13.12). y

B oL RESMEASHY  ab
AC0,8), B0, —b) WA M ELE. D& Ll‘h
FAEMES + % < 1> 0. E R B/

X DM RID=LUL,, TEH
Ak (13.3. DEF] B 13.12

(L + L ) (3* = 2zysinz®)dx + cosz*dy

a X

d a .
—I{I[a—icosxz — @(y2 — nysm;rz)ildxdy
=-H2ydxdy =— Zabﬂbrsinﬁ » rdrdf

D D

+ 231 -



% 13% GRS

b 1
=— Zasz ) sian@J rdr = 0.
it E &R
J [y* — 2xysinzg® Jdx + cosx’dy.
Ll

By BESEHFHEL £ =0, dz=0. XFES L KA
A A0,0),BO, =D HXTRNSEE y=6f y=—b, LU

j (y* — 2xysina?)dx + cosx’dy
L]

b
:J cosx’dy = J cosOdy =— 2b.
b

L,

T
j [y* — 2xysina® Jdx + cosz’dy
L

=ﬂ[icosx2 — i(yz — 21~ysin.rz)]dxdy
) dx dy

“J [y* — 2xysinx® Jdx + cosx®dy

=0—(—2b) = 2b.
A TR B9 < T O o
T RRATIR & HEH BB TR 8 BY M 24 S0 L0
A 39— T A5 5 — B 1 0 £ B
1332 e | O g emEE L+ -
L x y a
L, 3giat £t J5 1] 4 iE (B 13.13).
Bl BB =
WL $1 0 E «r 3550/ 0 TE X M8
1A Lo e L Ao R0 A . it X

Ty Yo BB R LA
X _ay_

dy ax

Li FRHFEXE D £
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X TR X D KRN AERARER
JLxdy yd1_+_L xdy — ydx ZHdedy —o.

IZ +y2 12 + yz
A5 2
J- xdy~ydx:J xdy — ydx
L x4 L 22+ 3
:Jz" ¥ (cos? 6’+sm D4 = 2
0 r

WAL KB LLEES Sh—Fp L B
§3Dv » ndl =ﬂ(%+ %)drdy, (13.3.4)
Hrbn ZA&MKID 15 m X 3R D #4035 6 8 47 1= ) & (B 40

S 1 B . Xt T LA T R A
EREBG u=—Y(x, i+ X, i, WAEEFH u,

(r 329D f 87 IE ) 1 BOAR B Hi v o m 53 B335 B 4 e S - > BE, T

Rurv=v  nXFREGu=—Y(x, i+ X(x,y)j Ak
AR (13.3.1)48 3

J « dl = ﬂ X _ o= dzdy,
3@ v-ndl=§ “pdl = ﬂ dxdy
aD aD

X R (13.3. O,

Bp

3] & 13.3
L. AARARTETHHS
D fﬁ'xyzdy—zzydx’ﬁqj L HBEE 2 + 52 = o, a4t 1l 5
2 §L(3I+y)dy“(1“y)dzvﬁ* L KR =1+ (y—F =9,
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EEEAF T 1 5
) § 4 ydat (F =2 dy S LREHM D 93 R IE (0 Gt
H), KM DHAEZLy =0x= 1.y =z H#l;
(“§thﬂ”h+h+fmwﬁ¢L%EﬁnmmﬁEM@ﬁp
Mgk 2 =y .y = 2° A
%) fﬁ,‘(f*y)dIJrIydy»K'P L?ﬂ#ﬁﬁ”‘ﬁ%Jr %’; = 1, i

(6) SEL V' ¥ dr+{z+yin(a+ V2 + ) ldy, Bt L R EE G —2)2 +
¥ = 1.sat4Jrm;

(7)§;L01[(1—cosy>dx—(y— sing)dy], Kt L H D = {(x,3) | 0<
< w0 < y<sinx} WIEH 1R,

Ny ey
(1) D = (Cory) | 2 a? 3 < RO < < R B IE I s

2 2
T4 <lmEnaR

I_y)dyyﬁﬂl:'l

<2>1)={,,

3. W DHFERRIK, D HEE B, (T.3) B DIEL,D K &R
£ F (D). RIE

(I)J’Dl-ﬂdy=2¢r(D)17; (Z)J zydy = o(D) y.
l BYe)

4-ﬁ0ﬁ¥mz%anw33%%M% ECD) RIE:

§, 51 = [ (5 5 anas
13.4 @ B3 M ER S

13.4.1 HawmaE

i S g SEAIETREEE, AT S EE A M(x,y, 06
AW AR R R n(x,y,2), —nlx,y,2) ([ 13. 14).
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NiFY M(x,y,2)E S F#ESZEREN n(x,
v 2) ¥ SRR AL X A% B B T RR O Sk 3 # .
SRS b #5 T B0RE B0 o T 48 T A MURR S
3 7 6 v

M, (xosy0s20) 9 B B 5E B9 — 1314
R AT BUE 5 B P B 2 1 B 2 — B o s 3 0200 HSRE A
Mz, y,2) 75 M T AT BERS 3 » U B i B (s ys ) L 3E L A0 4. M52
RIEN A Mz, y, D FEE S EUAEEN ST B M, (20,50 520)
B onCa,ys2) MRS n(xe,yor2) B TR L5 5 — A B4 1 1]
B —nCxo s 302 B A BORE 9 M T8 B S TR B T Ak 2 B9 0
0 i TR B A B Sk g TR 5 0O R R T R T 5 4 L0 e

S S — A M 9 T B T » 2 0 45 A AT TR A B 9 1
ft n(z,y,2), —n(z,y,2). %5 Mz, y,2) 7 fi @ L& B3t
nz,y, DM —n(zy, DR S b KB4 e i1k 1 B 55 L 4 935
i T 900 2 000l T » 33 78 1] 8 5 05 2 3 i ik

Bl M E S, 9t e T 6 A A b —
o REAEAREAAAE ARG P REE T — 4 B nla,y,2) 5
—n(x,y,2).

(1) tRMmE S A F(x,y,2) =0 A M. ¥VF(x,y,2)%
O R, BT EEE— & Mz, y, ) A B B g B ==

T ST B 5 56485 09— B R o

P55 (A5 B 00 1k 1) B 5 18] TF 0. ‘
BIINERIRE S: o+ + =a'. e FEE— 8 M(x,y,2)
B B o7 0 1) B

+ n(zsy,2) :i?‘%tyafr_z". (13.4.1

GUERSMU R TR IR 254 b2 BUE S 75 R 628 (8 13.15).
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() EE SHIBz=fx,HE, MEhE HEE—
B M(x,y, f(x,y) B R ER
~Shi-%i
b nCeyyye) = 2 . (13.4.2)
Ji (50 + (L)
SR _C AR IE, W B SR PAFBSBRIE, BB
BlInE L FE S: 2=1—x—y, MR LM BIE, W EREEH
5 M M EUE (B 13.16), Bp

i+j+k
V3

n(x,y,z) =

1315 B 13.16

) RHE S HBRAIBHE: c=x(u,v),y=y(u,v),
z=z(u,v) , EEE - SN ANEHREE

tn=ATB (13.4.3)
A2 +B2 _+_C2
He
_ d(y,2) _ A(z,x) d(x,y)
A = det Au,v)’ B = de ta(u, )’ C=de ta(u,v)
(13. 4. 4)

S 11, 2.4 %5, KB DUAR 98 il T 60 0 158 X s R (13, 4. DR
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FFFS.

A S WA RIS A LK.
IS MBEXERERN: H— P ABE
B T B9 IE =) CBP 35 57 05 [ 5 E 0 s 1) B —
BOLWEISIEFmAjent, fhm S B RE
B M (& 13.17). A 13.17

GnR S BA r th 8 — 34 WE A RS B SR AR .

AENBEMERTHER. A 12 EFYELSAH THER
HRHIT IS WRER. Lthim S BN REFBE,IS HARRF
KL K. HE LW I ,dS B— 4 8E 5 i &.

WIEHTE S E&AM(x,y, ) kb6 R T R dS, il & 0 F M)
MR H n(x,y,2), MFK dS=n(x,y,2)dS K S &
KMz, y, ) F IR T A AT E). A AT
dS By iEk n(x,y,2) , Jl K /NETF dS.

13.4.2 @ EgvmaRodmisfiti

FEEBE-NERME. K QSR 4y 75 35 Bk, iR Wik
AHSWERE L RERY (2,5,2) X B
—NIHEQ ERERY. X% SHh 0
PAL B — A 6 3 oty TR 5 3SR A 8 43 B ]
Wik SH A L S Fim B M FR
(B 13.18).
W 1318 e 2 B R E T AN E AS,
ASy s AS,, HEFHK AS, FHEER
—RP.G=1,2,,n). META /N R il E SRR E TSN,
ATLLHE AS BB R —/NR P E, Ak B 2 S 7
P. 45 B MM BA ¥ R B (P). B —%, R A AS, E7
AS: FER W ARTE A BTE 5 A M%EE AS: % B W7 &
L% F
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v (P;) « n(P;)AS..
BT H N/ AR ERA, BB LA EINE A M5
S i B Ul #4328 E
Z’l: v (P;) « n(P;)AS.. (13.4.5)

i=1

&N/ AR K E R E T, XA F R R LR A
A E AMSERS Him B e RE.

B—Fm, EdMRA3. 4B FREERY (£,y,2) * n(x,y,2)
e S EahE RS RS M. F R, iR i mARs

ﬂ'u (xsys2) » n(x,y,2)dS

TFTE W 24 B A7 /I8 o T A 0 O K L ) e S R A A
PR gh 2 5 A il 18T AR 4

TR AR At T — 0 5 i ot T O e 53— 4 O R R R 3
v(z,y,2) * n(z,y, DA S L CGE—ED fhm B4

JI'U (19_)“2) . n(x,y,z)dS.

WARBATHA XA FH R A EE L, R &L e
AR, RARE Al EASNES.

BX13.4.1 Ho(z,y, ) BRAHERKSR QSR F TSR
B, SEO TR EREE,n(x,y,2) 2 IF MR8 H
B Wk (2,y,2) « nlz,y, DEME S LES, AT (E—R)
h AR 4

Hv (213+2) * n(x,y,2)dS =Hu cdS  (13.4.6)
S S

FIE- RXAMERS A RFy (L y, DESEH®E S LR
S RN E R HEES.
MRS EMARNEHEME S .S, S, EETMRKWEHH
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T 't 3 il 1, WU X
ﬂv-dSz iﬂv-dS.

S i=1 s,

miE S R RS —R L A E AR At B 5 b, B

ﬂv- ds -—“iﬂv' ds, (13.4.7)
S S

He S FrfmmiimSes—m.
BEMRE _MMEHIOTE. HTESF _AMERSEH
BT EREmME SHAEKER, REMthE SHRMEmE
n(z,y,z) MIEIG dS, R A (13. 4. 6) R, 4k 9 55 — 7Y ify i A2 40
FitE.
BI13.4.1 HBERSL 1=ﬂv . ds,

Hehv =2+ j+2k,S R=ARFHE S
P ot ytz=1 BB A DU TE AR A 1 K T
8 SH4HRBHESS,S:,S,
AR 1319, K4 S,,S,,S 452
20y,20z,yOr FH L=, S BEE
r+ytz=11EH—HR PS> TR

Ljv . ds = (ﬂ+ﬁ+ﬂ+ﬂ) v dS.
£ S LB TFRIEFMRS . M UMK EEmERE—k, 3
H dS=dzdy, fr 1L

ﬂv . dS— ﬂv . ndS —— Jzzdxdy
5 B S,

:—ﬂdedy = 0.
S]

K 13.19

[} # AT LA75 2
- 239 .



¥ 13% aIpuipss

[[v-ds=[[v-as=o0.

S, 53

S, k.,
dS = Vidzdy, n=Git+j+i,
J3

B B4
Jj v ds=ﬂ v~ ndS :g(ﬁ 4 2 drdy

~4

— [ eyt a—a i laady = 1.
o< ]
0ly=l1 x

2N

1
JI'U . dS == “4—.
EoRHTmESLEUTRER B
ﬂXdy A dz+Ydz A dxe+ Zdx A dy. (13.4.8)

AT FXFIE X ST R R)E IHE BT E R,
TE 55 — A4l 18 AR5y € X 5 53 B A cosas cosB, cosy Fzn fll T
BB B n (s y, ) M =ANJ5 1) R B
n = cosai + cosfj -+ cosyk, (13.4.9)
A o) AT dSE R e B) i =5 B 4 cosadS, cospdS,
cosydS. FRMH 3. 4.0 UK EH

ﬂv : dszﬂ(Xi Y] + Zk) « (cosai + cosfj + cosyk)dS
s S

- ﬂx cosadS -+ YeosgdS + ZcosydS. (13.4.10)
S

313t ic
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dy A dz = cosedS, dz A dx = cosfdS, dx A dy = cosydS,
, (13.4.11)
W dx Ady BXH— A8 B K% E % T ihE iAo dS #
2Oy il £ BN E R do,, » ERFF 55 cosy MIF] B dxr Ady=
Fdo, HHPHFSHWESRBRTFHEREER n(z,y,2)5 Oz #l
ERBIRMA Y. Yy BREANBRES, X4y ARG S.
MBRSv=Xi+Yj+Zk, WA

Jdey A dz+Ydz A dxz+ Zdx A dy =H'(1 « ds.
YIH T IR KR LS AT L B (13, 4.8) S iy o « ds
5
HATHE.
B 13.4.2  HEE - REHHA
I =ﬂxzdy A dz+ yzdz A dx+ 2°dx A dy,

H S HY R 2 =vR —2F—%, F
S} 1F (& 13. 20).

® B [ %5% 1= [[v - nds,
Hiy =rzi+yzj + 22k, 7’}_%;]
as=1+ () + (55)

R
= dzdy,

n= %(Ii—}-yj + 2k,
Fr LA
I= ﬂv + ds :JI(J:2 + 3y + 2 dxdy
S S

= [ Rrdzdy = i,

Lt <R
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B113.4.3 I:Hx(y)z)dyf\dz—k(x—y)dr/\dy,ﬁ'# S
S

Sy 2 by =1 (0<2<2) 4 13. 21).
" Lﬁﬁ%ﬂuﬁgﬁﬂv-a,

Hro=x(y—2)it(x—yk. XEEE
SWEmBMEkEBERIn=xityj,
v e n=x"(y—2), HIABRESEFE
xr = cosf, y=sinf, =z =z,
0O 2%, 0T 2L 2,
W dS=dbd=z. F 2

ﬂv . ndS— sz(y — 2)dS
S S

= Jf cos’@(sing — z)dfdz

0<o<2n

o< a2

2n 2
= J dﬁj cos’f(sinf — z)dz =— 2.
0 0

5l 13. 4.4 ﬁgmwyAu+ﬁ1AmuE¢Sﬁmwm
=2+ 3y' HF =0 M =z=1 Z A1 E4 T .
B ERBATLER [ o ndS,sh

L - Qzi+2yj — k)
JTH42 T ay

dS =1+ 42" + 4y°dxdy,

v = 2i+ zk,

szdy A dz+ =zdx A dyZHv « ndS

S S
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V144t +4y°

:H<x2i+zk) 2 2yi — B AT T dady
S
= Jj Q22 — 2t — yH)dady

2,.2
)

<l

27(‘ ) ! , -
:J dﬁf (27°cos*@ — ¥ )rdr =— 5
Q0 0

B 13.4.5 WEST ¢ 058 E TR T O, R b7 8
% F 2k 16 3 B (R Y = Xi+Yj 2k A e S iR

[[o - ds somst Farmmm s wimm).

S
B RO HER O RERSET R ERLIRAD ZRE
W 75 AR R
x = Rsingcosf, y = Rsingsind, =z = Rcosg,
0L o< m,0<< O < 2.
BRIE B9 1 BUT K R dS=R"sing, BRI 7641 8 & (25 55 2) 4b B9 51 3%
fi) &t
_ xi+yj+zk
— 5
OB e SR AU B BB g B R 9 A S A LA AN B 23 T B — A
Cryyo =) b 7 A2 B L 357 98 B O (B s — N R )
(xi +yj +z2k)q
(x* + y° + %)%
TR0 R TR S 603 8 5 F (KLt S B 3RTSMUD

. _ [ Cityj+z2k)g xityj+zk,,. .
EE ndS Lj &+ 5+ R K singdgdd

E(x,y,2) =

"ol it yitzk | xityj+ kg,
:qj d‘{’L Gy e R Risingdy

0

2n n
qJ db’J singdg = 4nq.
0 Q
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3 B O13.4
HETHE _BtEmRY:

1. J[ (22 + 3y )dar Ady,S F 22+ <<1,2=0 { F M.

2. JIzdI/\dy,S Y xttyt + 2 =R LR EA T .

S

3. [[eetdendy.s 2t by HF =1 5 HIRE HOSMU.

&H£MA®swz=J?????u>mmm&mﬁ+f%uma
W%ﬁ&iw

5. [[2vdz A dro St SH#EY = VI T T AFy— 1Ry~ 22
%%ﬁé%

6. || xdyAdetedr Ndy.S 22+ =& FEH—HBIP A F 2=0,2=h

(h=>0) 2 Je] Y FR 43 » M) H9 1.
7. szf A dy+dy A dz, S HFHE o+ y—z=1 765 FER A T 0.

8. ﬂ.(y’—z)dy Adzt+ (z—x)dz Adx+(xz— y)dx Ady,S R y=
5
Vit y=h(h>>0) Bt B K38 2 1 S .
9. @Idy/\dz+ydz/\d.r+zd1/\dy,5j§312+y2+zz=Rz B 5.
5

rtytz<<a,a>0,

10. @ yzdyAdz+zrdz Adr+xydr Ady.S HX B,
s x2220,y=>0,2220

5.
H.@%@A&+%&AM+%MA®J@M=Jﬁ+f+££ﬁ
S

R "+ +22=d" o,
o« 244 -



13.5 HHAX S HieLiraX

13.5 aHAXEHRERHAR

13.5.1 ZHaX

o 3 2 2 IR oA B R O A ) X R Ay 5 RO B
EXHAR EPHERSZAHEMER. EER¥RXETYE LK
HERTEH RS S G B b o @ T A BT U B X A
AR B AR. R —DERBD IR RSB i
B RENE="ERISHERSIOHEXLRANBR TS
RIFEEXNAXHTRRATR. B, EREHUREER
BB 2 > AATTH X A 20 BR O BT 45 B 48 R 18 i 2 0 .

R ARAEBREMAR N EFHEFEREOYEE L. 75X
—TRMNMEAMBEHIAX\BBEZEY - "HWYHEE L, BR
- EERE

EEIBSIGEHAR) B QSR IAE RN . HZEH LR
i T PR BB (X 1) B 3

v(x,y,2) = X(x,y,2)i+Y(x,y,2)j + Z(x,y,2)k
O NEZAMLERRR C=0Ud0 F#kst, A

dey A dz+Ydz A dr+ Zdr A dy

.-m IX | 22 dxdyds, (13.5. 1)
HE
[[o-as =[] vewav, (13.5.2)
K*lﬁlﬁﬁﬁﬁi’d‘aﬂa;fﬂﬂi&ﬁ%f

UERR AR 2 HIUE B LUT = 3R, A T 52 AR s B2E 5.
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ez
$MA®—@ av,

) ijz A dr — IH—YdV, (13.5. 3)
o

JXdy A dz = Jﬂ IXqv.

AR R -, E{mWiJﬁTU%UﬂE&%
FEUE IS — A, BB X 0 B —FhAFSR 1§ TE . Bl 0

B TEEFTT O LT z

R LR E SN S == 5

z (xyy) 1 Sp: 2= 2, () {Y B ‘. s,

Tk K. Z AR E 2Oy FH £ K {._S_Q |

B R D:y‘ TKES fMitKE S, 0 : !

53 5107 8 J O W W T B 0.2 / y
Si,S, M Ss 4 AL, SN R IE

(| 13.22). 13. 22

TS B EmES5 O iEH, Fﬁu
ﬂde A dy = J ZcosydS = 0.
ETFE S B’JT@I‘J ?‘fﬁ%'ﬁ Oz %}ﬁ.‘é‘"ﬁﬁ BT LA
Hde A dy—— ﬂzu,y,z,(x,y))da

=— ﬂZ(I,y,zl (r,y))dxdy.

FLEES: EM,xmEgs5 Oz %bﬁ@ﬁﬁ B LA
ﬂde A dy= J Z(xryr 2 (xyy))do

Iy

— HZ(x,y,zz(x,y))dxdy.
D
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¥ E=MinEa

SafEde A dy= (ﬂ+ﬂ+ﬂ)2dx A dy

= IJ\ [Z(I’yazz (I,y)) - Z(x,y,zl (I,y))]d:tdy

- H (I7.-., 520wy = ] Fav.
TR F LR T T B .

X F— i K3 Q, 7] LUK A B TN/ DX Qo2 500 50 i
BE— /NN EERE T LR RIS, B ESIERNESE S

ﬂde A dy—m IZyy, i=1,2,k (13.5.4)

J%Liﬁfﬂi%%?ﬂ]idﬂ: i ?Rﬂl EEREXE O NARARLEIQ |
YRR ER IR WY L PO 4 AR 9 — 3K B T ELAR IR BT LA A 3 R T
FEIQ EM S, B

k
EﬂZdI A dy = @Zdl A dy.
i=1 anx an
(13.5. 4) 304 sk f118 3]
k
ZJH 92 4zdydz = Jﬂ 92 4 +dyds. (13.5.5)
i=1¢ 9% ; Iz

BeA Ll EBRBAE (13,5, DR, F R L.
(13.5. DRAA(13. 5. 2) X FR K & #7 (Gauss) A =
E_HEER, % (2, ) =X(x,y)i+Y(x,y)j BRXiF DCR?
L%ﬁﬁTﬁﬁ%&M%%“ﬁ%%‘ﬁmﬁE&

3@ . ndi = ﬂ IX | dxdy—HV vdzdy.

aD

%%%%Afiu%m%wwﬂﬁﬁ:ﬁiEMﬁr
BI13.5.1 % 7% B4 A R AT R 1K B 0w
sy zat) MEEBEw (ooyyz,0) %S (8 FIRE A 69 o 4. % 22 1L &
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(xyy,2) L, Lhr(r>0) R 48 WER D,. 7E8 % ¢, D, hEFRE
Witk R oy, dedyde, A BB AL, EX T

KA FL RS T A B D, PR Sra L 5 4 M 0 5 08 B
%JU#(I’y9Z,[)dV = @#(I,y,zvt) v (x,y,z,t) . ndS,

3D,
(13.5.6)
Hen RaD, fsh e ke &.
SRR N WK
PruCxryizsn) v (aryz0) « mds = m Ve (uv)dV.

aD,

B AAA3. 5. 607,185

a”t dV =— mV (uv ) dV.

EAXFmFEIBR U D, B‘Jﬁiﬂ»%ﬂ/\ r—>0,fE5 32

a b , ’
‘% ==V [pu(x,y,2,t) v (xyy,25t)].

XL WA F P Rt R,
B113.5.2  FIAEIARTES —&ghiEa s
H(y —ody A dz+ (22 — y)dz A dx+ (2 —2)dx A dy,

He S HME =1 — 22—y (=00
I CE 13. 23).

B HS w20y il b i E &
2y <L@TFM,2 %S S, AR
X X4

v(x,y,2) =" — )i+ (2 — y)j
+ (2 ~ 2k,
LR RS NS WK
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(E-ﬁ-g)v s ndS= ,ﬂ] Ve vdV = J (—1—1~— 1)éV

n [y

2x 1 1-*
=— 3J d@J rer dz -
0 0 0

! 3
=— GHJ r(l —7r)dr =— ==
0

2
H—HE,
v+ ndS=— (2 — 2)dxdy
g 12£<1
=— Jzﬂ dGJ:rz cos?@ s rdr =— %
FRAULHAEEGHARE S

[ =2y A det 22— 2dz A dr+ G —pdz A dy
S

‘—-Hv * ndS = @v . ndS—ﬂv- ndS
S 51

Ele}

=[ID v vdV—ﬂv- ndS = Spp T —— 2y

FRABHEARX, TURBBREZEY - "HYEE X.

Bi%v (x,y,z)=X(x,y,z)i+Y(x,y,z)j+Z(x,y,z)k X
QEWMEETHRNES M RBOHN—KH. AARTEBEAM B—
AR XA EEE Q2R KA RIA RZREENEA
m i E. XATAIRRDXE A B BB ARER
@v-ndS=[HV-vdV. (13.5.7)

EY

BERSSHEEH,FE M €A, #E
MV- vdV = Ve vy |Al,
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A3 5. DHREF
V"(l'M’ :*—|§ﬁg‘0'ﬂd5, (13.5.8)

b gt Qo - ndS BB KA AR

IA

A ()3 & |jTlgfji v+ ndS B o tE/NK B A R

Hh) E .
YK A B ERdA) EamE TR, BT 6 R E ST
BTLAV « vy >V c v |y, FHRIE 3.5, 8) 5 H 35 BUKR R 3875 51

Ve v (M) = lim ~lnﬂv . nds. (13.5.9)
aa—-o | A iaA

A3 5. DXASHPFHERAWEB R T W &EGv 48 M, B

BHE SR IEE S A M, R dive (M), FRE2 b

EXNHTZEV v ETFTXNMNEAYEE SHEE.
ATULETR-TTUKBEHREARE N

@ v+ ndS — Mdivvdv. (13.5.10)

ML LR R BFIARXNHENYREN: HBFHvEXHEO K
MENANREBEE BRI ZM, ETFELANE S mEGo
A X0 ML 5 3 &t

13.5.2 ¥ niraX

WFE ST S T R RO T RO RS S R A B A i T

B EHWMERR ZAE R X R XM AR E R AL BYCER

BB —HE . B R AT BURTE 1854 SF QI K

FHIMEF TR TR . TSR i R E U

FYHFRMEEREAY, BIERE L OEOFR, BItfEfb & it
. 250 -



13.5 @A aX b5 e L taX

s ENARBMUBRREH AR Z A WL T e AR %
MPE N FEPFEEBENYHRE LU ERRTARSNEE TR
WE AR LB BRREHRARE=FS R H.

BE 1IB.5. 20K RmHAR) #v(z,y,2)=X(x,y,2)i+
Y(z,y,0j+Z(x,y, 0k BRI O FHEZTHMES.S EX
HO NH—NZEROCENE R EE 13240, K RIS KB
WA RMMEACCFAERMTAADRANERELE -2
B, WFH

SQaSXdI +Ydy + Zdz
=ﬂ(%—-%)dy A dz+ (%—%)dz A dx
+ (%_%‘)dx A dy, (13.5.11)

mE
9@88de +Ydy + Zdz — ﬂ(vx v) - ndS. (13.5.12)
S

(13.5. 1K FK (3. 5. 1) XK AT EH AR
B 0 R R DR R AT 25 S B O 3 .

z

B’ 13.25

B113.5.3 & SHEME 2+ +2Z =R 55— HBEH 4
> = yi+2j +xk , BFHTFE A HT A (B 13, 25).
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B OEdS B‘J?Z%lﬁlﬁ'—iz/\éléﬁ%%ﬁ)ﬁ%ﬁa » K

ﬂ(vx v) + ndS —ﬂ dy A dz

aX aZ)

+ (& dz A dx +( %)dz/\dy

:—de A de+dz A dr+dz A dy
S

— (gdydz +ﬂudzd1+ lﬂydxdy)

:—i 2
47'th

Hr DD s Doy 53 5IR S FE=A AR L.
%—‘fﬁ995 Fh Ll 7L2 9L3 é’ﬂﬁiaﬁqﬂ

J, v di= j_ (Rsindi + Reosdk) + (— Rsindi + Reosgj )df

“1

T 2
4R.

[} £ ) L) 18 3]
Lz vedl =J vedl=— TR,

Ly

Jora= (L +], +], Juea

as

TRA

— 2k = [[vx o nas.
S
% 13.5.4 FEREL

I =§1 (v~ 2)dz + (z — D) dy + (z — y)de,
o 252



13.5 @M AXEAMEAMAK

Hof L BHE 2+ =R 5¥E =11

8 (a>0,6>0), FIEFI M Oz Bl T & £ K
6197 4 CE 13, 26).

Mok LRYES +o =1 EM—

B, 8 S & L B AR, -0 iE, N e
iR A

IzﬂgL(y—z)dI-i—(z*x)dy+(r—y)dz

— zﬂ(H-j 4K - ndS
S

=— 2(cosa + cosg+ cos)’)ﬂds, (13.5.13)
S
Hep ooy RV EHME MRS =LA, EIN2 0% T
cosaq = b y cosf=0, cosy= a .
va® + b Vva® + b
Sk Hym RO R
dS = /1+ ( az drdy - —N/ T ¥ dxdy.

FiE
ﬂds— H J—bdedy—"“ o ke

2+ <R

Bl EERMAA(3 5. 13)REET]
I — 2(61 +b)’KR2

a

#13.5.5 HERSL
I— L(f — y2)dz 4 (5 — zr)dy + (2 — xy)dz,
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KA LK
%B, 0<0< 2n,

x = qcosfl, y = asinf, =z = 5
HI£R 14 1E 18] 5 2 508 o o 1) — 2.
ﬁ A(a,OyO),B(a,O,h)y‘JLB’g@,ﬁ*ﬂ%,ﬁ’mlzl %ZT“EEB

HAMAFMEKEB,SRRHA L ML, KARKFEA o ihiEm 0 i
iR N '

§S(12 —y2)dx+ (3 — zx)dy+ (2% — xy)dz
J k
_ 9 9 a . _ _
_Lj » 5 = |- nds _JSJOdS — 0.

2 —yz y—azx 22— zxy

T
I= Jl (2% — y2)dx + (y* — zr)dy + (22 — zy)dz

- (9gas‘L )(12—y2>dr+(y2~zr)dy+<zz—Iy)dz
=], @ e+ G —mdy+ 2~y

h hs
:*J (zz—xy)dzZJzzdzz—.
L 0 3

(«’g (’;?yf)k KV X 3 D B AR 2 (A A 1 . A ek

BA kXN TRE v (2, ) =Xz, )i+Y(x,y)j U RA M E
D,zHAHHtwHnARED

§3DXd1 +Ydy = g(vx ) + ndS :ﬂ( aX)dxdy

AR AL B AR T U MERALARES
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13.5 mMaXEHestaX

o 2 A 4
U1 4G5 37 4 R0 7 0 B

FUXvEYERE . & M AEE L0 52

R it R A M ELLL m 3k

o 8 9 A ) T 2 0 B IR— A M

ettt BUIE 8T % AR A S, Mo

(B 13,200, 5 L, W i MR G o - dl it o

n

WL, WU DA S, EWPHFRRRR - v - dL
B BT A A 278 5

b ved= L[fevxv) « nas.
nride, 'y

EXNER D, S r—0, HEg R R R ESEERED
1 1
lrllgxn—’zé;Lrv-dlzlrlI?Fﬂ(VXv)-ndS

= (VXov(M)) *n. (13.5.14)
XA EHAME, MBVXoEr FEWREETHE G B
BE L KRR Y r—0 B IR FR. VX v En HE MR ER
RTEESv AR HRERE. YPE«~ KkaRka 50
BV Xv i EHER,RE 3 '

lim -2 - dl = vX v (M. (13.5.15)

0 {rJL,
TRAEE-R ML, MGy FEARV X v KR RERL
(BEVXv ZEFEE). Hl, 6 & FGv QEEV X v BXE—4
e MREAETE . MaMBGv FERRY X v QHEHEE
BRX BFVXvERBARGy WEEFARBREN — A,
G 7E 18] B 3 R AT 5 rote &R,
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EVX v EHARRARTH =R
3z _ay IX_az Iy 3IX

dy 2z’ 3z ax  ax -3—y
X =470 84 D 1] B 30 BRGE = A e b il ) BE R 5B

HTEMERMBBEREY <o WYBESGRINER-AN%AH
MENHEBRIEFORE Q. BEREN PO TES EEHS
Oz B G, WA AEE o =ok. REA XKW
PLEREEEE - -R M2,y DWREE v (2,3, =0 Xr, K
HFor=xityjtzk. FRv(z,y,2) =w Xr=wk X (zi+yj+z2k)=
—wyi Twzj. B BITE ] LG F

VX v (x,y,2) = 2wk.

OB BRAKGE T 0 B AR WE S 7R BRAK BT o 4% 10 25 ) X 8 b 7= A
T =M EREEG (2,5,  REFEZHEN - NEARG, © 0 EE
ST AEERTRE. FEE BT T — R 58 3 5 b 5%
P R, R MRS T AEERMRE. A S s
B B BEREY X v 2RI B G REE— A 1B, B
JE R R R R KB O 1) 5 B A T B 4 XD R BE T RE R SR 1Y
FN.

LA b5y Hr ) B 3B, I BB BEBEV X v (2,5, 2) B B 3

AEH—TEANER, SBRABEREX.

' Bl13.5.6 & H(z,y, D) RABEGSR I =4 NBHRE.S
A 1 g TR B0 R R A A S AR E

39H-d1=ﬂ1.ds
38
S

ﬁﬁt%iﬁ’m%\ﬁﬁﬁ}%as MR B S THER S HHERH D
. 75— TR A RS 3

fﬁ H-.dl =ﬂrotH- ds
a8
S
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B EFRRXTFT LB rotH=1.

BARARM TFEEXE DE T —ERSMXHRAFID
MK XER; IR ARME XM XRE D =450
B S, 8@ THmASGE _EDMihmil #S FRELR L
MR MNRBHHAEEFE B EBEGNE —ME: @\
BZFIAMBE SHEE@FNRANRE REES)ETH
BB ZMEARIS AR E. WENXINE T BAKRLSR(UH
RVE M B, MR AR R R — RS &5,

3 B 13.5

. ARHARITE T dhmEmMEsS .

e ﬂxady A dz + yde A dr + 2'dx A dy, H b S % K 8
2y e, 02 < 3 ML

(Z)HIZdy/\dz+y2dz/\d1:+zzdx/\dy,;iq: SH+y+2=R i
A

(3)ﬂﬁdy/\dz+y2dz/\d1+22dx/\dy,ﬁqa SHEFKO: 0<2<1,
0<Cy<1,0<C<1 WAMEE;

(4)JIzzdxAdy+1ydyAdz+yzdzA de, fh S HEFr+yte=1 &
ZA A5 B R 9 X SR 5 A

(S)szdyAdz+(zz—Zz)dx/\dy,KFP SH = VTS HFE =0
M oz=1 Fr&EB 4 0 Sl 5

(6 @ (x—y)dx A d‘y+(y—z)xdy/\dz,ﬁiqﬂ SHEBS+y=15%
W z=1,2=3 FrEA KK 0 RN ;

zdyAdet ydz Adzt+zdzAd : e
(”ﬁ e L e
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.
2. AR HAKXTETIMERS -

Z+y+22=R
(1) ﬂgLyd.r"dey-i—xdz’ﬁtP LERA

taiamo, MrHEERE

v B £ 5 5
(2)5}3’_ (y—x)dx+ (z—ydyt(z—2)dz, EF L R H +y ' =d* F
Pl x+e=ala>0) MK, M = BHIE I F % 0% 647 1.
. . —ydz+zxdy
3. itE I= fjﬁL —LEEIY e o L

(D EE—FKERKLGE =, R 5 » BRI

@) ER—-KALE W —BEHRS = SRR LML, N = BIER
F & Ryt & Iy .

4. JEBH .
dx dy dz

cosa cosg cosy|=2S,

x y z
HoAr LR rp A T L 6 — %% 8 503% B OE B M1 i 4%  n = (cosa, cos, cosy)
REVPEMEAEER, LOFEHS e W FRBRAEFEN,SREL FEY
(g2

13.6 & = 3%
BRIFGE—MEENHNERES. X—PTHEEANSENABRK
AR R ARXAR TR TGRS AR TS,
13.6.1 F®E#®FH

EREVPEXE D FREZAEYv=X (2, y)i+Y(z,y)].
B L, L, BEAMASHARBBRERRMEERZZRBEE

A%~ AR [ v d | o-d RREE.
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MABMABS | 0 dl= | Xde+Ydy H5H% KRR NE LA

X T I S RO B TR AR MBS [ 0+ i = [ Xt

Ydy 5SRO MELX.
EN13.6.1 FEZRBGv=X(x,»itY(x,y)j EXH

D MEMAES | v dl = [ Xdo+Ydy 8 5B AT

FRIX AN B3R X D N ER<F15.

Mo E5BAeXXROE B SHRBWFEEA T LER, XA
DB THNEHEEH.

EME13.6.1 % DSR* AKX, v=X(z,»i+Y(z,y)j B
D ‘%S ) 85, W LT 68 5 A0 4t -

(D v=X(z,»i+Y(z,»j D F#IEFE;

(2) XMF DR — KA M2 B 90 A i &

L,ﬁgg Xdr +Ydy = 0;
L

) v=X(zy,i+Y(x,jED FEERBEQFEET
PR f (x5, f#48 gradf(x,y)=v(x,y).
R D=2 ®LEDHKIE

E—#REBRCHOA G RAGHE &
HEEREANRES A AM BB L 4R
PIZRAHFES A MK S BHZEBOLE
Hialr ek LoL, (B 13.28). Bk v B3 L,

5, B LB SRR TG X BT | Xdr ot

Ydy = L Xdr+Ydy. FE m 13,28
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$ Xdz+vdy— $ Xdz+vdy +§L—— Xdr+ Ydy
L L 2

=§ de+Ydy—§L Xdz + Ydy = o.
Ll 2

(2)=>(1) HL,L. REHENES ANMAEXEBRIEN
4 FBREAmMML W L=L UL B—&AHNNZEEXEHE
2k (& 13.28). F&£

(J, —JL )Xdz +Ydy = (J, +L; ) Xdx+Ydy = 0.

“1 2

XEHy =Xi+Y;, D EHRFH.
(=) BAFTERE f(x,y),fi78 gradf=v,H]

ﬂ = a—‘f=
e X(xsy), 2y Y(z,y). (13.6. 1)

MFEE-FBERNAMEENB WZBEEEARASHMAEL,
BEEMNHSETER

r=zx(), y=y{), a<{t<p,
FHA=(x(@), () B=(z(R),y(®) , MFH

B
JI Xdr + Ydy— j [X((0) » y)Z @) + YD), 92y () e

— Jﬁ M‘;’y&dx = f(@ 9B — Fx(@)ry(@)

= f(B) — f(A). (13.6.2)
Bt B 4) 5 R T %
(D=0 FEXH D PEBRBE—& M (z0,3). ¥F D
FEE—-ARM,y,%

M(z,y)
FM) = J Xdz + Ydy.

My (zg 5350

ERXROWMEBER B BT 7RSI M (20,00 &5 K Mz, y) 4F

BE—RZBOLHMAE LMK RS. TR SBETLXE, TR

B D ERBER. FEIEPXTE M(x,y)€D,(13.6. 1)K ER
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AL T f (s ) B o=X(z, )it Y (x,y)j B FRE.
flxyy)s flay T A ERF E - 3F H

(x,y+8y) (zy3)
Fry+ B3 — flary) =L ) XerrYdy—J Xdr + Ydy.

TR SBEELL, ATUHBTRY
KBS T EXALHWE AR

SRR —RRER M (20,30 &5
Mz, ) ZFBRIBIE L. X F L

A0 5 — A4 T LS W bR

KLAAM ROZESMBEEGTT

Oy BB Bt Ly MM(x,y) B4 3] &
(xyytAy) (F 13.29). XH—%k,#

(K-}
f(I,y-f—Ay)—f(x,y):J

B 13,29

(z,yt+Dy) (x,3)
Xd.r+Ydy—J Xde+Ydy
(Io‘-Vo

(J:0 13

= JL Xdx+Ydy

- J:yY(x,yﬂ)d;.

TERA—-TCHREORS P EEHED
df(x,y) _ lim [y +Ay) — flax,y)

dy Ay—>0 Ay
= lim - J“Y( )d
T A Ay, DTy d

= limY(x,y +00y) = Y(z,y) (0< < 1).

ay—>0

e e A WE R L — X ().

E1 M fa, ) Ro=X, )i+ Y(x, )] HERKE, &
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DX X(xy)de+Y e, y)dy BRE f (2, ) 2805, X IR
18R f(x, ) BB R X(x,y)dI+Y(I’y)dy B R X EE
B R EHo=X(, )i+ Y(x, y)j BHEEF SRS ER
Xz, ydx+Y(x,y)dy W R KB R F]—4 6 fH.

T2 #RB(EFREFOANEE -, BEER R (F
BRSO Z ) & — 43

F3 WMEMEHv=X(z,»i+Y(x,»j EXE D JHH R
B f () (BEHESER X2, ) dat+Y(x,y)dy ZEX R D K
HIERE [y, B4R Q3. 6. 2)RHBE N FHEEF KUK A
AEE B AR EHBERNGCENA ML L, #E

JIde—FYdy — F(B) — f(A). (13.6.3)

BI13.6.1 1 D 2Oy VB AIFAE 0 KB, 154
X B 1 4 f<x.y>=1n¢xz+y2%m§bzv<x,y>—xiiyfz t
—‘/I\%@ﬁ lﬂl&ﬁ?ﬁ}iu&l\%ﬁ%ﬁﬁ A(l“l ' V1 ) ,B(Iz ,yz)
5RE—RUANEE U BRERESWERCEBMEL,. G

J: v e dl :jLXdI—FYdy = Inv/a} + y5 — In/z? + 7.

EN13.6.2 Hv=X(z,y)itY(r,y)j B D FHEETH
FES. MEE D +A

WX E I RXE D EH XS,

SEFE13.6. 148 ELR MR T — E A B BH. WRREFG
RESAHE, WAL LTRSS HEE —BEE, Xk
A—E RART 5.

THAER13.6. 2 B ERRA. E— XN T, G —&
BRF5.
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EXN13.6.3 R DEBRVEXE,FH D AWIERE—KHE
BAETUEZWERSD B A R ERELTBIAES D
PLAM B AR AT, AR D 28 5% i X B

B 40 AP R AR E KL EHEBRE RS Z G R T 8 X8
AREREAXE, BE 2+ =1 XX R RE s
RN R ERERAEXNXE P, Fl& O+ <4 BHE
X, HEEHPBRE - RHERE-NMNEA 2+ <1
B3l R A9 XA R B 5 DX 3

T 8 1H E 50 7 8 1) X FR 0 8 X 4.

EBIE13.6.2 % DK 20y T M BERXIE, v=X(x,y)i+
Y(x,y)j D EWESEAMmEY. T 5] 685 AHSM .

D) v=X(x,i+Y(x,y)j BEFF;

(2) v=X(x,yi+Y(z,y)j D LRI,

— — = =0. (13.6.4)

EH (D=>(2) HEM13.6.1 H (L TFHERERE f(2,y),
BEC13. 6. DR, BH f(ay) WS r L 8ch
E)X_ E)zf . 92f

dy  dydx dxdy dz
(D=1 BLEDHREE—FZFBERBGA AL,
B D RBEEBEXE, UL FABEKWKR D, %47% DK
. Em#AE D F3.6. 4)iﬁ&b&bﬁk’j‘_ TFTREABHKRARBET

$ Xdz+vdy _ﬂ dxdy - Hdedy —o.

PG AR 18 E 2 13. 6.1 _LED?E.EH U—X(Isy)l+Y(x,y)j 18
T3
EHI3.6. 2B TRFRIFIG— B FEORILHF %
TER 8 X BAESE A i B G AN T TS — & R RT 5.
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FERAFERSI G, MR X D A& E f R R4
SINGEXAN KB RERRTY. ERE/=EWEag D, 0
R D o R E AL T R 4, BB A XA # B 7E XA KB B R AR
5.

B13.6.2 FMESSHETXEHERS | Ldo+

Inzdy , B L BA N A1), & 5% B2,2)f—& & BB
AL, IFERS v HEsR.
B HEEMEMR LTy AMYKE D, X%

HEIE IR 53— 07 T 5 W » 161 B i+ Inaj AER A KA R

ToHE s P S S T 13. 6. 2 ety Rk 452 + Inaj KB D W 2

PG MR SRER T 6. sk Rt AT LI K 38 D NiE & 5
SM— 25 L A HF) R A AR A0 7 BB A 1 i 28 15 AR 4
WL BAGHE HREFMAER S CU,2), Bt K P4 B
EHA BQ@,2)MA ML, N
L %dx+lnxdy= ( J + J )%dx%—lnxdy

A—C C—B

2 2
- J lnldy—}-J %dz — 2lnz|? = 21n2.
1 1

13.6.2 3 %6 5

AR X)) da+Y(x, dy WERMB R H &5 o=
X(x, i+ Y(x,y)j R R ZIFRR. B X(z,y)dz+
Y(z,y)dy MF RS KRB BTG v=X (2, »)i+Y(x,y)j WREH
BORFE A T @5 R 6 55 i 3 R B R

L A% AR ESRE BRSO B

MREEGv=X(z,y)itY(z,y)j K D FESRY,
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WHE S 13, 6. 1, f1 4 B L'v cdl = LdewLYdy SHETX,

AR5 LESAMASA R TR WREXE D FEERE
— K M, 8T LB B T it 22 AR5

M
FM) = JM Xdr+Ydy, ¥YMe D

TEXH D EEX—1 B3 (M), H TS SHE LK, XA
PRI D Pt E— & Z BB A LT, 28 13.6.1
HFRIEH B E LB H: B A MPLESET Xz, yde+
Y(z, y)dy, Hilt, fIMSER BB v=X(x, )i+ Y(x,y)j BEEE.

$113.6.3 KRR 22y dx+32y dy BB R E.

B EAREREXNMSERETARRR. 58D

X(xyy) = 2xy*, Y(x,y) = 32%y?
163 T FA) LAY B 8 X B ST L JE R
aX Y

—— T 2 = —
dy 6zy ax’

TREHEM 13.6.2 M, B Hv=2ryi+32y'j ELFLHAE
BRBO AR 20y de+ 32"y dy B IEHE.
KT REFEEE f[(x,y),4

(x4 95,)
fCxory0) = J(Ooo)o 2xy*dx + 322y dy.

BT SHREEL, ERBSATLL
HAER —4LL0,0) H i &, B (xo s
Yo N & R BY I BEOG  A 1h) ol 4R (xo.¥0)
F7. BUAN AT LA R T I A B LR AT
HEHO,0HME,# O fh LKA M

y

KB L BAEE (2,0, Rema ¢ &0 X
(o OOHRITRHLKE L, AT A
(xo 530 (B 13.30). F2 B 13.30
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flxosy0)= (JL —|—JL )21y3d1+312y2dy

z, ¥,
:J odx—{—JO:%xﬁyzdy:x?)yg,
o 0

B fCx, ) =a"y*. B 7R [R B SR PR B = 1] 2 — AN % 80, B LA T
EEEHC, (2, +C thRJFE R
2. WA RERRST 8073 3R i B 3 i 3 R
MREE [z, R B v=Xx,»it+Y(x,y)j f—i %
PR A
df(z,y)=X(x,y)dx+Y(x,y)dy,

| o
?%%=X(1,y),£=Y(1,y). B

fCxyy) =JX(x,y)dx—I—g(y), (13.6.5)
Ho g () 0T ok 3. F LRGSR % TFER vy RIS HK
5%
Y(z,9) = Lfiz,y) = 3[}(( Ydr+ g’ (3. (13.6.6)
Xy —ayfx,y —5 xyy)dx—+ g (y). . 6.
T &
’ ad
g (y) =Y(x,y) *(,TJX(;r,y)dI.
y

FH O T LA L B g (o) s AT SR 8 R £ (s ).

B113.6.4  FAANERS HEmE 13.6.3 oh Y ) AL

B R X(I,y)ZZIyS,Y(x,y):312y2,}5)fl)jHﬂ
(13.6.5 s ,5H

flx,y) = J21y3d1+g(y) =z'y' + g(y).
BT v R0 SR8 5 (E%?H%:Yu,y):sxzyz)

3a%y" = %Uzly‘* dr+ g |= 327" + ¢/ (o,
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H R B &' () =0, \TiT gD R HELFTLUSHREH 2° ' +C, K
FCREEEE

13.6.3 =ZHEKTH
B0 =XiTY) + 2K 3 W KO b8 F B 5 IR
X QR EREBLE A AL B [ 0 dl RSHAL

HER ALFEX MSAKNBREL X MKXEOEZE QO LK
RFi5.

WMRAFE O ERATHERE f (2,5, ) ffi8 v=gradf, MFKv
2OQERERE IR (2., RREGv R

MR flxyy, D RIMBG o BHRE W f(x,y,2) L85
£

X(xyyy2)dx +Y(x,y,2)dy+ Z(z,y,2)dz,

HIAR (x5, D XM A S R 5 KRR E, SR a1 3 v —
Xi+Yj+Zk 3mSR 440w X(zyy,2)dx+Y(x,y,2)dy+
2y, de (AR R — A

EHE13.6.3 HORRHPHXK, v=Xi+Yj+Zk 20 |
B 7% 22 15) B 3, ) F 3 A RS B A

(D v B0 _FWREFS;

@) 3 F 0 WBHEE—FA UL LA vl =0

(3) v £ 0 LA RS,

XN EHEMNIEAS R 13.6.1 X . HAEES.

Bo B O LWAHMEET,. MEEQ s

rotv(z,y,2)=0,

Mo £ Q FRTIES.

THEBEXFENEE: FH 285G TRIGEN T EiES?
AN AE -5 EH 13.6. 2 MAIKEL.
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FRIXIR Q B R o i 31 758 X, BRAEEXT Q WIAEE — & {8
A4 L, #FE Q AR~ 1B RHObRdhiEm S, 18 L=2aS.

EE13.6.4 FORRIHEAEFERXE, v=Xi+Yj+Zk
R Q WS e 835, W T 5 G R AR E A

(L v 20 ERRFS;

(2) v & 0 EHEHES.

MR REEH 13.6.3,. AT —ERER T NNESERA
BGRINES. RZ AR v £ Q ERTHE, BAALA roto(x,y,2)=
0. T+ QANMER - FEAAMEL BT QER APHEEFX
B BT LUFTE Q W —AN 2 R 6 B S (S B J5 m a] LURHE A 1)
Bgk L m, AR ES AR T HOXREE), 8
L=3S. mfife AR5 %

431,'0 «dl =erotv . ndS :[S[Ods 0.

Rk, e 13.6. 3 #E v B O F{RSFS.

#113.6.5 BWiFMEY v=y2Qx+y+t2itzx(z+2y+2)j+
zy(xty+20k JRF, I Bk HHEHK.

B B FEEEXER EEE T I AR
rotv(x,y,2) =0, FREEH 13.6.4 #E v 7ER SR 4

(xyy,2)
f(x,y,2) :J yz2(2x+ y+ 2)dx
0,0,0)

+zr(r+2y+2)dy+ a2y (x + y + 22)d=.
EXAHBRB B IEQ FH—KLLO0,0,00 BB A, (2,y,2)
AARMBEBHBANSE AL BS. ByES SBRETEL,
Br LXK A B BT LT B — 4588 20 (0,0,0) , & & K (2, y, 2) I5E
BOGW ML 84T, B14n, ATLASE M (00,00 #y = B4y & 4 (2,0,0) 5
REM (0,00 vy TP ELARSE (2,5,0; BFM(2,y,0)
W 2 AT ESRSE (2, y2). LSS 13.6. 1 487 &
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FiE#, XA R Ry AR EWERERE. NEANEERRANE
R ZE R ETHEFUNFEEFHC, f(2,y, ) +CHE
v TER E R E R

HONHRBEEEFE: v=Xi+Yj+Zk HBHRE f(z,y,2)
ZHMTFHOIER X(x,y,2)dx+Y(z,y,2)dy+Z(z,y,2)dz BE
PREL f(z,y,2). HitRmEFv MERER SR NMEHFE R
Je% R B0 A1 1) 12 55 9.

13.6.4 XKk

Wia & v=Xi+Yj+Zk fFEZRXE Q itk divo(a,y,z)=
OMirmEGv FEXE Q L RXHG. WNFEE—H(x,y,2),
WRdivolz,y, ) Z0, WK v A8 (v, DERE. 4
divo(z,y,2)>0 Bt R ERIE . dive (z,y,2)<<0 Bt 7 .

MRS £XE O ERHTES, T Q NEE 4
FEROCHEMAME S, RE SFaBMXE D EQ N84

@v-ndS=J Vs vdV = 0,
5

25 32w ol T B 0 D B9 AU AT 9.
ﬁll 13.6.6 '&ERs':PB(J}ﬁ M(I,' ,yi,z;)(i:l,z,'“,k)fﬂlﬁﬁ
BHom A BXEESER AT A8 Y. ESEEA
R Mz, y,2) (MFEM,,i=1,2, D B R BRSNS T
Flz,y,2) == 3674, (13.6.7)
Hrp
r, —= MtM = (x~x,)i+(y”-y,)j+(z—z,)k,
ri=vV@—x)"+ (y— y) + (z— 2%,
G E5| EH.
Z:}Egﬁil %T Mi(xi9yi’Zi)(izlyza'"9k)2ﬁl‘,&t&tﬁ
Ve F = 0. (13.6.8)
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H, R S B—AHEBAEE M. (25,20 G=1,2,, L) I
i T > DO i R 38 20 U7 B

@F-nds:ﬂ]v-mv:o,
S ' 0

He 0 &S prafE e X .
MRS B— 1 REE— M (2, 9.,2) KER IS /DEIER
i 5 SN A IE 5 ) by 1] 3 RS B

S@SF ndS —— 4xm,. (13.6.9)

‘i S W%QE}L;&%E\M (Ziyyis2) (G =1,2,,k), I
M (x5 p,52) G=1,2, k) A HL, AT /NI EBCH R R AER
HS,HAMQFRT Q2N F/PREZ WX, 3 FHRg
(13.6. M7 2 LR AR AR, 3F BEZEDH Q3. 6. ), /T LUEF

k
o - nas— > @F - nds = [[ v- Fav = o,
5 =17 o
A (13.6. 9 KX ki 3
k . k
S@gF - ndS = ZS@SF « ndS =— 4x > ) m..
S i=1 S i=1

A BT AT AL S RN Kb R A R, W Ak
WHV - F=0. HIL. 51 h3mFH B "Rk AFEE.

$113.6.7 WHERFHE M (25 5,,2)G=1,2,, k),
Pi(zjsyis2) G=1250,m) S HUBAE FF AT q1sge s rqs FITAE
199259 qn. F E(x,y,2) 7R BX S B 3 77 AR B0 L 3, T R
g — N EEE T, WA

E(x,vy,2)

*Q I

I
i1
I-Q

E
=1
3 J=

1,2, m); M=
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BT M (xisyi,2)(G=1,2, k), P;(z;,y;,2)) (=152, ym)
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GR. N TFEE-NMHERSHAMERLBEWHAME S, B
M EZES HERA

@E . ndS = 47\'Qy
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v(x,y,z) = rotu(x,y,2).
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D [ @4 ayrde+ (5 + 2 y)dy S LHRKO0,08 AL DE
B(2,0) {47 4 1
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EBEWFEE
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du dv
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Er-
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HE.H SCQ; r=(x—x)it (y—y)j+tz—z)k,r RBriikKE; n £ S
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FITEQ WM L0 D HESNRSEHAEAXE O L. RiE:
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an
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(3) #%(x,y,2) €A BT, f(x,y,2)=0,RiEE QW f(x,y,2)=0.
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o« 274 -



F 13 FANAA

BB IR R A FHERE A WRSRIB AT B S.. 5 L S X F
M, B S 0=
(1) # S DL My s LUE B IE 8 a %06 B MR R s s

(2) /—;'\v:;%,ﬁéﬁ}f: (ls=ﬂv - ndS.

s

* 275



FHE EHMILE

14.1 R9aFEHELRER

FATHAT IR R R R R WL 5 & 5 B 2 1) 59— R AR
KR RERBEMYDE AV HEENREBRIBEPRHEERX
A AEKBRLIREES, SERBEEAEEEREG  HRELWA
D BRBES IR AR R XIS T RERH
FHREITRARB NS TR BESTRPHFZRARZOAENR
e HRT BB TR, T4 O AR SR R D A Y S R ) A Y
EREREZ —. X — T RATE fe il — Lo 4] 7 3569 fn ] 3 F S B
[ RE 3 L5 R SRR A R A TR — L AR A

14.1.1 X SErmpMaR ey

Bl14.1.1 BA—-FFEME y=y(@) LB EHLBH
Ak Bl BT A8 B0 2 BR B VD R B OF 43 3R HLl GBI (2, 3) R i
Hi k.

R BHETER y=y@. X F il
S EMEE—H MGy, B Y) Rl
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BO,~zy+»(E 14 D. s FTRBR ABB 5 \A x

MRS BT LA



14.1 ayFfdi At

I:%(x‘;xr), y=%(y“xy,).
dﬂU\LWjﬁEFEE A AT A
zy +y=0. (14.1. 1)

SO BEA H R R B A 0T R T DAL X FAE M o,
R = "ERXA TR B LEL R (2,3), 8 y(2)=

3, BLAT LIS B R I TR R 2y =6.

Bl 14. L 2(R 83 B BUEBED  WRRER v HYIKE
FREN w (n<w) HESHREYERLH S B4 G E R
i Yy ORI B R BB S X R A IR R 2 2 UE . R Y
1A 68 B I ) A A £ L A

B uORRERZ (>0 Yk g9 R BE, W 7E BT %) ¢ Yk

BT ST — 0 s A O W

oy T .

du _ o
Hz—k(u ul)y t >0,

Hb kBN E5YEREFURNFEEOFLXNERR. THK
EA LGB SR E. B LR T BYEHE

HZ+ku:A’ (14.1. 2)

Hrh kb, A=ku, RH¥ B Tﬁ%iﬂfrﬂ?ﬁﬁﬁﬁ o ER¥
u(t) == ce™ +—

%EﬁAﬁﬁﬁE%ﬁm%ﬂﬂ%% “
ﬂ& Uy ,Hl'J"TUHﬂJJ!Z“%'!‘F ul:—o
5 E e R c.
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M FBRAL L2 AU R YR A H TR, i 50T LU
ﬁﬁi’@ﬁziﬂﬂtﬂz@i B R-C e 3 F R-L e % o i 3 A AR AL AR
7 2 EZEEER I ME A R TENTEET
BE.

B 14.1.3(REzF) KESTF I HNAE—RETEHEE
O:B—mARBHEEN m WK K /INEREBEM— N RA I HZBE
anza e B A BRI AL X RE— 3R, /NER FVAN 48 0 B0 R Gk
FR R 12 (AR B2 1) . iR BB IS sh .

B WHREASH Oy FHEFEsh, 5 O NeRES 4
R 751 R« B IE A (B 14, 3). 53X B/ ER
& Oy F 1 8§ B J& 53 2, I B /M ek f4m
B« A FEVNE DRI EHARS
T HIER MM BT  MER 14.3
OEEANAE . ELEMHIG. A REEHRS
0 Bl IA] ¢ AR AH i) A Ao 14.3

SAAERMEERE s, ZBE S F 5SMBH NS HER,
BN E 78 5/NERIE 3 5 1) 28 B 60 43 ) R0 48 9K 1 B4, B LA
BRETZ BB SIMKNETF mgsing(Hoh g BEAHMERE), F a5
B A6 —B0 3 B5 038y mAR K. Xi/NRTEE S vk 2
Bl 5/ Rz sh R B RIE 1 B3 %0 >0, B o
R/NERBVR B, WARYE 4 0058 — 32 8 @ @ T LA 5 /N Bk B9 35
BMHEEN

m dv =— mgsind —
dz & #e-

HERE v %?,Efmﬁj:iiﬁﬁﬂigﬁ

+ﬁjf+£sle—o (14.1.3)

é’m\ﬂéi%isbxjcﬂq,ﬂu <1 B, 4 sinf~6. FR(14. 1. DA L 3F
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14.1 #aHayFRGARBL

1l 3t 28 )3T 3R 0 AR

&¢+&£+ge_o (14.1. 4)

i
d*x dx _
W+Pa+qx—0 (14.1.5)

B — 28 B AL RE 48 7 R B 4242 3, T H AE 98 R — K& M xf
SR, BIYIEIRS) BB IRGEF A IEFT Z M.

Flla. LA R RS FEUTAESTER: £—NMRRKOM
- BAFITEBEASB A AUKENE . BRELBYERZAR
Rity; miafe B LA A MR, B XA 65 I AEERKE
AR

B oMM yORRERHAS B ERZ: 3R, H
HIAN R (O y() BFT .

MTEHARKARBRKEBI B ARSI -RZE) N
aCa>0). \NBFZ) ¢t Bl e+ A, AR KB R ax(DAt; B—FHH
HTFEHBHER ABANE - ITHREEK. XM KES o)
My (O IE L, BVFFZEIER b, FEBT 2 ¢ B ¢+ 00, B BE A By 18
KET —bx(Dy(O A BILFER 2 ¢ B ¢ + At X —Beod ] py , 0 B¥
ARpEmag%s ¥

Ar = x(t+ A1) — x2(t) = ax () At — bx () y(1) At.
FXAMGER R A, 3 B4 A am T&, WEF
%

TR B R A ARFET RN (>0, 7% ¢ Bt +Ar X
—Bt I, T HRIE TR R AMK R —cy() o 5 —
T, A BAAREK XMAREKESER BROARRIE
o2 HAMESHEY (A DXBFEEREREL. DEE TR
d B FRR BN ER B EMKBSF de @) y(0) A HilkE
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B 4% FRHFE

BPZ e 8l e +-ar X —EafRN. A BRHAENEST
Ay = y(t+ A1) — y(1) =— cy (D) At + dx (£) y(2) At.
ERBWRNRL AL B4 Ar T, W E B

% =— ¢y + dzy. (14.1.7D

HAFEBALLOS5Q4L1L DR T REARER N NAREASB
HAH A T B O 1) 2 A R B R R ISR A B A A R
BT DU — A IR (O ) BR8] 25 4L
P (A 14. 4).

HAFB (4. 1.6 (14, 1. 7) X8 5)
dy _ dzx—~0y
dr  (a—by)x’

HER—EMES, AR U BN ER A5 B EMERNN
(A 14, 5).

(14.1. 8)
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y =ylt),

Ol a=1,b=001,c=1,4=002 ¢ 0l >

B 14.4 K 14.5

HERENEFHAR d B AFEW¥K D Ancona B ¥
&K Volterra 1£ 20 #f 42 20 4Ry G Rk 69. [ 14.5 BB, ZE 07
BALLOSULLDFBRANRET MG BHKRY 5
B EAaHA KKE s REAYETLK. MESEL FERXR
SPERMR. M A MBEEKEH, BREAN BRHEYHE . XRL®R
it B MHRMK Rk BHBBEMKXSERMAEA KRN
B, H B B g 3B A .
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14.1.2 @y FROERKRE

AERMBYEEFHEN T ERIMSHE. Gl L@
A4 1 D~ 4. 1. 8 F R 7 . AR5 2 i R R R 5
REPASERAL B B AR R AR D T BN R
faHE.

d*u | 3%u ‘u du _ d’u
dx’ + Iy* + 22 ASARAE a @ Ax?
AR AW I 4y 7 B

WMERFBFERABERE — TR RN TR RIE
MAFER. BT FEMNFEA4L L D~A4.1.8)Z 4. 48 5 B

g;%—) =,/1-+ (%)2, y' = flxyy)
FHREE M HRE.

T80 75 78 v U R SR R oR 0 B R B S ) o OB R 3 A
SHBAH. FlmFR4.1.D,(4. 1.2)F(14. 1. ) EE—Fr &
Mo FRA4LLOML L DRE—MEHS TERA. 78
(14.1.3),(14. 1. O (14, 1. HER R — W B 5 2.

B R R BB A

S s

(14.1.9)

AL L OB F X TFRMER » BHEH FHY,
Lo TR WA R R AR H 1R T IR
#ﬁﬁwﬁﬁﬁnM%&#ﬁﬁﬁﬁm ]
aom +a1(1) dr y+ a2 y-l-a,.(x)y—f(x),
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Hita,(x) G=0,1,,n), (X)) R HBE. WE a () EEA
XE I EA%FE, MAFXAXE EF#EAQ4 110 XA DS E

n-1
d Y b dg, () j—i’—ka,,(:r)y = f(x).

d‘rnfl

j—x{Jra, ()

(14. 1. 1D

7 B L E B ooy 7 B b, 7 AR (140 1 D, (140 1L 2),
(14. 1.4, (14, 1,5 B WM 7. M (14, 1.3),(14. 1. 8)
AR A e B TR
14,13 s 7 224 R 55 S AR 190 M 0 4% ok

WREH y= (O KE T ERA 1% n 3506 Aty =
FOORAT B4 19 2 fR A5 78 (14. 1. 9) it % 28 05 o
B y= (O RS IR A4 L OFEKIE) T b B— . B0 X F4E
LEE NS
%-%—ce"*’ (14.1.12)
RS IR (4. L 2DFER [ (0, +00) b f— . XA, % FAE &
HHCCRB Y= R IR (14 L DX (0, +00) By — 4

. PN TAEREE B A4 AH

Asin(wt + $) (14.1.13)
ot Gl

2 .

‘é—;mzx =0 (14.1.14)

TEIX 8] ( — o0, 4-00) i — M il
3 5 R B 0 T LSS BB RO R B X AT B HBE o,

P+ v = 4t (14.1.15)
2 #
j—?’ =X (14.1.16)
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8. X HE I R PR D BE SN RR.

ELEIRM RSP EMMERCS TETEEEH. #
n, (4. LI2DRPHEEER . Q4. LIDKRPHEEE R A ¢
B4 LIDKPHERER o 5. XSy BEE L3N, 5%
4 3] DX Lo 5 BON S5O0 RO, #lan, (14, L1I2) X Py c [EBA
e, MBI - RS R R Hh B RBE R T E (4. 1. 2)
B (14. 1L 1D E A f1é B AT, AR — WS H%
Bk, b B4 BRE R TR (4. 1 1O/ (14. 1.1 a
A KBRS REE KPP E I RBHME B
(14. 1. 16) fyft.

— R T - TEn M T REUBTIESEn MEBEH S )
Cosmes Gy WAL UL n YT TR RAR N

vy = f(xsciyc2s5c,). (14, 1.17)
XMEET n MEBREBCETF » BV 5B S) R i85
R ERRE. bR RO (14, 1. 12), (14. 1. 13) F1 (14. 1. 15) 43 5
RS (14.1.2), (4. L. 1O F(14. 1. 16) B8 8. — /34 7 18
A LUA 55 2 -

F—H MG T RER¥ ERRTUEEF EZ/ @18
EXNHTEFH#HRANYEIBRNBRE RN ERE - EN. XK
TENS T RERPRETTRENR. I, BB 52
B 0 B 2k 2, BN P B SE AR 4% 45

Blan, st F—r AR Q4. 1. 2), B E MY BB, B K%K
uCFE t=0 BIME wo  BEAT LI X B
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AT B 58 R B AR A L. I IR T iR T AR MR L 2

C(du .
{d—t—k(u uo)y

u |r=0 = Uo
0 i) O e O M — B .
MNF i P E04.1.9)~14. 1. 1D, T MNEFE PR T
B E R T B o AR E & B

oo i) o

y ‘x=xo = Yoo
< (14.1.18)

dn—ly
n-1 = Yn-1.
d.l' =z

XA B RE R AR AE PR O AN E S 4 5 1) B (14, 1. 18) SRR o B0 48 1) A3
3 D v [a] .
WA H AL 2 E 7 e R B 0 X R O R

dy dy\_
F(I’y’dx’d12>_ O, (14. 1. 19)
FfF 2% A4
y(0) =a, y(1) =0, (14.1.20)

BPSR B AT S ek v (o0 R H (4. 119, BE A &4
(14.1.20). SEMR&M (4. 1. 200 FR K D E & 4.

R TREOALL DI BEREMEM (4. 1 1) MR
FE R4 L OB R X THERE (14, 1.18) , BEH B
HEE A RIEAHR y= f(xrc1r005 0050, BT LA B 908 04

Yloeay =300 ¥ ey = 30 0y 3 L = v
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14.1.4 Ro@EL
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F7R.

WHBEAL L 2D AR (2, )% 20y FEKH KR D +
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BAEE . RAERBENRNORARENR. Bt AREXLXAER
B BREFE A—HE, — M REANYEI RN REXRE
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A—TERBEREEFRRBUNRER RLABREHE—. XFX
Lo 0) B, A 40 F < B

BE M LIGFERE—EE BE-HEMIHTEOD
1L [} /2«

{ % A (14.1.22)
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B (2o 5 o ) R B SE A > TR f (s AR LU (205 30) Hy
LT
D= {(1,y)| | x— o l<a, | Y~ Yo féb}

FESE,FARTET y WA F KA WEEER L, @8
M FEEMN (e, )ED,(x,y,))EDHE

| flxsy) — flxyy) KL yn—y, |, (14.1.23)
WIFFEESR b, #1814, 1. 22) ZE K & [0 —hyxo +h] F
AME—r#, K
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XEME|f(x,) | 58] D LW AE.
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MFREMS TR FER—MHAEH-LHER: BRER
B p(o)q(OERNMXE T EES, X xo€ LN FEEHEEK
Yoo T B

dy _ p(D)y+q(x) (14.1. 24)
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R A T AR — B — MR BB 5 (20) = 30 BB,
BI14.1.5 RREH pOEKE [ b, WS-

Py 5 Ox BfE S xo MERHBAHMLLS Oc BHES.

R B EEAITE. XN FEEN v L, XN BREKXE
IFEFfEME— R — R ERE y (2) =0 B y(2). HE
P() =02 B UME KM o(x) =0 B, RIFME— B H] y(2)=
p() =0, B4 HR S O BES.

3 & 14.1

L BB TIRBETHFRANEI T BB ER.FRBRY =08
1% B B &4
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2. BB ENER, THEA-—IMREI m W/ R ERBOBEERK
FTLAIREEHIBRTZAANSSENERENEFEREL, LW E
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JEn
%=fumw» (14.2.1)
%3
f(x)dx = g(y)dy (14.2.2)

BB N AR B T RXLEF R4 2. ) FHH 4
ARG R .
Bl 14.2.1 RHE
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) 38 g .
B B ITBRRE R sinydy=sinzdz, B4, BB HFEY
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y(1) = 2.
B BEARITBER. BIBREYR .

dy _ z(y—1D
dr (A 4+2Hy

BHEWTLEN, y=1 B BH— M, B R y=1 R A}
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RS T A RE R, 2 y7 1 of, 7 LR 7 R U AL

ydy _  xdx
y—1 1+ 2

EXPHBESEE
y41In|y—1 |=—;-1n(1+12)+c1,

et o WA RR M. PRI B e = (D Fen,
M y>1 B,
e(y—1) =e1/1+27;
N y<1 A,
e (y—1) =—e1/1+ 22,
iE o= e, W R XA LB 4
e(y—1) =c¢/1+25, c+#0.
BT y=1 RFBI— MR S ERPER c AT USFE, F
FRBELER N
ely—1 =¢/T+2%, c€R.
LR RAREEM (D=2, 77 L1485 c=%§e2 TR R
K

1
e (y—1) = —e2/1+ 2%,
V2

B 14.2.3 BHER 2/1+37+yy 1+ 22 =o.

® OTEEBRARN — 9T 75
i [] e Jﬁgﬂﬁ;?ﬁﬁﬁwk{ﬁﬁ%

Wk
xdx d
+-22 =o.
V1idtat 1457 0
MR 3 E R
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VI+y +/1+2 =¢, ¢>2.
XA TR BT R IR A 14.7 PR v
HUEGTRERARERSBETR,
BRZTEYHEREEL N T RS
BLR THEMBHFRTERER

Hh— il 5 .
Em
Do g(2) asnz
" 14.7
0 B A TR AR f =
LR B R AR E % bR Y = Sy

w HIRA . 2. DR B ET BN « Pt u=goRE

dx x
XE-NTERSBFB.TUASBLRERS (O . RERE
PR TR y=2ul).

Bl 14.2.4 SRFRE Y =+ tan T RFE R (1=
A 2.
| o u:%,}}{ﬁﬁa{ﬁi utz S—Z%u—i—tanu,ﬁ;‘r%’ﬁiﬁﬂ

du _ glu) —u

I
6

cotudu— % , T3S M In] sinul =In| 2| -+, BHHOLIBE | sinu) =
e | x| F sinu=TFe1x. 4 c=Ze1,MF sinu=cx (¢Z0),H il
B sin 2 =cx (c#0). EHH y=0 LR HBHM,Fi i L@

MER c T UETE, B BRER A
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sinY =cx, c€R.
x

R BB 55 P ) o=, B M B oR A A2

sin 2L = — .

x 2
Bl 14.2.5 RHFE 2y =y(Q+Iny—Inz) {38 #.
# o EEE R =2 (14 L), 4 u=2 e
% B

jol

du _ dr
ulnu x

SBEARRMESF In|lnu| =Inx+c, B lnu=Fer x=cx (¢c#
0,8 #H u=e"(c£0). FRNA y=ze7 (¢#0). HE y=z h B
J O 2 0 et » R DM O AR ) S AR R

y=zxe%, c€R.

14.2.2 —WHEWn#y»4

£ A3 E G
a(rf%+b(x)y+c(x) =0, (14.2. 4)

K arbye BESBH. 7 a(2) 70 WK E] I ., 15 BT 4L K

Heprprg RIXE T FMESERE. HEA4L 2.5 BBy’
Hop A 5 R g (O FRAIEFRI. FR R (14. 2.5 h— M & w3k
FRITE. MR q(=0, W7 8 (14. 2. 5) 45 BUABRL 1 37 2k 75 12

dy _
dx“f‘p(x)y = 0. (14.2.6)

BSR4 2. 6) MR IR 8. iR BI R (14. 2. 6)
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R—ABROBITR.BHEE
dy p(x)dx.
Y

BUHBE In | 5| == [p(ode+ o Stk o BIERWHL TR
y== e Jprta — 4 e g fpoar
o= e
y=celomu, oo,

H T y(=0 &R 77 (14. 2. 6 Bl , BT LW ¢ AT LURE , B
W7 R (14. 2. 6) (i f# K

y=celrou, e R, (14.2.7)
EERE, (14, 2. 7) 2 b i jp(x)dxﬁpma@—/m{@ﬁ

(AT ARERE—D AR E R4
BENBEFRIB 4L 2.5HWBE. I TREFK B
4. 2. MR RITBR B4 2.5 WBAEm TR,

y = c(z)e o, (14.2.8)
RIEHHRAFTRAL 2.5 , R BFE B (2.
B4 2. O RMAFR(4. 2.5 5,1 E85

(e frme p(x)c(z)e‘]"(”dz -J—p(x)c(x)e*f"(’)d’ = q(2),
Bp

zx) = q(x)'ej’(”d’.

M3
() = Jqu)efﬂf’drdﬁc. (14.2.9)
A4 2.0 RB ) FE4. 2.5 ER

y = (Jq(r)ej”(’)dfdx +c)ei|.""’d’. (14.2.10)
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(14, 2.10) R o1, jpu)dx B (D MUER) M ERK

quehwzdx B g (el gy (1 8) — MR R
EERBIEFRTE(L 2. D W HER I ERES E
1 14.2.6 ﬁﬁﬁ;#w——ﬂg

Y IR BV R

dy
dx+

FIR A (14. 2. DB

—y—O

y = ce_J =L,
x

P PR MO B R P TR O & v =S 3t HR AR
)

2 9’
x x* x

zc'(z) — c(x) + c(x) _ sinx

BP ¢’ (x) =sinz,c(x)=—cosz+c, B 5 5 3 B H BRI E RN
y = i(— cosx +¢).
v
B U HEAAR (4. 2.10) 345 .
y = (J SZ]I d?zdx+c)e‘ﬁ?t = %(— cosx +¢).

1 14.2.7 BB xdy— ydz=y*e’dy.
B OBRITBUAERXTRAER 2=z —MR%EMS
ViR

E_f_:_yey
dy v )

223 (14 2. TSR AR B B9 557 K O 1
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dz _ x _
dy v _
BEBE =y REAFRESBBREFBER c=cy—ye’.
B 14.2.8 [ 14. 8 K i B2 B3 e
E,fapA R A KWL AR AR l — ]
B, an SR AE a2 ¢, B R R, 0K 1B R TE IL
I 1) (RN BRD. X
B HHENEREREED 14.8
iE W B 5 F Bl B b S L X, B

dI .
L§+Rl = E.
I O 54 T LR 77 R A

I(t) = I—g——ce_’ﬁ-‘.

FE 38 17 % 9 BR8] B T BRI AR FGE 1 (o) =0, ly XN PIE 44
AT LA E

— _E_ . *%(hto)
I(t) = R (1—e ).
B114.2.9 & a>0, (O[O, too)ELEH R, IAIEH F 2
dx o
E‘f—ax = f(), t=0

WA RTELO, +oo) F AR,
EBl Ra=x(ORFTEWBLEWBEM 2(0)=x, W&, N H
AR(14.2.10)483)

(0 = e, +J’ e f()ds), ¢>0,
HIFOISM G=0), 0k FREREHES : X >0t 4
| (o) <]z [+ Hleg"“ﬂ)f(s)ds <l xz |+ M Jte"“("’)ds

:| To ;+M
a
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513!
j—y+p<1)y:q<x)y", nst Oyn o 1 (14.2.11)
T
MAPBHRAIBAEMNAR AH Yy BRUSERNBH, B FE04.2.1D
&R

¥ Rt py = g, (14.2.12)

- d .d wdy 1 de
BY 2=y " M= Ay g By Y = R R

A4, 2. 12) R 53|

dz _
na;-{-p(x)z q(x),
WA
L Q—mpz =0 —mg.  (14.2.13)

KRB R FB. R = 25, BEEN v, 388 B
(14. 2. 1D 4.

51 14.2.10 @ﬁﬁ@y 6L — 2y,

BOXR =2 MEHHIR 4 =y BE -y D,
RA B B 4 5]

SR M 2 7 PR 15 1
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B BHIEUASHN
, vt

=x
2 —1 ¥

BR—A n=TWHBHIR. 4 =y T =yt FHBER

dz 2x oz
g = X

dr ' xt—1 2"

W B B == T i WA B O

i %

o, (1‘2»(xz-l)+c)z
YTE TG —D

14.2.3 &A@y i

Hut A HR Y (=D ERMHEER f(xy)dz—
dy=0 & E i E. WEFBEE - RYERX:
M(x,y)dx + N(z,y)dy = 0, (14.2.14)
Hep M(z,y) 5 Nz, y) R A1 b5 A 5 8 X 8 P9 7% 2 0]
{1 o %K.
USRI A — A 0 SR AT B BB w (s ) (578

du (7_u .
E—M(Iyy)o ay— N(I’y)s’ (14.2.15)

Hp
du = Mdx + Ndy, (14.2.16)

MFRTERA4. 21D R EMAFHE, XA H R Q4. 2. 14) ) E g%
B ulx,y)=c. TRAREX LT A8

(D) fnfap )5 77 72 (14. 2. 14) B 2885 27

(2) WnfrR g 2oy TR ?

S BEPCKEY. £ FHE MR EBRXSE D s
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T2 4 AT B A0 BR B w (s ) (78 (14, 2. 15) R aR & (14. 2. 16) XM
ST LEESR
IM(x,y) _ IN(z,y)
dy dr
XREEMS TR LERME. JERE ulx, y) AT L5 R )
LBH1EF .

(14.2.17)

(z,5)
w(xyy) = J Mdz + Ndy, (14.2.18)

Hp(xo,y )R DPEE-TEEA. ERBSMETULE D
FERE— L (xoy y0) J AL B (s y) R & S B9 B B LA I
HiT £% .

A5 WAL HEBERARER I T E T EEERR «(x, y). i
BEA4L 2.1 HPE - > By (ERSTBRTE v B
HRE O LLE 3

Wz = [Mzoydet o, (14.2.19)

HP o) B y I ERE. N THE (), 7 LUK (14. 2. 19) R
A4, 2.15) 8 — K15 3

a d
NGoy) = Sua) = 2-([My) + o),

~ ay
N}
¢ =Ny — £ [Mz,pdz,  (14.2.20)
Y
Mo HMRA (4. 2.19 K78 5)
u(x,y) = JM(I,y)dx-l—JN(I,y)dwa. ;—y(JM(x,y)dx)dy.

(14.2.21)
@ LM T U AT R A O R
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Bl 14.2.12 EHE
<1+ef)dx+ef(1— )dy=0. (14. 2. 22)

LRy iy(l+e5>=—y£2ef = IN = %(ef(l—f)).

dy d dx
HL R Rz y>0, A F B4 2.22) B — N2 B, TH
BATHA LR R KA.

Bkl B—HEs 0,0, 0
w(zyy) :JTN(O,s)dH—JIM(t,y)dz - dewj:u Fefyde
0
' =I+ye§ _19
; P It 77 3 1
‘ x—{-ye% = .
, ek 2 HAAERSITE.
W(zry) = JM(x,y)dx+go(y) — J(1+e§>d1+¢<y)
= z+ yer +o(y),
’ aJ
¢ () = N(x,y) — ajM(I,y)dx =0,
B () =c, ik B F u(x,y) =x+yes . FTRFBEMR N

u(x,y) = z+ yev +c.
g3 KABTEHMEHRAGH

dr+evdy +e¥ (ydx;r‘d_y) -0,
y

B
Ed Es ydx——xdy
dx +e>dy -+ yey (——2-—)2 0,
y

B detef dy+yed d () =0 WA — 2 XLk dot el dy+
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yd(ed)=0,8# dz+d (ye> )=0, B d(x+ye> )=0. g 37 B

15@]75&@@?9 1+ye§ =c.
P EFBERASHASERYE.

dy 24 ye®
@i 14. 2. 13 mﬁﬁﬁzﬁ@.

B BITRUE RIS EA
(2+ ye®)dx + (ze®™ — 2y)dy = 0.
M(x,y)=2+ye” ,N(x,y)=xe” —2y. H R
oM _ N
dy dx
B R — A2 AR
AL EE R

[€F%0) x ¥
j Mdz + Ndy =f 2dt+J (ze™ — 25)ds
(0,0) 0 0

= e® + zye”,

=2z +e” —1—47%,
WL REB R 22 te” —y' =c.
R AR E RS KA, W E (14, 2. 2D K78 5

u(z,y) :J’(Z + ye’y)dx—{-J(Ie’y — 2y)dy

—J%(j(z + ye?)dx )dy
=2xr+e” —y* —1.

TR LB 2R 45 1.

BRE-ASTHSEMSER T RETETAS N

(ye?dx + ze®dy) + 2dx — 2ydy = 0.

B BEER 2xte” —y'=c.

B4 2. IORWFTBA—E R WS HE HHr TR
BN EEANXE DOARE TR R p(x,y) {518

(s IM(x,y)dx + p(x, y ) N(x,y)dy = 0 (14.2.23)
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BRI TR X R (2 DR ARGBF. 7 p(2 DA
FRAX S, 4. 2. 23) 514, 2. 14) [F# . P L Qi R 6B 4% K i
FB(4. 2. 2D H5AR w(xy)=c, NX 2 H Q4. 2. 1D )@ FR.
BT R B R 5 B A 43 JL) 1Y SRR 7 X Bl o R R
CIRVEE 2525 7 e o
) 14.2.14 @EHFFE ydx+(x—32°y*)dy=0.

B X FHEER xdy+ydr, Tl %ﬁ}%iﬁ.(%ﬁk (k>1)
BB 5 L0 4 B4 B i

ﬂy;—_ydx = d(nxy),
zdy + ydx _ d( —1 )
(xy)* (k— 1)(xy)”_' :

MR T BB — 3 3% 57 S A — A 2 4 T

LA £=3, B )Jﬁﬂﬁﬁ? X IR 7 AR R

ydxr+ xdy _ 3dy

=0
(xy)? y ’

Bp

d(z(:;)z )—d@Iny) = 0.

FRIOTBIEM A 50, s+ 3lny=c.
) 14.2.15 @R xdx+ydy+4y3(xz+y2)dy_0
B X FERER xdx+ ydy, T Ll @K 2+ 7 3K

Ce=> 1) HRAT LAGE H B — A 2 4. Bl an

xzdx+ydy 1 2 2
xdx + ydy _ —1
(2% + ") d[Z(n—l)(xz“f-yz)"*] J

(L? +y )
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L LI il s T

fdfiy;iy+4 idy = d(%ln(xz +y2)+y‘)= 0,
M T A5 2 J7 78 8 A

| TinGat 45 5t = .

B14.2.16 B4 xdy—ydx—(l—xz)d.r:O

B X FRER ody— ydo, e WM e z’ fPH‘H&
#BET LU — > 2505y AR R {8 S T — ﬁ&mﬁéﬁﬁﬂm

ﬁﬁ@%#uw%ﬂwﬁﬁﬁﬁiméﬁﬁﬁﬁ

M—(%—l)dx=0’

x? x

MNTBEREFEBNER y -5+ 1=ca.
14.2.4 TTHEHHEN#Y F 2

— RO L SR Y PR B D DR . A FE R 9 5 R A B
— R B PR T AR B B 5 AT PR AR 1) R R S . TESX B, AT R
e B T R LR R T

LBy = (OB BB » WS L8 B E R

Z KR 515 3

v = [ pendn +a,

y(nfz) :j«r <J"1 f(tz)dtz)dtl +c11+62’

y= JI (JIH f(t,.)dt,.)"'dh F oz Feat? 4 -

+ o x +c,.
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F) F 3 44 3% w7 DUE B
z a1 _ 1 * o ya—l
JIO...(J% f(z,,)dz,,) dt, = ——(n—l)!L) (z— " f(Dde.
(14. 2. 24)
¥4 2. 20 RRA L &G - TEERERN
y :J’ (J" FC)dt, ) --dt,
4"ttt et ot
— 1 * . n— n—
=G, (x—0O" f(DHdt + 2"
R A ST SR o (14. 2. 25)

Bl 14.2.17 BHF R y¥ =sinxr+zx.
W (14,2, 25 5078

y = %J:(I*t)s(sint—f— dt+c;x® + cpat + s+ ey
(14. 2. 26)
SR R Y iE s R EX |

lj’fs- — g z’ LJ’_s_I_S
5 0(1 t)’sintde smx+6+x, 6 O(x t) tdt—S!,

A (14, 2. 26) 18 2| 5 2 #
5 3
y =sinx+§7+clx3 +%+czxz +axt+xte

5
. x
:51nx+5—'+6113 +rt taxtoe.

Bl14.2.18 BHEBRNFEMNR S QEZANG My meh
P=—Aw’sinot IERIW = #1550, Kb Ao HHEBL B 2| —0=
0y1/|rfo :Aw’ﬁ*;ﬁ}ﬁ@ﬁ]ﬂﬁ

M ORESEE _ER REEHHTER

d*x
pra

= sz sinwt.
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A4 P K 15 B R
x(t) = Asinwt + ¢t + c.

RAVEHMHITERE o =.=0, TRRRABIMER ()=

Asinwt.
2. FmABRE yWHE
&

gi%:: f(x,g%) (14.2.27)
v

B8 T LA p=p(a) = .;zatdy 92 fE AU, 2. 20508
FEH AN

42 — rizup. (14. 2. 28)
dx

WMEEK B XN — M BAE p=o(z,c) (—H RN ERPEH
~¢&§#&%Mﬁ&u¢zzmm@ﬁ%
y= J@(I,Cl)d1+62-

B 14.2.19 BRFE 2y =y Iny’.
B S p=y ItE¥ Y =p RAENE, WEFEMLNY

dp _
1 plnp.

HI@EE p=e , FREFBRIER N
y = de = Cle‘lf +Cz.
3. AWARE x B AR
i i}
g;%:= f(y gi) (14.2.29)
dy _ dy_dp dy_  dp
S I WY S = pw>ﬂﬁd dy dr pwﬁA
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(14. 2. 29) R A TN B AL W
pjp—f(p.y), (14.2.30)

FRAH LT RAEE p WAER Y 80— B, DR

RH XA KB o= ¢ (s e) TBAH = p=p () 3

dy
go(y»Cl)

=dx, [ Il

dy  _ .
J¢(y96'1) a I+(2

R4, 2. 29) HE R,

ry (5]

B14.2.20 iR GY=—"
ﬁ/%wwwwﬂaﬁaﬁdﬁﬁfg— LieAr,

X py dp 1tp

2y s B
2pdp _ dy
1+p°
MR8 8 In(1+ p*) =Iny+1Inc, , B

1+ (g—i)z = c1y.

SRR EFRNE R
dy
+veay—1

ﬁ%ﬁﬁﬁﬁﬁ%ww*hﬁ+m%ﬁﬁﬂ

= dzx.

4
g(cly*l) = (z+ )%

3R 2 I T R A A
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1. RFFIRS B ER:
’__ .173 .
Dy =arnars’

(2) ¥y +y=0;
(3) 2xy(1+x)y =143%;

x 1 2+y
4 Ry —_—— —_— —— .
(4) ydy ydr 1_y_y2dx,
(5) y'cotx+y=—3;
.2
(6) ylzl X .
xy

2. RT3 4 Oy #2601 A SR AR

d ‘x
(D x a§=xe’ +y;

(2) ry —y==xtan —3—;

(3) x g—i=y(lny*lnr);

! = Y =9,
4 y +x yy(1)=2;

Z
y

(5) ¥y +2x=yF+22;

(6) (x+ycos %)dx—xcos %dyzoqy(l)=0.

3. KRB FAIBSF R
(1) ¥+ 2ry=2ze"%;
(2) xy' +2y=e";
(3) xy' +y=cosx;

dy 1
HP=_ 1
4 dr  zcosy+sin2y’

(5) dz+ (zy—e 27 )dy=0;

(6) ¥ =L —2" =0,
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7 ydx-—rdy%*rze"z dx=0;
(8) x %+y:sin1‘,y(n):1;

(9) ¥ + ycoszr=sinzcosx,y(0)=1;

aom J‘y’+(l*1)y=ez‘(O<1<+w),limy(1):l.
>0

4. K FHHD TR

(1) 2yy +22yt=ze * ,y(0)=1;

;1 cosx _
@2y == - Y yy(my =1,

5. K TR
(1) Q+a)dy+ (y+a® +2°)da=0;

dy

(2) (xcosyt COSf)dz

— ysinz+siny=0;

(3 (lny_‘j)—.)d.r+ (%-1n1)dy=0;

) (r+y)drt+(y—addy=0;

(5) O RS ATER [COWE S0 =— R [ e+

(1.1)

FCo Tydn— [Cody 5 B 1 K3 SR R o b [l
J(x)lydr — f(a)dy.

6. kg FIAS R IT#E

(D) '+ y=x*s

(2) 2y —dy=2t J};

(3) 2y —y=3y"Inx.

TORBTER TR

(1) (1= —xy =0,3(0)=0,y(0)=1;

(2) y'=2yy ,y(0)=1,5y(0)=2;

(3) 29y =¥+, y(=1.y O =—1;

(1) 23—y Iny + ¥ Inz=0,3y(1)=2,y (1H)=¢".

8. L HAR
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METZEHLTENT S SRILi & h 8

) BEUMHEE vw EHEMERERRET m WY& . BEE P&
HIBE ) 5 3 R IE L U B R B A SRR B A B B A T % B9 B 8] 5

(3) BA 0.3 ke/L FEEKEE, UL 2 L/min fY 3 B8 HELEA KA
10 LoiKBERST BRERABTEARBEXUREEERE. WA
Smin 7. FH/PHEEZ LA

9. RiE: pla) = exp(ﬁ p(.r)dr) E—BaHFTRy +p(o)y=qx)
W — o EF.

14.3 SHM&MRIFTEBHEN

14.3.1 ZH-&KWMsy s

n B AR T R — BB RN

-+a1(1)i" Fta 0t ia,mr = 0,

(14.3. 1)
Hoa () G=1,2,,m UK f(OFEFAKE [ FIE &
LR Y f(H=0 BT mﬁm 3. 178 B A N B £ 1 5 vk T AR

~—+a](t) -i—a,,l(t)——}— cFa,(Hx = 0.

(14.3.2)
XtF n B M A TR AT IE B M 8 DL R AR TE M
— Pk .
EE14.3.1 BHFEBQLIDFHER a. (1) (=1,2, -,
W URAEFRI f(OFEXIE T EE M w0 € I, %t
FRAE AT & &8 L HFBRALIDERE I FAEERE
— T R RME %
(1) =&, 2 (1) =&, =, 2V () = &, (14.3.3)
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g x(1).

AV - HEERERITRHFRAL 3. DMFR4. 3. 2@
ERMEEH. HARMNA TRGE.

W 1(GEmEE

(D FE W, nOFRFERIBRAL.3.2)WFE, NI EE
Blciser  BBE oy D) F e (DWRF R A4, 3. ¥AY:3F ANl
2 (14. 3. 2) ) Fr A7 Al B — 4R k23 ).

D EFRFTBLIDEEFHIMZEEFRIB
4.3 D9 B4 MRCHEFRFEALL DK —4R
o () BEAAEFR T B (4. 3. DB BEAIURR R y(1) =
Yo (O +x (), e 2 (D RFR A4, 3. 2) fyf.

HIEHE A CRIES — e, TEMNSE A EREmes.

By (DRI AL 3. DI — AN, WX FH#43. DEIE
BN v (OB RAE () — 3 (DR FERF B 4. 3. 2) [ .
L x()=y() =y, (), F y(1)=1y,(t) +x(2).

ATWHRFBAL DMARNL 3. D MESKHE, BB
I 43 PRB I 2R T 2K 5 O 6 B 4B .

X 14.3.1 g g, RKIA T © i8S RE MR
FHE—HRLERBHLE cireer e, H8

A () F (1) + o + 0, (1) =0, t€ I,
(14.3. 4
TUFREREL @roge s oo FEDKIE] T | 4R35, 75 U FR 0 44 T2 3¢

Bl14.3.1 Al ER B RHEZ, M EH ', e, e,
- AR XA I 2%k X.

ER ATHEREE, A m=3 W EBLLIEN. IR
HH ciicrsey 8

et +oe foehd =0, rel,
T Xt ot K P 3 K F ¢ SR A5 3
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Alcle"l'—1—}(2626‘2'—{‘/\3636‘3"EO, (14. 3. 5)
Afcieh' +2A3c,eh’ + A5t = 0.

4%—(14. 3. S)ﬁg‘ﬁiiﬁﬁlﬁ C1 eh’ ,CgeAZ';"',Cme"mtﬂ(]%‘ﬁﬁﬂgﬂ,ﬁﬁ

{cl et ettt et =0,

LB RBITIIA N
1 1 1
A1 AZ A3 :(Az_lx)(/h“/\z)(/h_/{l);ﬁo
A X

HEXMHAERAREZR B cie =ce =cseb" =0, iy M HEH
a=c=c=0,FREHE M, e, M EMLBRIE I XML E.
TEHEITHE R o g e rpn XM T ELHAR.
BX14.3.2 o ron€C (D EX @rogrsrgm
BAEAT 5N
W) =Wlesgrs s, (1)
gpl(t) @ (1) ©, (1)
o1 (D g2 () gl (D)

, te I

e" V() @ () e @V ()
(14. 3. 6)
W2 ppes 0 ECIDERE T FRMEMENDE S
i3
W) =Wlpirgr e J() =0, t€ 1. (14.3.7)
ER WR o0 €CTIDEXE T ERMHEX, B
FE—HARHNFHLE circrr e son B A4 3 OKX L. 3R
Pt X T ¢ RRB3H
e () + () 4+ + g, (1) = 0,
clqjl(t)—Fngpzft)+"'+C,,,go,,,(l) =0, re L
@™ V() g P () 4 e o V(1) = 0,
(14.3.8)
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FUF FTHIFE

B (14. 3. ORXRBHAEHE c1rczs s %ﬁ@(%ﬁ?fﬁéﬂy Eiﬂ:ii
ANHRHABEZR crar G TUERERTHNETFEH
WD =Wl s 20, (D=0 GE D.

BE—-BMEHRT, ZM64 Q43D HFRERIE @@
en €CM(DEEX A T FRHAX. BT .

Bl 14.3.2 %

0, t<0, £, <0,
D= 0s is0, PP T, o
WM Wle,¢l()=0 GER) (HERXFNMRBAER F RE LM X
B B, IR EB s 18 () () =0 LER ) X
/l“ﬁi%ﬁf*ml t>0 8% ¢, =0; B <0, X183 ¢, =0.

SRR @192 ECUD BRFRFRU4.3.2)K n 4
14 3. DRI F oirger v XA T FREMFEBER
S o

B3 ME oo, CECDRFERFIEULI D)W n
AW LLF = R E A - ’

(1) @ragzsvo, ZEX A T ELRAMEAR;

(2) W(I):W[¢1 ,¢2,"',¢"](t)50 teD;

(3) 177E to € I fdi W(z,) =0.

R OO EMT 2 FELEH: HQOBEBGEER
B Btk HF B (3)E B (D).

BiRH €1 W) =0,H]

W) =Wlosprs 0, 1(1)

o1 (1) @2 (2) e 0. (20)
§01/(to) §02/(t0) oo 50::,(10)
GV () gV (g e @V (8)

WA —HAR S HBH LI c1rer e v AR
e 310 »



14.3 BHH&WBeFTRBOEH

gol(to) 902(%) vee ¢"(to) €1
gpl'fto) gDz,fto) svn'fto) “l=0. (14.3.9
goﬁnﬂ)(to) gD;n_l)(tO) ene ¢Slrﬁl)(to) Cn

L x@W=ce (D)t (D)t Fcp, (), M HAE 15,21}
REFEAL 3. DM I HH 4. 3. DX HEF B, X ek 2
VIE A

x2(ty) = 2/ (8) = =+ = 2"V (2,) = 0.
(AR T7 1 (14. 3. 2) 48 % F T (1 fife b 06 2 R0 A% 0 %0 1 4% 14 » AL T e
et — e B CEM 14.3. D4,

(1) = g () + o (1) + =+ +c0,(8) =0, t€ I,
FE P19Q2 5" 3Py, EXE T EeRHMX.

EH14.3.2 BERE o D,a (D, a0, (OEKE T &
M43 D08 T LFEFE n MRYET X M. RHRT%H B
() n AERVETC KM BT A ) A A T LR R n R T R
MRMEHA.

R ATIEHERE, RINFBEME n ML XM I H
i th 5 (14. 3. 2) |A AT LU X n MBS M ER.

FER " n MRYET K &

e = (1,0,0,++,0), e = (0,1,0,:+,0), ==, &, = (0,0,0,+,1).
FHHE a(ORFR4. 3. 2095 RAMERAMF (0 (1) s i (26) 5 6P (1) 5 o+,
@ )=, (i=1,2, ) B R IBEAE M — M 2, S RE FO R 2
HE—FEERD,, K, €L & A

1 0

0 1 - 0
W[¢19§D29"'9¢":|(lo) = . . . :1?/:0,

0 0 - 1

F)?UEHT%E 2 ?ﬁﬂj PPz s " sy EB:'\EJ I L%‘H‘:ﬂﬁ%
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H xR FBRAL I DHEE -1 HE
() =&, 2 () = &5 oy 27V (1,) = E&,.
WMELS vy =& @ (D + e (1)t + &0, () M FFR(14. 3. 2)
XA 2O 5 yOFE o W R R FIHE R RIEHE e
4.3 1 H,x(O=y), TR 2O LLH ¢ rgr s 0. KRR,
HEHE 14. 3. 2 AT A, ARSR O #2 (14. 3. 208 n DM T X
HIRE @ ooy, MR (14. 3. 2) (B R R
() = 1 (1) + a0 (1) + ++ + 0, (1) (14.3.10)
K cisersere, RERER. '
BAETHE IEFFR Iy R (14. 3. 1) iy i 2544
BRIZ 01 (1) 102 (1) o0, (D B FWHFE(14. 3. 2) ) — H &
TR HI . MR B LRBIEFRTE 4. 3. DEEANHER 30 ().
TR 4 R 1 3 F LA R E— AR (D, y (D — 3 (DR F K
FEAL . 2DHME. FE v =y (DBEBFRRHR ¢ (D 1gn (D,
e (ORERHEARS -
YO =3 () = 11 (1) + 20 (1) + + + 0, (1)
Bp
Y = 3 () 4 10 (1) + 20, (1) + =+ + 0,0, (1), (14.3.11)
&27X¢?1£%“gﬂﬁﬁ CrsCz 5y (14, 3, ll)iﬁﬁ%ﬂﬁfﬂkﬁ
B4 3 DI XA, EFRFEAL 3. DMERLE T T
—REHTURERE - MR SFR T BEAL 3 2D HERZ
A BIEEFF R R (14, 3. D BGEM AT LR R (14, 3. 11D =%, H o
Ciscaymsc, n MEBEER.
] 14.3.3 EgHR
'+ otr=a (14.3.12)
55 R I B 57 IR O R
2+ wtr = 0. (14.3.13)
AHELAE > sinwt  coswt JEFRF (14 3. 1D BRI T L8,
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14.3 ZHB- AWMy FRBGEH

SRIEFRFEAL 3 12D M — SR E L FRTEAQL 3. 13
EIRR (0 =c, sinwt + ¢, coswt. TAEFF K H AR (14. 3. 12) )58 i %

y(B) = % + ¢, sinwt + ¢, coswt.
w

14.3.2 —MEMWFHIFTEGFRTH

A TR B AR SRR 5 R AT T B %
BAG . XFMITERA RSN ERER v =c(Dx (O
Fr U T7 B AL R BB (O B34 7 R Horh 20 (D R F R T BRI
—EEEM. X TR YRR R RS TR B 5 B R R
R R B R By R R T

T 1 B FFROT B — AR I F 0 B i — .

B o (O R FFIK Ty 12

Z+pWx +qt)r =0 (14.3.14)
B—NEZER. Bx@O=u@z(DRIEFKRFB
A pDx gD = F() (14.3.15)
HIfE. ¥
T == UT g

2 =u'zy +uxrl,
2= 'z, + 2u'xl + uzr
RAF (14, 3. 15) I s 15
zow + 2zt p(Dx)u’ + (Lot p(D s+ q(Dxdu = F(1),
EEH 0 OWEFRA4.3.14) . FRBF
ot + Qo+ p(Dx)u = f(2). (14.3.16)
HRALIOR DM RBE S RARE « (OB B %M HE,
38 ot P 8 T LUK AR — M B B TR . X R R
TEHEMEMS TR ERES %,
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FUUE FHHIFE

TEIE 2. B F IR BRI BT ZRE TT K MK 3k 55 kO7 BB E A
HEHFRABAL L TOHRNEELXE 0. (D5 @
it 4
x(t) = u()x, (1) + vl a, (¢)
HIEFRFERALIIDNE. N THERMBE wu(),v(), B
THBEAL DS ETFEEM K. EED

2 =dzx, turi+Jzx, +ovrh,
HTREHM 5,054
Wr, +v'x, =0, (14.3.17)

XA
= d 2\t ux |+ 2+ v,
W o2, R R A TR (14, 3. 15) I g B8
WtV = f(o). (14.3.18)
ST TR (14, 3. 17) 5(14. 3. 18) , H 3k & 5

X X
’ ’ #0’
Ty X

W[Il 91'2:} =

T 4
o nf s _nf

U = T v =

w W’
H O T RLSRAS w(e) s oo 10T 3R e A 37 0k 07 18 (14, 3. 15) 0 3 f.
BB A B A Y U7 AR O AR A ORI R S R B
o k.

H114.3.4 BH 2, (1) = %ﬁmﬁﬁx"~21 +x=0f
W R AEFFUITRE 22— (IEAR.
B S ar=ul)e', N
=G +we,
2=+ 2+ we

¥ oo xR KRR TRy B IR e
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158
u=c,+C, —Dt+tln]¢].
DT B 3K B 38 7% R
x=u(t)e = ce' + (¢, —Dte' +te'ln | ¢t |.
$114.3.5 PHFERFBG— D —tx'+x=0 WH I LM
Tkt e v REFERFBU— DLtz +2=0G—1)? BE .
B OBIEFERIFBLRN

” t ' 1
e ——x =¢—1.
PR +z—1x t
& x=u()t+v(t)e' , KM
{tu'-{-v'e’ =0,
W+ =t—1,

3 u’=.—1 yv =ret, 418

U= ¢y —t,
{vz c—e—te’,
T BT K #6388 R
x=1t(c;—t) +e'lc; —e" —te?)
=cqattce —E+t+1).

3 B 14.3
L AN THRBAERENXEHNETEEME:
(D 1,z,2% 2%, 2% (2) e *,1,e%,
(3) e ,xe"; (4) sinx,cosx;
(5) e"cosx,e*sinx; (6) Inz,zlnx.

2. BiF p=c' 5§y, =xe” MRFB Y —day + (4a? —2)y=0 {8, 3
EHizhBEER.

3. BIE 3= (e oo ) be (o RIEEHEORIE oy +
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FUUFE FHoyFE

2y —ayv=e" WIBH.

4. BE (D= EFERFTBC2—1y —Qx+ Dy +2y=0f—4
K0T B AR .

5. B ) (1) =cosz,y, (x) =sinz BFKFB Y +y=0 WHE M, R
FEFUFR Y+ y=secx HEMR.

6. R y=p(ORFB Y +p(0)y +q()y=0 - M REEF RN,
Hrh p(0) 9 Hyla 0] EMEZERE. RIEARTFED € (a,0) 18 o) =
@’v(Io):O.

7.8 p(o) s qla) s r() XA T ERELERE» (1), 3. (1), 33 ()
R

Y (@) + p(a) y () +q(x) y (x) +r(x) y(x) =0
B = AR R B T 20 € LB » (20) =32 (20) = 35 (x0) =0,
SiRUAR N
8. W () (D), (D RFR
Y+ p(2)y () F () y(z) = f(x)

() —y (x
0= A 3 B2 S 2R SR () = (L= 6y — )3, (o)

(‘1yg(,r)4,'1'33/3(1)%1;%7;@%;‘1@5#.
9. TR al(f),ag(x_).---.u,,(gr)'é floBEgE. Kb () Z0,RIFM
g :

Yt a (Y e b, ()Y Fa (D) y = f(x)
BAnt 1 ML ER FFRE 2 M REELMA B % BN ERE.

4.4 THEMERBHSHE

14. 4.1 FkH542

EEn BrEEE RBGTR TR

d"x d* 'z dx
dr T g Tt gy

+a,x =0, (14.4.1)
dr
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14.4 SMEHREEARFAMHS; »4

Hay, e, HER

1SS 14. 3 FHIT IS HIGE, 7R (14, 4 DIEX [E] (— o0, +00)
A n NRETL KM, I HRERHX n DR, 7T LI 3
W BEATERTENLHE BEITHE FEEEEEL
R FRO4 4. D E ER.

Wz =u() +iv() BEXAAXE I LiEERR mE
w(O)F v(DERRE C7 BB WK =) =u(t) +iv() K CT KEE,
HHZEXERIFEHN

dz _ du . dv
@ oa ar

Bl g, X FRE B A=a+iB, R e = e (cosPt +isinft) ) B EF
() = (e"cosPt)’ +ile”sinft)’ = AeH.

B AT AU R E AR 2 (0 =u () Hiv) BRFRF B
(4. 4. DE#, WAL w(OMBE v OFREFRBFE4.4.1)
WS

Tﬁﬁfﬁﬁufﬂiﬁ:m&ﬁﬁ%ﬁﬁ&ﬁﬁ%+a1‘fi—er
ax=0. RNMBEX T HBRALM r=" W, L 2 5. %
=LA, 18

(A2—|—a1/\+a2)e“:()’ A2+alA+a2:0.
TR - HZHRARBH B +ad+a=0 HHEARFE KR LA
o e = g ST Ym0 b

U R RRBTERE — B A B, B 2= 12, = 104
oLt =0 MM BT XM U LB KRB
—XMIPER A =a B A =a— i B, W] 1, = e cosBt, x, =
e singt BT 0, 8 4 0 B A 2 S 0 AR B
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FUF FTREyFE

— BN REGFR BT +a St ar—0 A A AR R R
St P T WHRBONE A +aid+a: =0 A H A BB, (BOH
Br it =0 N A HBIT v a T tar—0 wRE

FHE.

E—RTE RO 8

A"+ a A e ta, =0 (14.4.2)

Hn MR EREFRIRL 4 DESERR. ST FROE
PRAFFIER. AR AT UBRA T B4 4 DFHKH L X
5%

T 14.4.1

(D @A BRFEFRO—DRELR, N M RBFEA4.4.1)
B — A~ L 5

(2) Watip BRIFMEHBHE—XLELZR, N e* cosft ,e* sinft
EHBEAL 4 DPBNRET EH LM

(D RABRHFEFBERLQA<<kn)TBIZHR, W e, te™, -,
£ BRI 4 D kAR R

() B atip RAFEITR M —xt b (1<k<T ) IR

e cosfit , e sinft , te” cospt »ze” sinft , -+ 1" ' e cosPt , - e sinpr
RITRA4 4. DK 26 MM T X LR
HEH 14. 4. 1 B R RRHIE R BORE TR EE. WaE
BRE B4 4 DI n PRI XA
Bl 14. 4.1 B BB RIB 2+ pr=0 BEMR.
B ORI ERR A+ =0, U FTH=FEK T,
(D) p=>0, WEHARME T RA —MBEBEER A=V, FREH
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14.4 BHB-EBRF EABFRMY F#

EH 14 4. L, FRAFANRET LM cos Vut ,sinvur. B HBRH
WA cicosVut tcsinut (e, ER).

(2) p=0, WEHIFIE T BE P _ER 1=0. HEH 14. 4. 1
HAFBABNERUEL (R 0 D=L, O=t, FRFENEMR
HRx(t) =c,+c,t.

(3) <0, KA AE H BA PN B E LR A=V . i E 1
W4 LT BRERMRUET LM e eV A BER Y

x(t) = eV eV = C, cosh«/——,ut +Ezsinh«/*7t ’
C19Cz9C19¢, € R

$114.4.2 KA Y —x2=0 §ERE.

B OHTBROFEFBERIAN —1=0,EHNHER A, =
Thiho=ti. FREFTBEH DU R TL MR e se™ ", cost,sint, F
BRI A x(t)=c e +ce  +c;cost+c,sint.

Bl 14.4.3 RFB 2”7 —32"+32 —2=0 §E M.

B OREFBRY - +N—1=0F - ="M A=1. F
FRAZARETLM <t JF AR

x(t) = c1e' +crte’ +citP e’ = (¢ + ot +cyt?) e’

Gl 14.4.4 RFR 29 +222 +2=0 @ #R.

B OREFBRAN 2+ 1I=Q+1D)'=0,EE—X_—EE®
+i. TRZFBENEANRME LT LE cost, sint, tcost, tsint , By L) 3
&R

(1) =cycost + ¢;sint + c;tcost + ¢, tsint

=(¢; + cst)cost -+ (¢, + ¢4t)sint.
14.4.2 g FAFESGH

RETRREE RBIEF KRR

dn dn*] d
d—;f+a1Ff+---+aﬂd~f+anx=f(t), (14.4.3)
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 UE FEyTRE

Hepa, e, EH FOREMELRK. S HE 4. 4.3)H
R FFR TR (4. 4 DK@ BB 58 2o, Nk, R e
R\BHBA A DH— MR REEREEHE 4. 4 1 EHHRE
(14. 4. 3) {938 ..

— I O AT DL RO B e R R R (14, 4. 1D sl iR sk
FRAMALDW— 1R BRI T E BT ERE Y
(4. 4. DML R f(O R FR R AR, 7 U H B R
BRI (4 4 DB — N Feff. T IR B 782 451 838 B i
B 7 k. T 8 B O R A AT LB o SR .

BE_MAMERBR

2
((ij—t;z+a%+bx=f(t). (14. 4. )

BELAHMBRAERER
£ = PGt (14.4.5)

Kb POR t—AEmA.
HERBEMHB R SRBEFROL 4 OF IR
(1) = Qe (14.4.6)
W P QO R ¢ B — A 2T, X B ¥ 519 8 2 0 B
QIDKIKBMAL FERBHHERRAM (D =Q M LA F B
(4. 4. O, HBRH UG SR FRBRETR, h TR KN L5
KA, BT LB AT Y B0 2R OB 25, 58 5 b 4 T i 1) R B0k ]
PASR fe B E Q) s ATIISR i 07 72 (14. 4. 4) g — 45
B (14. 4. 6) 1B 5]
2 =Q (e + Qe ,
(@) =Q (e +2aQ " (1)e™ + A2Q(1) M.
B RRAFTR(4L 4O, BB AHEARTF M EHRT
AW+ @L+DQ W+ W +aa+bQ() = P(1).

(14.4.7)
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HTHER 2(D=Qe" HEF (4. 4. 4), BH H AFE
(14. 4. DR L, 8 5% (14, 4. 7 B 3w 9 2 T B B0
AR, FHsa =miER e

(1) HAREFMEHE

A+aa+b=0 (14. 4. 8)
BIRRAES, (14. 4. DR QO R A° Tad +6750, Wk (14. 4. 7)
REmZ - MREE QMR EmMA. FRI T (14. 4. DK
Pism % FER QR Y E -5 PORBAHFK LT K.

(2) {2 RFIEFEBHERN, 144 DX QUOMERK
A tad+6=0,HE QW ER 2A+a7#0, FR 4. 4. DR A W
B QUOE— K Z TR, X T 6 (14. 4. 7) 20 75 938 b 25,
QOB HR—A P(ORB R — KB BIR, B 7] IBR Q) =
tR@),XE RWOE—-IKESE POHRKNEZHER.

) HARBEFBHERN, 14.4 DR P QUOMWER
A+ar+b6=0,Q(OMER 2A+a=0, FR(14. 4. DA I E —
M QUDEF IR B W K. 8 T (14. 4. DR FIRA %, Q) it
LR PORKE RN ZHR. TR Q1) =£R(). X
B ROER-NMKES POMHRERKHETR.

Bl 14.4.5 RFE 7+ =202+1 @R,

B ORFTBREE I+ =QE+ e FHR A=0 BEBEHE
AT HA=0 B BAR L BT LLR M8 15 E RN

2o (1) = tlat® + bt + c)e* = at® + b1 + .
X MERAREFBED
3at’ + (2b+ 6a)t+ (c+2b) = 2¢2 + 1.,
FU B 0 i IR R T B R A
3a=2, 2b+6a=0, c+2=1,

BX A TRABE a= 2 b= —2,c=5, T BE FHBE— 1
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5y

z,(t) = %ﬁ — 2¢* + 51,

SRR TR B 2" +2" =0 B 2 (D) =c T e BT
Ti R

L x(t) = ¢ + et +%z3 —2¢% + 5¢.

) 14.4.6 RHFE 2 —22 +x=4re' B R.
B A1 BRREFBAN —22+1=0 WER,FTLFE@RN
zo(1) = * (at +b)e'.
KX IBRARA T BB E (bar+2b) e’ =dze', LB P R BB E] a=

2 b=0 F RGN BE A 2 (O =L B AL

HMFARFENERRE 20 =(a +ae, HILE N B K IE R
ygx<t>=(c,+czt)e'+%z3ea

Bl 14.4.7 KT 5 R 6 E R
2" — x = 4cost. (14.4.9)
M EEFR
2" — x = 4e" = 4(cost + isinz). (14.4.10)
XN T ERMFEREERE LT RE N B4 4 KR
RAEFERBFEAL4.10). FEINRE | A RIGMEHE
A=2=0WHR U TR (L LIOMEEBBRER N 0 (1) =
(A+iB)e" (A, B Jg 5L ¥ 8O ¥ 3X 4 A 7 82 (14. 4. 10) 18 5
—2(A+iB)e'=4e". BB H A=—2,B=0, FERE F &
(14. 4. 10— MERR A 20 (D= —26", B L E —2cost BB H 2
(14. 4. DB — 4R
FOANRKRBHEEHFRIE 27 2=0 WEM x=c e+
ce HZSHEFBROQL A DWEAR N x=c e tce ' —2cost.
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¥t

4 ax’ +bxr = e (P, (t)cospt + P, (t)sinBt) (14.4.11)
(K PO P, (ORZHAONH R LTUEEA LR RS
KA. I, Y o« TiBARFIEF B Taa+b=0 BRI, 7T LB
EFRA4.4.1DFFW

e (Q; (1) cosft + Q, (#)sinft)
I, b Q (0, Q O RFAN BT, BEFWKEET P (O P (1)
AR AN T B VR KX A R E AR AT R (14, 4. 11, LB R B0k
AL Q 0, @).

B, Z B E TR (14. 4. 9O F — 4 FE I Acost+ Bsint ) f# ,
BHAAGTRQ4L 4.9, @3 LB RBER AT LIEE A=—2,B=0,
FRE 2|5 b R K #F— 2cosz.

&l 14.4.8 KR

2"+ w*x = Hsingt, (14.4.12)
Ko H,w:fHHEE.
B TR MFRGE o’ 2=0 KB
X = ¢;c08wt + ¢, sinwt.
RG] 14. 4.7 fEEH, TR
2+ o'z = He# (14.4.13)
BB R R (14. 4. 12) M. K T RIEFKRFE 4. 4.13)
B R A8 > T LA 43 R L%

(D 3 7w, W iB A RAFAEAR » P AT LB E 748 (14. 4. 13) %

i y= A (ARFED MRATEE A —F)e® = He™ i 18

?'JA=wZ—IjF,ED7J‘E(14. 113 H R y:mzljﬂz o, E By B B

o2 }_I 7 singt BLRETR (14 4 128 — M. MR 4 12 F5@ R
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. H .
x(t) = c;coswt + ¢y sinwt + Z—ﬂzsmﬂt.
w? —

(2) % f=w, W B RAFIER 3 H 2R ER, Bt 7] DUERE 7
B4 41D BHM vy=Ae® . RAFBBH 2Ai0=H,A=

D FRERAL LD E L R y=—~2%izew J BUH: 2 B 5t 79
FH A2 (14. 4, 12)%m—gtcoswt AT 7 R (14 4. 12) 1 3 e 2
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Bl 14.4.9 KFR =1 +1+te¥ ) — R,
B EEUTHANTE:
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FH ER A 2R B0 40 B M 53 B A O BB 4 AR
2 t 4 2t
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TREXWANEZ M RE B —A 8, ]

— —_ 32 i_i 2t
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14.4.3 Beis4e

— M BRBREE M FERRRES KA. BR
THREFROERBREE MY B, W LLE S AR
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H A —Fh.

JE
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t dr de'~
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d drds _ 1 dx

dz _dxds _ 1 dz , (14.4.15)
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d2 A ds |t df dzitz(dsz ds)’ (14.4.16)
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Fr F e TR o] (14410
d
/\ —_ A
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d2
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k
* dgg — DD~ DM—2)(D—k+Dr. (14.4.18)

B4 AN X RABRFL F R (14, 4. 14) , BEH - s B H
BROERBEREFHI TR EREXIHFEHUEE. T s
Bl Inz, B L 78 BR 5 8 (14. 4. 1) 1.

M <0 B U BB = e, F R T LR B BB T B
B A A ERER = B s=Inls|, AT LUEBBIRKR
B,
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z(s)=e 7 (cl cos J—27Ts+czsin gs) y s ER,

W) 75 2 4 38 f

(1) =]t |‘% [c,cosgln | ¢ |+czsin\/771n | ¢ 1],

Bl14.4.11 R HFER £ — d I +7 Z—if—h %-{—322(t>0)
H) 3
B S =e  MFEFERLN
D(D—D(MD—2)z+D(D—1)x— 4Dz = 3e*,
LR
D'z — 2D*x — 3Dx = 3e%,
Hp

Er_ ,dx o dx_ .,
T2 gE 3T = e, (14.4.19)

BT 54 4. 19X R F R AT BRSNS TR S5
—1,0,3, BFLI A & R (4. 4. 1D W— M ERIER N
xo(s) = Ae¥.

W HARA T4, 4.19) 5k 18 Az—%,gp
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A4, 4. 198 BR A

_ 1
x(s) = ¢, +ce ‘+cae3’~?e2’, C1sC2s¢; E R,

I 77 R B8 R

x(t) = ¢ -{-%-{-cﬂ” — %t‘z.

14.4.4 HWHFARGERD: R EHM

BME—IREE, B WA KRR m R A RSN EE
U AR IR A O, MBS Ox B35 30 (B 14. 9). % JR S e it 2 ¢
0B K 2 (0 R T 2 (O W R W4 7 .
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J1 s Y415 5 3 BE R KB, BT LUIA R 2
SEAN 538 B R E W 3 B S T AR B — e (0
(>0 RHBO. B E WEFEE ST B b 28 Ox 877 14 14 5
1 O, 5 B B M ME B R

B 14.9

mx” + px’ +kr = f(0). (14. 4. 20)
ATHRTE - RITE LR T BRER FENER
42’ otz = Q). o (14.4.2D

B TR ZIE 5 510 AR E B B HURIR S R s
WHEAT LA X AT RENHEFER. Gl RERD H B
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JCRE 71 BRI K/NCA KB oA T AT IR TEVTE.
. BHhiRsh, BESIERSO=0
(1) TRHe A Hm#ksh
WM BB «=0 B n=0, B R (14 4. 2D AR

'+t =0, (14. 4. 22)
HiEfM R x(2) =c coswt + ¢, sinwt 55 H
x(t) = Asin(wt +60), A,0€ R. (14. 4. 23)

R (L4, 4. 22) BB EL A (00 = 02’ (03 =y U]
L 51
A =[x+ (%)2 9 = an (£22).
A8 AR o0 RRTH P w0 BUAF 4 J7 (L4, 4. 22)
iR SR R IR SURBIN T=" R 50K o 59184

BB xo MANUGEE v T A 10 43 5) 2 4% 08 7000 14 57 4R CE 47
BT B xo FIFIER R BE vo P2 (B 14.10).

JAAWAS
VARV,

14. 10

(2) Al AmIERSY
LR x>0 0F A >0, R (14. 4. 22) B R,
24 2nx’ + wfx = 0. (14. 4. 24)
HEFMEF A AP 2+ =0, 4B K A= —ntV/n? —o. X
i ST LA Sy = Flig O '
O N HBTRE : n<o. WS TER Y A, = —ntiw , H
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H w =vw? —n’ >0.
H it 5 8 (14. 4. 24) @ 8 N
x(t) = e ™ (cicoswit + crsina t) = Ae “sin(wit 1+ ).
(14. 4. 25)
(14.4.25) KX R W, X B — N Bl i) 6] ¢ 3% K 7 38 08 B9 9 3
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X

Bl 14.11
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FRO4. 4. 20D @R K
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Q@ KM HBERS: n>o BN REMER A2 BN
A, F (4. 4. 24) 8B N
x(2) = c;el’ + ¢, et (14.4.27)
PR st sk B {73 $R 2 FE I B A A R B (1 14, 12).
2. SRIEHREN. B fFOREETE
HFERER, RERERZR RSN
f() = Hsinpt, H,p>0
HIPEH.
(1) JEFH e 5% 38 = 3
BB R (14, 4. 2D ),
&+ w*x = Hsinpt. (14. 4, 28)
It HI7H (14. 4. 28) B % B 4 5 K 7 B2 8038 ko (2) = Asin(wt +6).
X AT LAGr RS T % R,
@ Y pFw BN AR I T B A 50T, F R R o ol

DASK 7597 B2 (14. 4. 28) f)— A58 2, (1) = ilpzsinpz,[ﬁjﬂgjfﬁ
(14. 4. 28) (038 2
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2
w

sinpt, A, E€ R.

P
(14. 4. 29)
BRE-THEARDGFR I BER M HBMTHRGE R
e 5h.
@ 4 p=w BISMINAR R % F B A SRR 5 2T R
xo(2) = t(Mcoswt + Nsinwt), M,N € R.
B HBERBEBRIH B L L2 — MmN o () =

—%cow. TR 4. 4. 28) g 38 8

2(0) = Asinet + ) — Zﬁzcosm, A0ER.  (14.4.30)
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B (14. 4. 3OKXTTLUFH . BRI EBF RN HE O KRS
BELRE, AR t—>+oo, (14. 4. 30) X 5 i 75 M58 — 11 (4 3% 0
Bl TEF K XREYHEFEPEZNILRASL, B/ RE
KK IRs (& 14. 13).
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.
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.
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.
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B 14.13

(2) HME 28 HR3h
BAMGTE/NEB B : 0<n<ow. B HRR (4. 4. 2D 3R
2"+ 2nz’ + w'zx = Hsinpt. (14. 4. 31)
FHABAL 43D FRFBEREM Y () =Ae "sin(w 1+
D (o =V —n>0). XA B R BB 2 (14. 4. 3D fy— M4
f# x0 (1) =Mcoswt + Nsinwt (M,NER ), Hh

— 2npH N — (* —p)H
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S
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MR A4 4. 3D FERE Y
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3 B 14.4

1o 3R R 3 5 Uk Oy 8 40 5 A

(1) y'+63y +9y=0; (2) y'+4y +5y=0;
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(2) e ,xe* s W5
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(3) y'—3y +2y=ze";

(4) y'—3y +2y=cosx;
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6. R F 51— B B4 H R B AR
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14.5 M ERMMSHEA

SUERPTRARFUA TR P REEN—BOLHNE. 52
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dr : : :

a () a e e a ()
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dx
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dx
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e (OB HIAFEXE | FEEFE.

14.5.2 KMy FARMME 2

W2 FRIBHALS OWBESE— B,
WG, MR x (O y(OEEF R HBRA 4.5 ) W%,
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RIRIE S (14. 5. 14) . i fFE M — M E 3 14. 5. 1, 3 il x(0) =0,
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FRERHEGLS. DWERITULERN

x(2) = ¥ () + & (t)e. (14.5.22)
HrceR" AEERE.

XA EEEFRAN, A T RIEFRAFBAH L. 5. D HEMR, H
FTRFARFBHANLS. OH— P RABEMS D S5EFERIB
AL MER —THH TEANE - T FRAFBY
(4.5 DF) —NEARBEE® (ORIEFKRFERY (14.5. 3) 4%
B — N B E B 5 .

FATELHE, ERHF R T EE 4.5 DI — PR AR
FHIED (0, AR AR T #2240 (14. 5. 4) {8 #5077 DA |y (14. 5. 21)
HER WRESENBME Q4. 5. 2D KR b i & ¢ B
A4 15 B R B e (O BRI FEF R B (14. 5. DRH — A TB

() =& D) (14.5.23)
WM. N T HsE R E R c(0), 8 (14.5.23) KL A B4
(14.5. 3) , 18 5

Ei—&‘:}lc(t)eri(zt) g% =AW @ (D) + (). (14.5.24)

HAP ()R FR I BH (4. 5. 4) ) — B AR, F7 LU

do () _ A & ().
dt
B AEA 4. 5. 24) 7 LB F
de(s) _
b () BT [,

Nii]
e = | &' () f(s)ds.

AL S IO XRBREFRHFBEA (4. 5. DR
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¥ = cpmj' & () f(5)ds. (14.5. 25)

o

XA AW R ERMAT (1) =0.

MU Bt e, AT AP B Tl FIEF R 5 E4H (14.5. 3)
H) 38 fR ) 4

EHE 14.5.4 BRRG ODRFRFBAULS. HHY—IHLK
A, W EFF IR B A (14. 5. D Y BM T LLE R K

x(1) = ¢(t)c+d>(t)J: @ () f()ds, (14.5.26)
Herc BR" f T & 1 &. 0
NMARKMERIE, EF R B FRHE (4. 5.3) % REEM x(4,) =
§ERMMR
2D =@ W& 1) 6+8 1| (0 f(ds. (14.5.27)
I 14.5.3 IS 0

e[y 5]
dt o 15T 0oJ’
—1
x(O)Z[ :l,

1

Hoh x() = (2, (1) 2, ()7,
B e 14.5. 1 g AE 5 ANk 57 O B 4 X G F

W EH
dx 1 1
dr [o 1}‘
M— I EAEERR

e te
D) = [ :I,
0

et

HH
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. o= L o
ow=[! e o= %]
FRi 4. 5. 2D R ERYIE R RN

xu>=¢0)¢*m>[ }+¢<n[ %o[o]m
— e + te e te
SR ST R e
e 0 €
:[— e’—{—te’]+ l:e’ te’} —?e
e 0 ¢

_ {te’ — %(e’ +e") .

1

€

14.5.3 #H &¥ Mo rRud@

1. R BOE M exp(A) R H RPN T7 B AH K7
i

an a2z "t Ay,
Az Azt da,

A == ’
An  Ap A

é\
B, =I+a+2 ot A7,
! m!
Hoe I nXn BALHE R, W AT AME B 24 m—>+col}, 55 fF B. A%
ROLPHE A =D. %
o A’ A”
= lim (I+A+2—!+"'+m—!)

Mmoo
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A’ AT LA
:I+A+2—"+"+7F+ —m:om!.
XARE A nXn R ICHR exp(A)HH .

EBEREA TR .
(1 RHEE A FB T3, N
exp(A + B) = exp(A)exp(B);
2) MFREEXnEEAH
exp(—A) = (exp(A))7!;
Q) M FEE S nXn EET, H
exp(T'AT) = T 'exp(A)T.
TR exp(AD T LU T RRZ R B EES T BRAY
1 X A LA S 2
THE14.5.5 WA RaXnE, WHEBER exp(A) B4 H
W RBMS TBRA

& A
WA {2 1
1
45(0)211[ }
1
B A 5

ER EN A REBOER, BT LU

d _d A*¢ At
qepan =2 (I+ar S o)

3 m+1
—A+ A+ b Ay
: m:

2,2 mym
=A(I+ At G o A

=Aexp(At).
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A1
A= { } ,
. N
3K exp(Az).

# MTEEARE.H
AT

$l 14.5.4 &

A" =

Ar
TR
exp(At) =1+ At —'|—-—]'--‘42t2 + P _*_LAmtm + vee
21 m

: r? } ) }
= ; . - .. .
An e

B 14.5.5 HE exp(A), Hrp
a=ls o)
% EEI
a=[y - oo oJ-mre

HEBC=CB, TREMBEREENER 1 #H exp(A) =
exp(Bt)exp(C). BIEM 14.5. 4 WER A

(Bt [em 0 ]
eXx A == 3
p 0 eZt

55— 77 » tE B B
o ol ol =l ol =
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B LA
e 1o
(€)= 2, T~ ITa = [0 1}'
B it
e  01rl ¢ e te”
exp(At) = exp(Bt)exp(Ct) = [0 ez’:”:O 1:]: [:o e }

BHF—BEFRLT exp(A) —BARBHE X HEITE, RER
119 88— 1o BB T+ 3 .
EE14.5.6 AR T Xn8EE, NEE a, () (i=0,
1,,n—1),f#i%
exp(At) =a,; (DAt +a,_, (DA2"2 4 e
+a (DA +a, (DAt +a, (DI (14.5.28)
T 14.5.7 WABR— A nXn ., a()G=0,1,,
n—DREEH 14.5.6,%
rQQ) =a, (DX +a,p (DA 4 e
F+a; (DA +a; (DA +a, (D). (14.5.29)
IR A RAERE A — R EREE, NE
e = r(d,). (14. 5. 30)
AR A RAERE At —A & EARFEE, WA
e =rQ,),
el = ir(/\) ,

a v
< (14.5.31)

:
—1
JORN ,
=1
dA A:Ai

XB, WERIER A WFETEREREA KIFEED £, FR

(14.5. 30 M F B Q4. 5.3DF—RBEn A FER.BX n M HE,

BRETLIER a.(0)G=0,1,,n—1), Wifi 3K H exp(As). ‘
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@] 14.5.6 &AZ[

Cryyxe) ™) B 188 8.
B OREER 4SS HTRITBRAWER, AFHE
exp(AL). A £ 2 X2 JpE B4 (14.5. 28) R A

Ag alt

et = a At +a, I = [ ] (14.5.32)

8ait —2a,t+ aq
H14.5. 29, rQ) =adt+ao. 5F At B PR FRMTHEA, =
2t,0,=—4¢, FRH(14. 5. 300 REFH A H 2.
e’ =a,2t) +a;, e =a (—4z1)+ a,.
ff XA~ AR B
1

1 : -4t 3 —A4r
a1=&(ez——e4), a0:§(262+e4).

R ERRA 4. 5. 32) 3K, 4L /18 3
eAt _ l[:4621 +2e—41 ez: _e—'u ].
6 862: _ 86741 ez; + 4e~4r

X LR 7 B AH i — A B A AR L T 7 PR 4 G R R
o I:cl }:l [4e2' +2e7" e —e ][cl }
C 6 L8e —8e ™ 2&" +4ellc,
] e“(4c) + ) + e (2 — )
:?LZ'(&I 26 4 e (— 8, + 4c2>]'

0 1
B 14.5.7 i&A=[_1 O}E}Eﬁﬁéﬁ%=m,x:
(IJ,IZ)TB(JIEEW-
B ERITE exp(A),A B 2X2 5/, B (14.5. 28) A

a at
e = a, At + a0 — [ c " ] (14.5.33)

—a;t Ay

PR rQ)=arta,. A AR REHEME A =i0,2, = —it,
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FRHBA45.30XBETPHE:
e" = q,(it) +a,, e = a,(—it) + a,.
BxX N RHB T

1 . - int 1, . _
a = =(e" —e¥) =3 4 = (e +e ) = cost.
21t t 2

X N RMA(14.5. 3D R, L 15 5

cost sint
© - [— sint cos£:|'
SNy 2T N =

. . [cl jl [ cost sint } [cl ] [cl cost + ¢, sint}
X t = e — = .
C, —sint costdle, ¢, cOSt — ¢y sint

0 0 0
8] 14.5.8 &A=[1 0 0 ,skjg—ﬁzﬁ%f=m,x=
1 0 1

(I] ' X2 91’3)TB<J)‘E@.
B HEHE exp(Ar). A B 3X3 M, BIE4.5. 28X H

a, 0 0
e = a, A" +a,At + a1 = L at a, 0 ,
224 a0 att +ait+a,
(14.5.34)

DJ\R r(A)ZazAZ +a1/\+ao. %9[‘9%]@“ ﬁ._‘/l\iiﬁﬁfi{ﬁlll =t
M—A_EBMEE A =0, TEBHE(14.5.30) XA (14.5.31) &

ﬁ@le‘zr(t),e"zr(o),eo:d_rg,{_)_ B
Y

e =g, +at+a,, e = a;0° +a,0+q,, e = 2a,0 +a,.

B AT IS B a0 =10, =1,a =e'j§_1 B A (14, 5. 34)
R, I L BB F
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1 0 0
e* = t 1 0.
ee—1 0 ¢
HHER 4.5 By BANEREEKX
[ 1 0 07}a C1
x(t) =&Y | | = t 1 Ofle|= at+ec;
3 e —1 0 €llcs (cy + e’ — ¢

2. FH AR BOE B 0 15 IR A0 A 1) B 3R OR ST IR 4 Oy R 4 I A

X FHRBGTIRE MRS R4 (14.5. 8) , ] U E M F
SR B FR BT IR M 5 07 B B O B R SR .

WA (4. 5. O I LBAFER

x=é'r, (14.5.35)
Hh x=C(x, 225 sx) T sr=~(r sry s sr,)".
(14, 5. 35) RACA FFR(14. 5. 8) , I (i 2 fH %78
Aer = AeMr = eAr,
HZE e[ ar=Ar,
AU —Ar=0. (14. 5. 36)
A r70, BT AR R B T BAH(14.5.360)0 HIEZRBAN RSV E
FH
det(AI —A) = 0. (14.5.37)
T4 5. 360 /M FRA L. 5. OMERE, SHBKEN
BT BRAKRER AL REFIBRTUBH ZE2 BEBFA K
— IR, r REREA R T A MFERR, N x=¢er —F
R T B H (14, 5. ) M — 1 3EF AR ,

HERABHGERA n M ERETXWFERRBMOZE T RINA
TREHERSCBRESHBIAMS FEAOL5.DH—INEE
ff 4.
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EE14.5.8 EHEREBEBHEAA MEBEIXXNFILEAE
ri€RG=1,2,,n), HH 4 53 R T O B 8UR [ £ 4E1E A
(G=1,2,,n), W RE 4

o () =éev'ry, @@ =¢e'r,, -, @) =evr,
RFFREME M T RA(14. 5. O — P HEAMRA.

R BHe () =e'r,(i=1,2,,n) RFEH4.5.8)
) % .

NN R A (1) ()5 @, (D FE t=0 Kb ) BT B AT 51
S0}

Wles@es 2@, 1C0) = det(ry,ry 5 ,r,).
BB r oy, r, B—ARM XM ME R, A
Wleis@:s @, 1(0) £ 0.
Hite (1) =eh'ri, @ (1) =e'ry, 0, (1) =¢évr, RABRY
(14.5. 8) My — H LT KM% » BN LA 4.

FEN T A WEFAEE A — B A T R 07 B R 18 B BT 3 RE
I 5> 7 72 I SE AR

WA =atfi REBIERE A B—X LS EFMEE, re =atbi
2 55 HO X R B RFAE 1) B 5 W)

e+'ry = ™ (g 4 bi),
e-'r_= e“ (g — bi)
R T B PR T KA. A B R
Re(et'r.) = e*(acospt — bsinBt),
Im(et+'r,) = e” (bcosPt + asinpt)
B R BRI L.

dr; _ dx, dx,

$)14.5.9 RHBEH QBT g, T as = R

A AR R
g "Pax:(xnxzvxs).r’)'%ﬁﬁgﬁgﬂz
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0 1 —1
d_szxz{oo 1|x.

d
' 0 1 0
R A AT A =002 = 1oas = — 1, B AT B9 46 0 15 8 43

]
U :(1y090)Ty 1}2:(0,1,1)T, '03:(29_1’1)T.

TRITBHKN —NEA AR
1 0 2
o (1) = [}, () = {l}e', @ (1) = {—l}e',
0 1 1
S
1 0 2e*
@ (1) = [O e -—e"}.

0 e e

B 14.5.10 SROPRSE = Ax g9 SEREAMSRE, Fop

=g )

MO AR N EMEENERFIEME A, =3 +51,0, =3~
51, X i () B AL 161 B 53 59
v =107, »=0,-D".

HUEAS B 7 R A R B R H

JREFETE JRERDE
¥ (1) = Le<3+si>:}’ V(1) = |: }

_ ie(a—sm

FOP (A =)/ S R Bk R 4 A T S

LK
e*cos5t e*sin5¢ i
¢1(t):{ }7 @(1):[ }9

— e¥sinb5t e*cos5t

+ 352 -



14.5 HMBFABEBY>FTRA

MBS RAN — N LEARERE
e* cos5t e3’sin5t]

Q(t):[

— e¥sin5t  e¥cos5t

Bl 14.5.11 Ry HBRA

%:y+27
%‘;—’:z+x,
Cj‘—f=1+y

Wi B VIR A 2(0)=1,y(0)=0,2(0)=5 {4 8.
MR TR RBUER

A= .

0 1 1
1 01
1 1 0

HIA—Al=Q+1)?Q—2)=018 A WIERE L, =—1(— &),
A =2.

B AI—A)r=(—I—A)r=078 X, 3t KR M T LT
[F= 53

ro = (1,0, D%, r,=(,1,—1)7,
B QA I—Ar=QCI—A)r=018 2, 3t B 1L H B2
r; = (1,1,D7.
HIL, TRERN — AR mH R
@) =e'r, @) =e'r,, @ (1) = e¥r,.
HCE
¢ @) = ce'r +ce'r, +ce¥rs.

e (0)=(x(0),y(0),2(0))T=(1,0,5)7,

m61r1+czrg+car3=¢(0)f§ a=—l,e=—2,c,=2,F 14,
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TR

o) =—e'r,—2e'r, + 2e¥rs;,
Bp

y(t) =—2e" + 2€%,
(1) = 3e™* + 2€¥.

U ESHE REERTHERE AR n NMRETKIRHE R B 1FE.
SR M A MR ML R IE | B AT o A, M FE AT L3R 5
(4. 5. O M —NEAMBH. At MBS/ ERE S B TR\
FR AN AT BURTE.

BT AR BRI B R B SRR AR T BRA K R
B —F BRI BN TR XM RS RBRERE B
MV TR A SR R TR TR, BT R0 e 3 L BR
RGBS, BB RO ERTEE. T, RIETHA
il - 58 B I T vk i — R AR

{x(t) =—e '+ 2%,

%;EZ—&I Vs
B 14.5.12 K5 HEA dy F 38 2 .
QY

B HE—-NHTBREy="3z—2 . FWETF RQB/ Yy =
—3z'—.
B ERRAFTRBEANE N HBRB
—3z - =z+3z+ 2,

Bp
2"+ 4x' +4x = 0.
Rt BRI E R BT R TR
r=(q +ce?,
J LA
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y=—3xz—1 =— (a1 +c; +ct)e®.
TRIR T BHANER N
xr= (¢, +c:t)e ™,
y=— 1+ +ct)e™.
CBI14.5.13 SREERFE

x2(0) = 1,y(0) = 0,2(0) = 0.
m AKX Br=ae  BHI2(O=1LFHLa=1,H
Hr=e ",
W= RAB SR e — 2y, 8
y 42y =e",
iy R 15

y=c¢€" " +ce?,
M y(0)=018 e, =—1,FFLU

y=¢e'—e?*,
B oy=e ' —e "RAE=R1E
—i—j = 2¢ " —2e7%,
L z2=—2e "H+e ¥+, YTHAA 2(0)=03#H .=1.
TR KE BB a2
x=e",

y=¢e"'—2e¥,

g =—2e '+ ek +1.
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1. RTFFI T RAW R ERFOR:
%_I1+on

(@Y d (x; (0),x2,(0))=(1,—1);
%=211 4x,,
%2114-212,

(2) d (21(0) 2, (0))=(1,0);
;2=411+312,
dIl____
W—‘Il_lm

(3) d (2, (0),2,(0))=1(2,3);
di:=11+31‘29
%=411—212,

(4) d (2, (0) 22 (0))=(1,0);
—Cff=11 4z,
d:t‘:12+13,
dx,

(5 leaﬁLIu (x,(0) 5,2, (0) 2, (0))=(2,3,1);
ddi;_11+1'2q
dx,
?‘12 Iy
d.l‘g

(6) a =4x;—x,, (2,(0),2,(0),23(0))=1(2,3,1).
ddi:=11—413y

2. KF 3 5 AR A A -
da,

Priad +2x,—e ",
(@) d
';—tzzllzl +3x, +4e '



14.6 #E ¥

dx
_dzl =—x —x,+,

(2) < %2:—12—13+2z,

%12—13 +t;
dz,

dl =211 — X +13 +2’

(3) <ddi;=11+x3+l,
dxs
dt

=—3x tx,—2x;—3;

4 d—;—l—gg—:‘;—le +sint,
(4) d
%=—12 ~+cost.

14.6 BEEMS

FERTE JLAT o EEBFST T 0] R i 4 5 12 (4D B9 1) 58,
HEX MM TR EDHETT KBRS, B ERXT &M
o R (4Dt R e S e ) B L F A R4S BB A1 R0E M. X
F-HEEHEMS TR, BRI ENNERE LR EEY
R Y T E S B () R R R B B 0 R K AR R AR R Y, ISR A
MEX EHETLFRERTHN CRBIEF B ERAAE
EMERBR. HEX T —ME o 72, LRBEFEXWE
WTTE AR FE BB O TS XA T BA SR AR R
MEERFME, XERMSTREXRBLHEEAS. BREHAEE
oA BRERREH RN EREREZ — AWK EEN RSN
BREMNEXBENG L. ETFRUEMS A BREBE BB L
RORFIR AL, RITE B EN BRUMI T BROFXNE.
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14.6.1 Mz HOALABE

T et R — DL B B A 2 % B B R Bl andE T
ERRSEPRBENELPLENRENS . BRE R T EYGER
B MR UE PR A S S B P — SRR TR S E TR R
B HWOE PLERIT. X B R HUE BRI E K. #0572 D K
TEPETR B SR A A7 EBETENEF.

FEf] 1414 oh Qe T P BB A S P A n) L OF i
TUTIESA

Fri ax —bxy,
d (14.6. 1)
d—f =—cy +dxy,

Hrb o=z, y=yO 5 ERBANAREERZ ¢ BE. M FiX
MHEA RITEBTROTERUFILA:

(D WANEHZHEEFELSTEE? WESFEENMNE
6 18 2(D =8,y =& RITBHA 6. DIM;

@) BN EBRRBESEER /NI N = G /5
YyHEMEB) RESXEHERBAOBELR? DESERS X
A3 /Bt R UE ot S 4 0 1 S 4 R 6 DN

(3) &8 BPIIARE , BEE I (8 , X AR AR S
WE? Y 2, y(OBEENZ 4 RET 6.6 B . REA

imx() = ¢,

t—~+co

limy() = &,.

t—>+oco

MF— B TR, TR LR = KA S, BT %
T E R E MR
& B T RA
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d—art—l = fl(tyl'l ylzy"‘yxn)9
dxz e e
Ja = febmnre g, (14.6.2)
%‘}‘t—" = f"(ty.l'l 9.1'29"'71',,)a
Hlm RN
& fw, (14.6. 3)

CHA x= 2y a2 T )= (XD fo (80X 0 £ (20X,

EN14.6.1 FHHFEHEEMHERE x° = (2 y27 2,07 75
SCyx™ )=0, R x" BHBHAAL 6. D — N EHEA. V& SM
Froh R A,

B x RA4 6. DM AR, BEXRERL x=x" RE N
FREH (14. 6. 3) B — A8 (8. TN I P40 2 UK S T 4 .

EX14.6.2 o (ORFBRAL6.3DM—MR,t0 HIE—
ff 2. B AHME RO IER e BFTEER =0t ) F B3 F HBRYA
Q6. DHER— I x(D, HE d(x(1),9 (L) <0 A
d(x (1), (1)) <le SMEBH 1 =10 WL WMo D EZRE R
XTRBEW. TN, FKe ORTEEN.

Yo ORFBANL 6D — I RETFHEEH HBENE
SCRTHL 3 F Q4. 6. DT —f x(0), RBEH A2 ¢ BF T
FERe ()  ENHZUE  EHRBERLRE ] EH S KL,

EN14.6.3 Ho DRFBHAL 6. REM 1, £
E—m 2. HEEER 0. FB T RHA04.6.DHET— 8
x(0), RE d(x(t) 9 )<y kA

limd(x(£),@ (1)) =0

7—>+oo
sz M FRe () 2 ¥R &
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25 =+ ooitf, B (1) & RAE BIEH).
B, 2 (D=0 R#AI B = cx ty— AT HR 1 FHOTRE

W RFZM 2(t) =20 R 2 () =xee L il BB E UARHER B
DLIF &5

(1) Y >0, B x(O=0 FEE;

(2) 4 =05, FEH (O=0 R EHEIEIERE;

(3) 2 <0 B}, FHGfF (D=0 2 EHLRHIAEE.

UFRTHFEHRUEZFTENR NRESE. BYRMENTE
& ME AT DA AL R 3 F F M L.

14.6.2 AMEyFsRGABHEZREITHR

AN T RA

%% = AWx+ fD, (14.6. 4)

Hif x(D) =0, ()2, (1) s, 2, DT, f (D) =CF1 (D) 5 fo(2) 5o,
LD T AW B —A nXn REEERE.
KFFBANL ODMBREBEE FUTHAEELER.
EFHE14.6.1 LUMHY T BRANFIAREGHRNEEME.
MR R EER, BN Y (DR FERMA4.6. 401
— MR FES YO =x() —@ (), 0] y(O=0 B FBH

dy _
=AWy (14.6.5)

W — P8R He (DiREMS y(O=0 i Et—5. i &
(14.6. ) BR S5 (DFTK. FrUFERA (4. 6. DF R FaE M
5 (14, 6. 5 WP HEH y(O=0 Wi —3.

BADOR nXn BHIHEBEA B, HRA(L 6. ORER T —
ABAMEH R BT R, X b AR A B8 R ) B T O aod X 4B B
A B R E A B9 71 5 A A8 . 76 IR A E A M 44 1 LA s 2.
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R 14.6.2 I EBIER A WRFIEER A1 42,054 [

(D) HFFBANL 6. ORBEN (PHFTABEIRERBEN,
M Re(A)<<O (i=1,2,+,k), B) A T A IS IEE B SLHIELE 5

(2) £ ReQQ)<0 (i=1,2,+,k), HHPEH T LM TR
fEAE, W 5 R (14. 6. D RIEE K 5

(3) £ Re(A,)<<0 (i=1,2,-,k), W FH 240 (14. 6. 4) R ¥
BREr.

ATER 6.2 5, TRBES ARG T LHMERSFMTME

B I B S = A+ £ (o) A LB B AR B T 24 B

BN XA EEE - EE ARG R. Y o Bkt e
A RFREE R AR ELTERIEEZLE. S, RITRIEERA
SEEA

Bl 14.6.1 LRty HRA

dz,

a 3T

(14.6.6)
dx, _ 2
dt !

rIFe E HE.

fE A BHEA(4.6.6)KEBER, N

A= [0 _3}.
2 0

A BB EEER A =V6i 2= —V6i. B RETE 14.6.2 (4
R, MR REH HRA (4. 6. ) R ER.

ERX MR H BN R GERE K. Hh R (4. 6.6)
F) 18 %
[xl(t)}: c, {*«/@Sin«/fi_t}_*_cz [«/gcos«/gtil ’

2cos /61 2sin+/6¢

x, (1)
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FUF FHHIFE

%u@—&ﬁﬂ%u%w%%m%%&&w&m&~¢zm

7%
x(t)%ﬁ?ﬁﬁ[ﬁﬁ?ﬁ,%lig;x(t) =0, FEH(4. 6.0 WERAR

BEBREN, TRMEHE 14.6. 1 B B (4. 6. OO W R BT
BE .
Bl 14.6.2 HELREM S F A
dx,
dr

dd—xtz =x + kx;

Bt e, Kb b HE B

M OHREE04. 6. DRHEBER Y

0 —1
A= [1 J'

A BB AT s 2, =R R

50,3 k>0 1f,Re(2,)>0,Re(1,) >0, RIEFE M 14.6. 2 [
(DEBAFBRE (4. 6. DI E.

Lek=0m,.HF A= =1, HEA 14. 6. 2 i) (2) F1 53
JrRRAL (V4. 6. )RR 5 {FR A2 730 B8 2 1. *

2 k<<0 B By Re(21)<<0,Re(2,)<<0 K E 3 14. 6. 2 {1 (3) 40
M T RA QL 6. DEFHIRE.

=— T,

(14.6.7)

14.6.3 X MMHyFREBHBTRGBHT

RS T RO EEOPIR BRI BN, %A

B LR T S A E T R PR . FE R AL X — K45 Bk i 7 8

R FIERE M B XM s BB R FRAER

Y BT AT R AR R A Pl LR S M0 PR B BUE M A T
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14.6 MR MHwF

{5 17 B0 5 2 58 TR 20 T AR P B AR R AR 1.
ERELHITRA
dxl

= fl (xl s L2 ""7In)y

dt
dl'z

= fz(Il s T2 9% 9Ty )y

Jde (14.6. 8)

dx
— = = fn(.T] 9129"‘91")’

dt
HARBRE (=12, 5 Bk XAFBRFBARN W
ARBWHRAERRE. FTERIHS AL EUTBEAEA
RGP R E M.

BE=(6,&, 6" RABANL 6. W —A V5, g
f1(&,8 50,80 =0,
f2(&1,8,,6) =0,

fn(sl ’EZ 7“'7En) = 0.
% f,(lzl 92""971)&6,&31-%&}9% f,(i:192"" an)ﬁe‘ﬁ
F—H B RFE

d
fl(xl,rz,'",x,,) = Z *%—fﬁ(r,‘*‘&)-l-gl(xl 9129"‘91n)7

i=1

~ 3
<f2(11312 7"';13,,) = E %(I,‘*&)'ng(l‘l » X2 9"'91,.)9

i=1

- 39
fn(Il,-l'z""axn) == z %(Ii‘&)‘#g"(lﬁ axz,"‘91'n).

i=1
(14.6.9)
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FUF FHRIFHE

ig x=(x,,x2 y'"91',.)va=(f1 9fz""yfn)T’g=(gl’gz""’

I infarn )| a6 R B i BB
§

)
a(.l'l s XLpy**° "In) x=

fx) =Ax—§) +glx), (14.6.10)

g,,)T 9A:

et _
o gCoMmRlIm= 70 5 =0

L y=x—&,h(y)=g(x)=g(y+&), MIFHEH4.6.8) 7
BE N

%:Ay+h(y), , (14.6. 11)

$ oh h(y)%&l@g%l=o.

Moy RN y BRSO BiLh, A (14.6. 11T LA
TS RINTLRMEHRZEMS FEHA

Q S
o =4y (14.6.12)

KUFBEMANL 6. 12D FRAIEREM D HERA L 6. HEHR
P REMIEMEHEEU T BN TESHE. XTHELH(14.6.8)
K EmemREE S HERERMFRAL 6 IDNERBEN
Z A Y 6 R RATASHNIE B b 45 H 4 F 58 3.

EIE 14.6.3

(1) HHEABRATLIAFEME, W5 RA 4. 6. 8) 1 V4
e e 5 Rt aEu B 04 6. 12N ERYREHE B
B

O X4 A (BT FRAEH 89 ST IR AR R OB , R4l (14. 6. 8) ¥
- e RWEARE

OH¥AMNBREEPELE - ITEATFLHRN, FBR4A
(14. 6. O WP fRE A R EN.
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1.6 #BE M

(2) 3 A M FTA FRAEE 89 KRB AR 3R IE B A TS0 AP AE (L 6
HHNmAEE. kA ER, TEA 0L 6. O ML ERE e E N
e BT A (14. 6. 12 MR E X E.

Biltn, % 2 B e M B IR 3 B

i—i?ntﬁ %f+2£sin¢=o, (14.6.13)
Herm NI RR, I ABROKE ¢ YENHEHE . HER
EY 8

4 2=y =S, M R AL N 05 A

dr _

T

d (14. 6. 14)
Q@& __ B L

dr ] Sinx — =y,

A RA(4L 6. IOBERNEERO,OT 5,0, FERK
743 B3 16 53 PR A4S F 45 A 10 52 8 1
(1D X F V80,007, FRA(14. 6. 14) LB MR LB

dr _
da — Y
& . (14.6.15)
FTA R e 2
T3 B (14. 6. 15) i) 28 B0 B 109 9 45 4E (843 31 K
el e, g
A om T3 (m) L

Wt 14. 6.3 718
D 2 >0 (£ ) >4 £.2,,0, #0508, 57U 5 B A
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FUUF FasHzE

4. 6. I T MEH DR R, T RA (14.6. 14) 8 F 4 ##
0.0 AR % (L) <t £0 0 HEBH R,
TR (14. 6. 1) (W P45/ (0,00 T IR BT & 1.

@ % 4=0 /A, :ﬁi,kzz— FURTF M 14.6. 3 S H9 I

FEE. REHER 4.6.2 B FBEA(4L6.1DWERERE
B H 3 0 8L o B 14.6.3 18 8y B 41 (14. 6. 14) 1§ F 4 1@
(0,007 pyRE e v P fh i 7 ¥ (2 % 3 3 o 30D 1T LIE B
FERAO4 6. 1) M AR O0,00T BT,

(2) HRHA4. 6. 1) fEH T4 5 (n, 07 B B2 M WL
BEE

.d;r:
T

(14.6.16)
dy _ g

e~ 1T Y
T5 AR (14. 6. 16) 59 2 805 B (0 5 N 45 1E 1 0

v gy () e
Y (57>2+41£'

BT A fERER-RECHE 14.6. 3 TANBAN FER (x0T
RAREH.
%) 14.6.3 i HE4A

%f = y—x(x® + %),
d (14.6.17)
d_i) =—zx— y(a? + y?)

) - 5 A £ B E
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14.6 B H¥

ot T YT e e 1l T
—x—y(2*+3")=0
0,07, FRA (4. 6. 17) X FH P4 (0,007 HyL I
FER

dr _
e~

dy _
dt

HEREERBEER A==, XBTFERHEE, FLHE
B 14. 6. 3 BB HIE F4# 0,007 MR E M.

P RRA (14.6. 17) , AT LA AR 75 B63E B HOF A5 /% (0,007
WL R E K.

S50H .y REFBEE (L6 1D HR— R LIHEH
=W =D IIEES

)

dx dy __ (2 2y2
Idt+ydt (x* + 5%,

Bp
d(J:2 +y2) :_2(12 +y2)2‘
dt
218
1
2 2
Ty = 2t+C’
B, limx(¢) =0, liiny(x) = 0.
t—>too f=>too

XA FRA4L. 6. 1D T & 0,0 EHAEREN, MAES
R AR Y.
3 B 14.6

L gEATRARA FHRAMER R E T BRAREORE N

(1) z=cicos’t—ce " ,y=cit'e " +2¢;
Yy
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£ 14%F FMHEFTAE

€1 —Ct —t
(2) = 11+t§ yy=C(c1 tcde s
. - 61*/_
(3) z=C(c; —c2De " yy= n(s +2)+Cz

2. iEH: HEUFRTBRANEIHEARN S0, MWATHLEE
SE .

3. UEH: HEAMFRFBANENH x(O)=(2, (1), 1, (1) s+, 2, )T
HRW L Lim (| 2oy | =0, LT e R AL AR E 9.

4. 18T BRI BTA F- 6% 9F R 4tk 3 0007 AR I8 1 4 OF 4

R E T
%——1(1 x—y), %—"f=y»
H d | (2) d k>0,
d_.z/__-Ty(g—gI—y); E§=—x+k(y—12)y
5 HE FIFHRATHABEN:
dx
&L pr— Vs
d d—l=21y—1+y
dt R
L py—z, k>0, )
(jj—y=51‘-|-y3+21—3y;
iiz—lez—gr !
de ’
dr__ .
dr _ e*"® —cos3x, d
) dt dy .
dy 4) E—4z-3sm(z+y),
‘“\/4+81: 2e”;
%-—ln(l 3xt2);
d—= —z— 2sinr,
dt dr _ _ o —
dy_ i ytxy'—2*,
FrAmk 2y+ (siny+z*)e’, (6) k#£0.
dy_ Hhy— 2t y— P
de . PP ky—x*y—5°®,
E:I+y~—1“z;
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# 14 #4h A

FMEHER
L8 00, +o0) i, B lim f()=b. R
(1) # >0, W8 ¥ +ay= D MBMR YO BHE lim y(=L;

(2) # a<0,MH R ¥ +ay= (D FA— 1 30 OBME lim 30 (D)=,
2. W (o) %ELE.

(D KRFR Y +ay=f(OHBR y =0 HIfR y(x)(a>0);

=0

(@) #1 £ | <k, RIEH 220 B A7 [ y(0) | <2 (=),
3. Wy (DM ¥ (DRFB Y +p(0)y +9(x)y=0 B8, 3 H K
B S0 = LR o BB, ) 30 ()R e (o) RS TR

) — A MRA?
4. BRSSO ZHEXTE,FEAMNT 20y FHE L8 — £ BENENE
Hihk L #A
fﬁ[f’(r) +6f(z2) +4e* Jydx+ f(x)dy = 0.

KR (o).
5. BREX FEZE >0 WIEBNBHHAME S. &

ﬁxf(x)dydz — zyf(x)dzdx + e**zdxdy = 0,

S

Hep f(OFEQO, +oo) H LI, AR E lim f(x)=1.5k f(2).

6. B f(2) H-HELIH HWEFB f(2) = j FA—Dde+1,5%

f(o.

1 1 .
T REB et g Pt Y e T U

DLR B 3.
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4T FHEYFHE

8. RH M ycosxr— 2y sinr+ 3ycosxr=e" {IERH.
5. | f() R E MM
¥ =2+,
y(0) =0
f(x)'

I3

. A SRR S (o) B B AL RO 4, 3F R lim
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BRA RESXH

Al FHRESHEH

3K 25 A0 AR {E 1) 1) 531 oR 30 Bk
5 8% 5% A W A )
min () (AL D)
glx,y) = 0.
1T B R A S W 1L L 3 R M 5 BT LA 3% 8 G 4% 44 M 1B 17
minF,(z,y) = f(x,y) +ng?(x), (A1.2)

Hrh n BIERE g’ (x, RN T EE.

P A T K - BRA (s ) W AR &M g (x5 ) =0 {18 ]
BB SR AR 7 A5 LA PR . DR I T B AR AR IR R R K,
R (AL 2) f % PT RERR B2 F 1918 (AL D 8. 24 n—>ocoft, ju
FECAL 2) R T BB 3T T BT (AL D B f#.

TR BEX T E WM TRE: R TRERBA, R
T4y it i B SF g (o, ) =0 BUHLAE YR W B 38 R XA HLE i, X
FAHEXNMHERERLLL n F51EK. » 8K, R W Fgk R
THF gz, =0 HHME.

B RA KRR S

min(x? + 2y%)
2xz—y = 1.

(Al1. 3)

% BT 5% MR A8 ] B

minf(z,y) = 2* + 2y +n (2x — y)°. (Al. 4)
Al Mathematica 3R fi# (] fBL (A1. 3) (AL, 4), WEL n B 3K 4% FC BT,
MR (AL 4) W@ E I TR (AL 3) B,



HEA KEBAN

1. A Mathematica SR B &4 AR E Bl RE (AL. 3) :

Minimize [{x2+2 % y2,2 »x~-y<1,2 #*x-y=>1},{x,v}]
2 4 1

(5 g5l

P 4 1 _ 2

BANERER: Iozg’yoz_g,f(xo,yo)vg.

1R /NE: 20 =0. Zl,yu =0. 1

2. ¥tFAFERY n, B Mathematica 3R f# IC 24 3R {8 5] 55 (AL 4).
BIsk 22 +25 +nQx—y—1)* 18 &/MHA. LA T 485t n=10,50,200,
1000 R % T HRARAA A A (AL 4).

FindMinimum [x-2+2 #y2+10 #* (2 *x-y-1)2,{x,0},{y,0}]
{0.217391, {x—~>0.434783,y— - 0.108696 }}

FindMinimun [x2 +2 *y2+50 % (2% x-y-1)-2,{x,0},{y,0}]
{0.221239, {x—~0. 442478 ,y—> - 0.110619 }}

FindMinimum [x~2 +2 % y"2+200 * (2*xx~y-1)°2,{x,0},{y,0)}]
{0.221976, {x—>0. 443951,y - 0.110988 3}

FindMinimum [x~2 + 2 % y~2 + 1000 * (2 *x-y-1)2,{x,0},{y,0}]
{0.222173, {x—0. 444346, y—> - 0.111086 }}

WEE KB : n R BKHT, AR (AL 4) B ff 1l F [ A (AL 3)
.

3. HATHIRARSY : 4 n>oolf, (AL OMMEBTBE T
[ RECAL 3)HIfR?

RR TR, BB R AR R AL DAMFE KR
(BRI RE CAL. 2) #RAF 7 HE — RO ##F.

A2 HERERNEEER

B|id FAaMEFEMNEG H r=x(OFRABRENZ (8

O BB A B ko ke BRI A RRFET . KK
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MEA KEBAR

MEBREBOR HTRYAR AFZEMEXT R AHEF
oy R FET R ke WA K MERE =2 ORI R M5
R

%f = (kb — k). (A2.1)

HE, HEKMMER R LRk, B TRy E ks RN
JRLEH i ) BRAE A7 28 . B2 S (0 0 PR BE IO 2 AR B R B O
JUIE b X A8 G- i 2 BB I K, BRI 240 F 7 B (A2 1)
i T IE

‘(’j—i‘ — (ky — ky)x — bat.

it a=k _k2>0’%tﬁ3ﬁﬁgf&

%if=ax—bx2. (A2.2)

HEHBREBEEZHER T T8 X T AR RBE K 55
AA I B, FLUUER b N YR/ R, EB b ok, Fl a,b
T EE S W5 53K,

BRE a=2,6=0.01. ZEAT %] =0, 19 MA BB % 1000(R).
X TR (A2, 2) A i,

d_x = 2x—0.01x%,
d (A2.3)
x(0) = 1000,

TWHNE
L B AZ. DR —MABR B, TR B TR %
RN ERARG X TR0 FER AT, Rt
P 280 B2 B B Vi) A £ ) B4
2. F Mathematica SR 4> 5 18 (A2. 3) B E MR I 1R, W2
£ B BB B B ) AR 4L B SR
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MEA RE5AA

(D Rf#pRER
DSolve [{y[x]= =2 *y[x]-(1/100) »y[x]2,y[0] = =1000},
y[=].x]

{{Y(X)QM}}

1+9x

(2) RBUAERITERI LE AL , W2 AR BEE R AR LR L.

solution = NDSolve [{y'[x]= =2 »y[x] - (1/100) » y [x]~2,
y[.0]= =1000.},y[x],{x,0,30}];
Plot [y[x]/.solution, {x,0,10 },PlotRange - >{0,1000 }];

1000}
800 |
600 K
400
200
0 2 4 6§ 10

K Al

BB R (A2, 3) w118, 41 an 4y BB v (0) = 2000, 3000,
4000. AT LA B 2 i H] «— +ooft, g B MR B n F— M EE
{8 y(+00)=200. 33 & F Bt F 00 BB 1 R &

3. B AMBEKHER

ERFEFEAH TR T, R mA f8 & 5
Mathematica BI T B K HIB. BEE H#E N &, HE(A2.3)
6357

d (AZ2. 4)

BB N % F 90,100,101, 5K 38 43 2 (A2. 4) g 08 A I FE 1 «
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WEA REEARL

Solution = NDSolve [{y[x]==2 #y[x] - (1/100) » y[x ]2 —
-90,y[.07]==1000.},y[x],{x,0,30 }];
Plot [y [x]/.solution,{x,0,30 } ,PlotRange->{0,1000 }];

Solution= NDSolve [{y[xJ==2 »y[x]-(1/100) * y[x ]2 —
-100,y[.0]==1000.},y[x],{x,0,30 }];
Plot [y [x]/. solution, {x,0,30 },PlotRange->{0,1000 } ];

Solution = NDSolve [{y[x ]==2 #y[x]-(1/100) *y[x ]2 —

-101,y[.0]==1000.}y[x],{x,0,30}];

Plot [y [x]/. solution, {x,0,30 } ,PlotRange->>{0,1000 }];

FIRAAH: BRHEE N 10002/ H). 2% N=101 if, /i #{L
BE4ERE 30 M H. WRM MK R BE y0], MEMTELZHR, R
RESR B &

0 2R 503 1R 3R SR A > TT LAV D 05 AR (A2, 2) I IE 3K b. 1 fin B
6=0.005, W75 7 #&

d_x = 2x — 0. 005> — N,
d (A2.5)

x(0) = 1000.
PR AR B9S2 2% B, B K85 BRI LA B ) 200/ ).

A “TREHEF RN

BB £z )T (o 30) O SB B P AR FEE S 10 — IR &
B, Crosy0) B f (s ) B — A5 R A CERBE ). /\A—an ,

(onyo)
f _3f —~ .
A . ¥, AC—B*=0
axay (x5130) ayz (z4535) mﬁ;ﬁ‘%mm% ﬁ

A A B RFRARREUHE f[(2oryv) BAERME. X/ HE

TLHAEMHAR. O TFUT=E4ABH f(2,y) =2+ 5,

gla,y)=— (" +yD M h(z, )=z — ", HHO,OHLEKR
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MEA KELHAR

AR TE—AREG R A ER/AMES: M FE A RBREA
BB KEA M FENREFE SN EREA.

LR E.2 AC—B =0 Bty f (s ) TE A (o o DB L &
EHEMERNAL.

Bl A3. 1 EEEK f(z,)=(—2")(y—2). JEK0,0)
ERASFBEERAWE AC—B*=0. FHEf& B F Mathematica
B 5T 3 A SRR RS B RCIR S BN R S B & R R 1A S, R BTE
JR R AT & A TT R BRI, F %

MERBERIRXTTLE .

>0, Hy>2 BEF y <2,
f(x,y){<0, Wt <y << 22 B, (A3. 1)
=0, Yy=2" & y=2s" .

VI AR X Y S AT B R S 4546

O¥ATRG, RHEST AW —KEHLE L, /0,058
W/ NME 5

@ fOORRILRE (2, y) IR E.

A Mathematica i fik f(z,3) =0(B f(x,y) B—KZHEL) .

ContourPlot[(y— x~2) % (y ~ 2 * x°2), {x, ~ 1,1}, {y, - 1,1},
ContourShading False,Contours 1,PlotRange {0,0},PlotPoints 500]

* 376 -



MR A KEBAA

K AZ PRERSR f(x, ) RAMERK K. WX E
. a i AR fO,0RE LR f(2, ) MREXINFEL,
HFHEBRRMNRBIER R BB

Bl A3.2 f(x,y)=(y— ) (y+z).

BRI REAIER S EAEREEAHE AC— B =0. %
e RA. EL S FAWEM—FEL L, (0,0 BHF/IME:
2 £CO,0RREITLRE f(x,3) BIHRIE LA A3).

Al Mathematica W B i £k f(x,y) =0(Ef f(x, ) —5K%
fHLR) :

ContourPlot[(y - X"2) % (Y +x~2), {xv -1, 1}, <Yv -1, 1)s
ContourShading False,Contours 1,PlotRange {0,0},PlotPoints 500]

y

K A3

%3 1: B AL g a), (b, () A (d) 4> BB H T P4 B %
I f(2,3)=0,g(x,3)=0,h(z,y)=0 Fl k(x,y)=0. HiE
FHE LR EXEEGNETRBE fHrg.h k. T8 5% B8
FE I 2 B 8RS A Mathematica 1 B RF R B9 4536,

$EXEZHE Mathematica §i4
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MExA RELHRAA

@D ContourPlot[ (y2 - x2) * (2 * x2~ y2),{x, - 1,1},{y, - 1,1},
Contours 1,PlotRange {0,0},PlotPoints 500]

@ ContourPlot[(y— x~3) » (y— 2 % x~3),{x, - 1,1},{y, - 1,1},
Contours 1,PlotRange {0,0},PlotPoints 500]

@ ContourPlot[ (x— y3) % (2% x— y3) * (y—x3) » (2 x y—x3), {x,
-1,1},{y, - 1,1} ,Contours 1,PlotRange {0,0},PlotPoints 500]

@ contourPlot[ (x - y2) * (x— ¥Y3) * (y—x2) *» (y—-x3),{x, -1,
1},{y, —1,1},Contours 1,PlotRange {0,0},PlotPoints 500]

y Y

© (d)
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EB JIMER

98

JIfE 9.1

L. Fe 5 PR SRR J A= —

2. MAWHMBERMAEBERMGREMNOABAT R R BENECHE
ERA.

. HMARMBENEXEEERSEX; FXNLAELE.: FANAE
WA 5 FEF 5T AR A KT AL

4, [asc)b—(b+c)a]* c=0.

5. —%. 6. +30. 7. 16.

8. TEatbtc=0FEHNHNE a,b,c BT,
9. 8. (a—d) X(b—e)=0.
10. iAABREBESXFNE X HEIEH.

38 9.2

1. 13i+17j+15k. 2. a,=15, b3=—%,

314 383 301 1 . .
3. (F’TT’W) 4, iloﬁ(21+l4j 10k).
5. 7—31 6. 3 +/10. 7. 72. 8. ézé

9. RiE¥. FIM €D.EH/MM, « MMM" <0, M<MM, ,M,M" >%.

WMFDELE FFUELXKE MiM" CD.
oM ELBE MM EER, ELEH MM M,EMM AT M€



MEB I M % %K

D. XotRRE MM, |<<IMM, [,ix 5 M, WEREFTE.

3 9.3

1. 2—3y+4z—12=0. 2. 5x+11y+z—4=0.
3. x—3y—Tz+4=0. 4, 2z+3y+z—6=0.
5. 3x+4y=0, 6. %

7. 2—2y=0. 8. 1. 9. 3.

10. (0,25.:0) 8 (0, —522,0). 11 3z+y—=z—6=0.

12, x—=z—2=0,

x—2_y—5
x—2 _y—5_ =z+3 T T T
13, (1) == —L-Z =5 (2){ 2 1
z=—3
x—2_y—3_zt+8 x”2_y—3_=z+8
14, (1) 5 5 55 2 =
15. {x—Z,
=4
16 at1_y+4_=2—3
12 46 —1-
17. ki ; XA 0, —3,0).
9.4
L (1) BHERTE ; (2) BB ;
(3> Wt XAl T (4) A&,

5) BURTER &R FF D38 16 = $hiE [0 M BE R W T 5
(6) THG7E R FF O F8 1 = 3 1F 14 /9 B 4 .

3| 9.5

LD x0y ¥EEH—DEZHFRGFF 2 B0 —KER;
(2) xOy ¥ LW —A 5 SEF LT T 2 M — K EHS.
2, 32" —y'=16, 2?1 +22=16.

V228 —22=38,

x=0.
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0<zr<a,
P+ y<lax,
{ 0 - 0<lz<{+a*'—2%,
=03
y=0
—2<<a<2, —2<Cy<2,
x4y <d,
5. < o <<, V<<,
= ’ y=0; x=0,
F10E
)@ 10.1

L (D BXEHR (x| 2=20,2+y>0} , RRFFE;
(2) EEH (2, ) | y>2" ) FF 4
(3 EXBR K (x| yF0, a7}, FF 4

@ s XA G| SIS R R

2. () RS (2 HE,%57T0;
) FE.%F 15 4 H&E.%7Fo0.
3 10.2
1. Aeg; KEE.

2z _ iyl =__ Nyl |
2. 1>O,a vz ; 1<0,3 P

=0,y=0,2% =0, o= Iz
=0,y O'az 0; x Ooy;‘éOvaxZ(ﬁE-

2y 2x . _y E
3. (D —*—(x—y)z’——_—_(x*y)z’ (2 pruyes o
Tgnl L. 2. La—zey, Lz -1y,
(3 3 Sin T psin 4) 2(1 Se),4(e 1
245 ®o0 (DL

Inx
4. (D1; @ L-Unzlny+1);
xy

+ 381 -



MZB I M %X %

Y
3) ———; 4) 0;
(2?2 + ) VI +
(5) ——2——; (6) —2xsinzy—xfycosxy; (7) 2,2,0,0.
N
S1fH 10.3
“ydztady, 1 ;
L) =2 (@) et dy)s

(3) —2(dz+dy);  (4) %(dz—dy);

) Z(L) = (E) 4yt (£) T,

4. (1) 2.218;  (2) 0.97.

5. z=—1-(12y+1y2)+y2+1.

Zetty

7. y'e

& 10.4

. x (,3f, xS
1 (D) 2zy+xf(w; (2)y3( +yav2)

Y e X n — Y SR S
(3) sz (u) yzg (v),u ptld P 4) yf(Iz‘y2);
(5) fl’ +}’f2, +y2fa' 'l"le +szsl ?1)’an,3
(6) (cost—6s2)e™ "
2. 2f +42? f7,2f +4y? £ axy .

n_ 3 le_i ” Lll 2 ’ 1 .,
3. el=y (4t Sl Trltooph) vast (£ + 5 p ).

" 2 7 4 4
eh=tayf) =3 f 5 (22 fat a5 L),

5 1 ( 2e—1 —b e )

 JSETR et1 1+e/"
1 1 1 1

6. (1) —=Q, D w2, ——(1,1),—/2,—=(~1,1),—(1,—1);
V2 e V2 VZ

+ 382 -



M%xB 3 M X%

(2) (1,1).
IIE 10.5
aF aF
X E_(f—i-zfd)@ zf 357
“dr aF aF
—3—37+If—5;
' 1
g 22 Fo_ M - yzFy
‘9z F! —F/ . J;‘*”F',, . 1  zyF]—2F.
z Yy
’ z
=_ _Fy__ AN )
yo P g zip .l y@FR =SS
z y
5 322=_(F2/)ZF;,I_ZFI/FZ/F;l2+(F1,)ZF;Z
© 3ydx (F/)? ’
3—2z 2z
6 dy_ | —2 S1_ _10z—4z2—15
dx 2y 2z 2(5y+32) ’
—3 5
2y 3—2x
dz_ 1738 —2 | __ 4y+6z—9
dx 2y 2z 2(5y+32) °
—3 5
S8 10.6

1. x+(1‘1)(y“1)+%(1—1)2(y“l)‘i“o{(V(I—l)2+(y—1)2 A
1. 1"%=a1. 1021.

1
3. 2+_( _1)+R( y ’
«/ 7z y 1 (z,3)

R, (x,y)zé— —z* (cosfz) v/ 1+ (1 +8(y—1))F —22(y—1)

¢ 383 -



MExB 3 8 %%

%< (14+6(y—1))sinfx
V1+A+8(y—1)?

cosfx

_ 2
YD AraTeG—Dr e

(0<g<1).
gF1E
SIE 11. 1
2. (£.-£.1); @ f@edE-.
z=1+2t, TE TR
3D Sy=1+s, @ <y=1+—r,
=11 z=—1.
11 4-
L (g AE) @ (Fhe

5. (D r= (50,041, —r )

25,2 ).

(2) r(iy=(2—cost)i+ (1—sint) j+(2++)k.
7. 'U:%_wRSinmti"‘mRCOSwlj ,a=‘jj—';'=—wZRcosQ;zi—szsinwtj.

8 x—acosth, _ y—asinf, _z—bb
—asinf, acosfy b
9. —mnabi+ra’k.

SJ@11.2

@) a(x~%)=b(y—%)=c(z—ﬁ),



MEB 3 M X%

I —uyCOST, __ Yy~ U SINT, __ 2 —au
(5 = = ’

asiny, —acosv, - Uo

asiny, * r—acoswy, * y+tuyz=au,v,.

2. (1) xt4y+6z==+21; (2) 2z+2y—=2z=2; (3) yt+=z=1.
I/ 11.3

LD =L @ 10k liks () 3 VaT B
2 BAMAN D AMEE S (—1,—2).

JIf11.4
1. (4,4).
2. %—ﬁmwsﬁ)m%(a,b.c),ﬁkﬁ:ﬁﬁgatm

3. 1442, — 4.
(158 LB ) (FARE 2L, ),

xl 41 (3+ 242> I

7. , , .
n+T+2V2 x+7+2V2 a4+74+242 4(n+7+242)
F12E
S8 12.1
2
L 5=k (@2 2. () [0,%n]; (2) [0,48x].

3. (1)H(1+y)2du<ﬂ(z+y)3da; (Z)Hln(ﬁy)dagﬂrydo.
D D D D
6. (1) 0; (2) 0; (3) 0;
O # mon HELSE— AR HHCAH 03 B 4[] 2y dady s oo
Dy

D\ % D: 2" +5y'<R® S-S BRA ML
« 385 -



WxB I M &%

S8 12.2

11 1,
LD =2 @0 D0 @35 () 5 U-—sinl).

2. (1) —6x; (2 xln2;  (3) 1—3’6#; (4) 80x.

1 ¥ 1 1
3. () J dy| f(x,y)dzx =J- dIJ f(x,ydy,
0 0 0 x

D={(z,» | 0<z<< e << y< 1)

1 V1-2% 1 Vi-y?
2 de gmf(»z,y)dy—J_ldy e s,

D= {(z,y) | 2* +y* < 1};
a V- a VE
(3) dej f(x,y)dy = JodyJ f(x,y)dx,
- ay

D={H& zt+y=a 5@ 2+ =d" HEE—RBEBRHT)
e Inx 1 e

4) J d.zj0 flz,y)dy = Ldyfeyf(x,y)dx,

D={(x,y») | 1< ac<e,0 < y<lnz).

4. (D Jodyjrmf(l,y)dx;

0 2 /1%y 8 2y .
) Jrldyjlsz(x,y)dx-kjodyjkz Sy,

AT

SIE12.3

at 1 . 2 1
1. 5 In2. 2. 751111. 3. 15 5. J,,,,f(u)du'
SIS 12.4

1
1. 5 (1=cosD), 2. 9x 3. 2.

L ki 256

4, (1)8a, (2)8. 5. 3

, J,gk \/%Rzﬂz N ,
A kR . = =
6. HfAR: ﬂjz W= el ]

s 386 -




W%xB I 4% %

2
HAebr: I = JHZ dvV = Jﬁr rdrj d@J /—z—z-z ?dz.
b I = J:I]-zde = J'3 dgzzj d0jo dp + p'sing * p'cos’p
[ 0
a

z 2x 2Rcosg . . .
-+ Jl dgojo d0j0 dp * ' sing « p’cos’ g
3

2xR’.
7. £ BVI—Sm 8 2R 9. 0wk’ Frhf(O),
Loton. 12 @ (24 %), 130 2x(2v6—3).
mo @ M%M
15, SRk e () (582254 SEL) o B2y
TRyt Fbw (0,0, 4a). 18
S8 12.5
1. 1+/2, 2. 2. 3. @a $(a>0). 4, 2a?.
5. 7n. 6. V3. 7. et antn) VT
S 12.6
1. /Zr 2. Lrczyz- D). 3. Blatwt -1,
254541

4. (D =R*; () (3) 4nd*R* +— n(a +& + PR,

30 ’
S8 12.7

1. (D fi(x) = J"ycos(zy)dy;
[

» 387 »



WxB I 4% %

2) fi(x) = flycos(xy)dy+ sinx?® ;
]

3) —— W) £2a,0 +r(f{Afz' )dz.
1—a° 0

2. F”(x),(n—1! f(2).
!

3. fi(y =J. (z— Dxdx, lir+n f(y) = 0.
0 y oo

EFB=E
S 13.1

3. (D f’mf; (2 f’(r)=r%.

5. (1) 6xyz; (2)0; (3)2v e
6. (1) 2'+3y*+22 —2(xy+yztzx); (2) 0.

SJR%13.2

1. —abn. 2. % 3. 2x. 4. 0
4 n
5. 2. 6. —=. 7. ——. 8. 0
3 82
9., —4. 10. —g‘(azvbz). 11. —xa®.
38 13.3
L . 1, 1.
1. (D 5as (2) 18x; (3 1; 4 30}
&) —rabs  ®)w (D L
2. (1) 0; (2) —2n.
S)& 13.4
_m 2 s 2 S
1. 7 2. 3 nR°. 3. 15 4, 337 -

s 388 -



WEB I M %X %

5. l4n. 6. —4"—aZh. 7. = 8.

9. 4xR*. 10, O. 11. 4.
S1E8 13.5

1. (1) 224n;  (2) 05 (3) 3; (4 —

(5) ~%; (6) —4n; () 4n.

2. (1) —/3xR?; (2) —2na’.
3. (HO0; (2 2Zm.

SIE 13.6

2
1L (D 4; (20; (3) elnd; (4)%+I0f(z)dx.

79
2. T

3. (1) 2*cosy+y*cosxtc; (2) x*y*+e“cosytec.

5. 3f(r+rf (N=0,f(r)==%.

r
1t 2 . _ O
7. f (r)+—r~f (r)—O,f(r)—7+c2,

9. 4n.
FWE
SIfH 14,1

1. (1) 0,15 (2)%; 3 1; @ o.

dx dx _
2. m ?‘F# E;+k1—0.

, ;1 1
+22=0, ——y=———6r,
3. ({7 T (z){y z” z °F

y(2)=3;

+ 389 -



HExB 3 8% %

SIfE 14,2

L (D y—%ya—*%ln(l—sz‘):c; (2) y=cer;

cx

-z (4) z=c(1+y)e T;

(3) 1+y'=

=_¢ _ 3, 1. 2y —
(%) y Sinz 3; (6 5 (*+3y)=Inz+ec.
2. (1) lnz=c—er; (2) y=zarcsincx; (3) y=ze=*';

() ¥=2*Qlnz+4); &) 2 V/ytL=ztc; (6) sin%':lnz.

3. (D y=e"Z (ct+zt); (2 y:ex_'; 3) y=c+;mx;

3
(4) x=ce™ —2siny—2;  (5) 1=(C+y)e‘%yz; (6) y=cz+%;
) y=cx—lxe-zz. (8) y=-L(nx—cosz—1);
2 ’ y x 4

(9) y=2e"" +sinz—1; (10) y=§(ef—1).

L y=(142)e @ =

n
n+sinz’
5. (D) xy+%x3+%x"+y=f; (2) zsiny+ ycosz=c;

(3) zlny—ylnz=c¢; (4) %ln(12+y2)+arctan §=c;

(1) 3
) f(o=—e (2t ). 5e
o1 _ 1 :
6. (D) Y =—=s (@) y=z'(lnztc) 5
3 L=,
y x

7. (1) y=arcsinx; (2) y=tan(1+—}); (3) y=e*;
4) y=(z+Det' 42,

8. (1) y=2zx+cx?; (D) kﬂln mgthu g 3(1—e 1)
mg

* 390 -



M%xB 3 M %%

315 14.3
1L () XX (2) &HEXX; (3) BHETE;
) KHEX; (5) ML X; (6) kX x%.

2. BN y=(c1+czx)e”z ya1002 AR B
y=c e +c,2x+1).
y=(x+tc )sinx+ (In|cosx| +¢;)cosx.

- BOUEYR. PRSI .

N U e

FAEE) 2o s AR E] 31 (20532 (2D, 35 (D RIEME, 5 R FIE.

CABE €L () =y, (2) =3 (1) =0; EREHLE LR

8. B 3 () =3 (D5 3 (D)~ (DRFRFT B FH R T L.
9. WY1 (2,3 (D Y (D RFRF B n MRUEL LR, Y (DL

EFRFBH—IR. 2@ =3: (D +3 () (k=1,2,-

9n)qmlj M (x),

Y2 (x5 3, (D, y (D REFRF BN n+1 ABML X, HHER Y
() = (2 —y(@)) + (3, (2) — y(x)) + +o»

+ (. () — y(2)) + y(x).

S 14.4

LD y=(c;,tcx)e

(2) y={(cycosx+tcysinz)e >,

(3) y=(e+tex)e™ + [63 cos (@I) +c4sin(“/7§1) ]e% s

4

(D) y=c e +ce 35,

B) y=(e;teax)e "+ taxtesz®+esx’s;
(6) y=cie " +ce” " +cye ¥,

2. (1) y'—4y=0; (2) y'—2y +y=0;
(3) ¥ +3y'=0; @) Yy +y'—y —y=0.
3. (1) y=Ae";

(2) y=(ax’ +bx+c)e*;

+ 391 -



WExB I M %%

(3) y=zc'[(ayx+b )cos2r+ (azax+by)sin2x ];
(4) y=A+tacosdx+bsindx;

(5) y=acoskzr+bsinkr;

(6) y=Ax’.

; w_ 4 2
1. (D) y=c ¢ +ee _?(I’}’TS’)§
(2) y:tle’% +ee Tt

. . 1 .
(3) v=q¢ ¢ +epef —.r(71-+'])c s
L oy 1 .

(1) y=c¢ ¢ +cre ’i-m(cosa‘—Bsmf);
(5) y==(c,cosz+c,sinzde -i-—l—(sim"—cos«r).

8

5. (1) y= i e '——%—c Z'+%(sin1—3cosx):

(2) y= %(c"" +sinr—cosa).

6. (1) y=ca+y  (2) y=cat L.
T ra

7. (1) ./%ln(6+ V'35);

(2) x=acosy/ %t SHUEEAT B BB 0 4 0 o A AR TR

S5 14.5
. :i /33 _«Zml i /33 34 /33,
1. (1) x 5 (1—T)e +2 (1+— 1 )( z ,
l -3 3:,
1‘23*7(54“\/_33)<1~V]?3)e~£2 (=54 V3D
\/3*3 -31 /33,
(P )T
. S 3 .
(Z).uw?e +?e , T %—(e —e¢ )



mEB I M E R

(3) x; =(2—51€", 1, =(3+52)e";

@ 2=+ (1= 2 /IT) e Tt 1 (145 /T

12:——14(em_67'm7)
28
(5) x;=2é"; p=e ‘+2&%; s =2e"—e;

1
3

0 xo=— (Lte)e L n=

3 —t)e'3'+%,

1 w2
13#(-3—4*2[)(2 3 i‘?
2. (D 11=c,e_'+cze5‘—2te_’,12=2c'2e$"——%—(1+2c1)e“’+2te"’;

(2) o= (cl _C"zt+%£‘3[2 )e_'+3t—7,rz=(q—cgt)e_‘+t2—3t+4,

xs=cze '+rt—1;
() my=c—1tae ' —ae,m=atage  yr=ce—c—20e ;

- 1 - _ _
(4) z,=ce '+?c2e ¥z =cre '+ce ¥ +cost.

SIf 14.6

1. (D #&E: O BE: G A .

4. (1) AfaE; (D) e<omfasE.

5. (1) Afag; (@ #EE: Q) ARE:; W) ABRE;
(5) AHEHAE; (6) k<O BFERZE.

+ 393 -



iR C HEFRTHER

F10E

L i#a=f0,0,MhBEAFRNFETERR.FH8Y £+ >F
Bt iBH f(x,y)>a.

BE [ EARAE U= {(z, ) |27+ ¥ <R} WELL, FTUFE
(x0y50) €Ug #i18 f(2o,y0) =min{ f{x,3) [(x, W EUr}. BT f(a0:30)<
fCO,0=a. 3 HY(x,y) @Ur B B f(xay)>a=f(x0,30) s TLL fx0s30) =
min{ f(x,y) | (x, ) ER*}.

2. BRI Si={(x, |+ =1 ER $HERBE, HUKES
LHBE M (x,y00 M, (xg 5.0, #18

f(xioy) = min {f(z.y) | (z,y) € S},
flxyy:) = max {f(x.y) | (x,y) € Sy},
AT M (o ) F M, (a0 v DERR R B A B AR B BE B AR 4 HE
0 < flxysy) < flag,y,).
it a= (90 +6= f(x2532) . S FEBH (2, ) ER”, (2, 3) F#(0,0), 4
(u,v) = («/,rzj+y2 ,/x2y+y2 ).
M, eSS, WBELRBIMERA
a < flurv) < b, €. D

5 -SRI ER

. . 2 7 X 2 z Y
f(,r.y):f<vl +y —m. x+y Tﬁ)

— (" 2y ¢ X R Y _ 2 2
(¥ 4+ y )f(m m) 2+ ) flusv).

FRHC DABE
alz® + y*) < fla,y) < b(2? + ).
3. FEE KX fGx ity ) =1 f(2,y,2) B3 F ¢ 3k 9183



MEC AALMRFREER

z %'er %Jrz% — k' f(zry2).
S=1, KBARFTENEA.
4, & Glz,y,z,w)=F(d —2* v — ¥ ,u* —2°) , I R B oK F A K
Bl u M ou AR oy, BHMES ISR,

x 2
5. 22 =J (x4 Ydz+ gy = S+ 2y + g0 (.
dy 0 2
y 2 2 2
w(ary) = J [Zay+ 9 Jay+ ) = LI 4 o) + gl
[
He o(y) ZJZ@(I)dL

2 2
FH & 2(2,0) =z, 3K i 2(x,0) =g(x) =x, AT z(.r,y)=1~—22+17y+

o(y) +x.
Fh&G 20,)=3" 8% 200,y) =¢(y) =" H} 2(z,) =%2+

2
I 4
5 -y r.

6. MR z=glax+by) M FHEBEER Crz EHK ax +by=C L{a%
THEE B EZEKTENFHSHIESTE.

FUE
LI S A (T

{min (max)(I2 + {—Jr%)

x— 2yt 3z = 100.
2 2
VE 3 B R %L Liz,y,z,A)=2" +%+%*A(i*2)’+3z—100).

2 MEBAARED  lim [ f(z,) ) =Fco HRIEHFRER: 4

FEONY I

2y oot , B E flr,y)>too, ®F flx,y)—>—oco.
RiE: i lim | f(z, ) =+ oo, FHEEHR R.FBMTFHREHERE

Pyt oo

Ty SR () E | S | > BEERR [0y~ +oo, iR 2
+ 395 .



MExC AHABMRFTIEER

flasy)—=>—co, FRADREFET N E My 300 fl Mzz 3.0 3 R =i+ 31>
R, 2+ ¥ >R H a3 ) <<O, f(xr s 32)>>0. M(y 5 3 ) Fll M(x v,) &B
B FHE 2+ ¥ <R Z4h BB LA M, y0) H1 My, 32) 43 B 25 72 45 FL
BEE—-FZLMUTHE &+ ' <R* 2 ME%EMHK L% Mz, ) H
Mz y ) ER. —HHE B TEEME L LM THE 2°+y' <R 245, 5
T L L8P maMa,» . 8E| (20> B—FHE . B85 R,y
RREZEZEME L L. (TR — tEERN. SARENT ST ET#
W L T — A MG, p) BB f(E ) =0, X R A 8.
BHAEEHBEESR: M TEE ML (a,0), B b 8 H &40 LUHE
Bl Y 2ty Aot f(a,y) —(axtby) >too RS 1 BHLER, T
TR (2055 fEBEAEB g(x.3) = f(2,3) — (ax+by) 1E &K (20 yo ) KB B A

R B R — SR F R o) 2= 2
0. e 37 B 145 8.

F12FE
1. R, B&iEH
Jidxlf flx)dr, = J:(b—z)f(r)dr.

2. ¥EiRE

_ (y— kz)? _ abum B 4 a’p?
Je H T drdy == 1+ 4

2 2
abur k?
- X 2 _ g
; [ + >1+k2].

%a=bit MBS b TX;

Y a<lbif k=0,%% r BINEIFHER KX,

Y a>bit, k=0, y INESIBRER K.

3. AEEHEY z=%«/12+y2 (0<z<H).

(D) HMFRERD F.=F,=0.
* 396 o



MEC ALBRFIER

av . 2x R H zpdz
o o | G [" [ [
Gum J (12+y2+zz)% Gu o o Hp/R (p2+22)%

= 2o [ e e
= ZnGpm[H—ﬁ]
(2) FFE
J= ﬂ](z + 3V = [ dGI dpj o pdp

nuHR*
10 -

= 2npH - %R‘ =
4. AR ABRITEBR
H(12 +y2)%dxdy
)

=2JT dﬁjmrzdr = ij 1= —J'
0 0 o 3 0 o cos’ 0

2 X
=ZLJ‘4 V14 tan’@sec?9df = 2%
0

3

11
—+—1n(1+ﬁ)].
[«/?? 2

5. 12 9 = ([ sordz) s dpty) = 27 [ forde. T

i

J:dy[f(y)ﬁf(z)dz] — 4 [Napty

o = ([ rwas)’.

J:dyf;f(y)f(z)dz

[Ldf o[ s s s = 3 [ ax o ([ peoas)]

_ 1 t x 3 . 1 t 3
. ?Ld (L fiods) =+ (L F)ds)
6. 4a%.%i—- z=acos’t,z=asin’t (0<r<2x).

7. £ _ £
H T+ fipdrdy ) 7o T Gy dxdy

A @D+, 1
7l o+ fiydzdy =5 1Dl

* 397 -



WEC AABMRETREER

af D +bf( 41 _
ﬂ o T fGy drdy 5 Gat ) [ DI (I D #m DEEED.
8- FEl: ERMEYBRKRRS A

0 141 1 1—x
et pdady = [ ax[ 7 Gt ydy+ [ def pat az,
fxl+ 1yl
&zt y=u,
0 1422 1 1
L-,atzL dzL f(u)du+Jo dIL S du
1 Lax] 1
:J du )[uf, fwdr :J Flwdu,
-1 ul -1

FukE 2. WA r+y=u,r—y=v,x=£%3,y=i—;—l},

dz Iz 11

du v 2 2
J = det L2 - =1
A(u,v) ay 3y 11 2

du 3dvu 2

2
wsv IATEE R D= {(u, )| —1<a<{l, — 1<<o<1 ). FFIL
. 1
flx+ ydxdy= || f(u) |——
| Jreol-=

1
= L fGdu,

1 1
dudv = LJ f(u)duJ’ dv
2 Ja —1

dF 2 . F® 1
9. d—l—?nhat+2ﬂhtf(t2); 1‘1:21 P =~§~1rh3+1[hf(0),

10. (D %n(a2+b2+c2)R5.
B

m (ax + by + cz)?dV = 4° MIZdV+b2 JI].yZdV+ ct JszdV
o

n a a

=%(a2 + 8 +c2>ﬂ] (2 + 5% + 22)dV.
o

4 — .
(2 ?nabcRs. #R: BIC x=au,y=bv,z2=cw.

+ 398 -



WERC ALMRFAER

E13E
1 4 u=-2,0=2y, 0 D={(u,») | 1<u<4, 1<}
x
a(z,y) 3(u,v) \7! _ 1
drdy = | det dudv = |det (5¢57%5) | dudo = 7.
R VAR ]
Flx,y) :H F(J:y) ﬂ
§, Fmtay= | (55 f(ay)dady

_ dudv _ 1 1. J‘“
_Jlf(w udo _ 2 jl f(v)dvjl Lau=1n2 | reorde.

u

u v
dn Jn

= (o3%—ufy)a

. §
aD

u v

= § o (v gradu — u gradv) « ndl
3.

= ﬂ div(vgradu — ugradv)dzdy
D
du _ Jdv a du dvu
’U;\: vz 31)+__)1(v_y ua)]dxd)’

Jl(+5 - "’?)+(v§7‘z‘-u3—i’)]dzdy
b
j Au Av

D

I

3. M T n RELIER L cos M %-m?%

CcOSs r/h r
-5 ndS.
@ s=¢
Sy BRI M, 0 L E R 6 % 3 MU ERE A, Qs % S F1 S, BLARK
k. 1= s = § O Pus witREEST in.

s Sy

4. (D) EEF —=Vu n,iZARFARX.

+ 399 -



MEC ALBRTIEER

2 @Su dugs — 3[]5 (uVa) » ndS. FIHH L AR

(3) @ —dS = @ (vVu) » ndS

5. wEH. ﬁ%?ﬁﬁﬁﬁ%%:ﬁ%ﬁﬁﬁﬂ

2
SE "—“dl:gﬁ Vu ~ndl=HV- (Vu)drdy—;ﬂ(g——';—Fa 4) drdy = o.
L ra

L dn

Tt KE. %Au~—+*T£ DiAEEFR.MNELHFE—K
M, f#i#4

0.

M,

(& &)

5 (- “+——) O WESAER AR T D B M. b sy

dx®

~AHER U U mea( +—~)>o’;m

H drdy>0

MU £ UM AR EWmGX R D WB‘J A{ﬁlﬁ) FREBBHAXEH

ﬂgw a—'—l = H dxd_y > 0.
XS5BT FIE.

6. O RARSHS, AR, EXR O ZH 1L EHS 4 Br3).

7. (H ﬁ %f'—:ds - <_f}§ Vf + ndS = ﬂ]v- vfdv=JHAde —o.

(2) *'Jﬁ;n% 4 @(Z)Jvn#if%'ﬂ fﬁig Wiﬁii’ﬂsﬂﬂ%ﬂﬂ?%ﬁm%i@-
(3 F2(xy) € R SCryen) = 0.0 Pas =0, Frme

W[ | V170V = o, e BB QWAL | VS 1 = 0 MY S =

0. FREQNMEETER BHHY(x,y,2) € 30/}, f(x,y,2) =0, FHHE
gZHERBEHRE QN f(x,y,2) = 0.
8. (1) 4n.
+ 400 -



MEC HAMRFREER

(2) AA RAEEAGTS, FMES ZEKWA(BEER a LD
EARERT S, A7 F 8 Mo MM E S 2D ,0A. BA. MSFERAF. W oA, i =HB
SR R A GRITE Sa M E S AAMIGEE R Mo 89— 8D, IR S. A
Em A Mo 9—fD. HE T AXBH

ﬂv-ndS=MV-vdV=O.
A

A

EEBEE A KE S KM EmBr SEBE0 FH, R

Hv-ds=0.

Sa

FRFA AR A LB

H'l;—"ds =HL'3—’!ds = Lﬂds = 1g,.
S r S r ah S @

1=
L) BiEmesR v = o [ [ roed e,
@ EEMAEIAT S == [ FO0c" de, WBIRBA 2 258
2 B ENERN v = e[ [ foedit ] w g
3], = O t0tERR

y.(z) =¢" J: F(e*dr = JJ F(e =0 dg.
(2) ¥4 >0 nt,

yo() = U: f@e= 4y

= L | £ | e 0ds
< KJ‘zefa(zAUdl — E_[e‘a(x-x) ] '1 - 5(1 — et ),
0 a ° a

3. AHE. M HRMGATLHEN (O 5 (OB EGTHRAES =
MESFE.
4OREBSSHBELFMEF S £COWH MBS FR.

e*(e"—1)

5. 7R MABRHTARBE (O RS TR.

¢ 401 -



MEC AHABARTFRER

6. FEMBRAKSHE  EHEBH.
() =— f(2).
BR FO=1LXEDRXFS z=0,88 F(O=F0D,FRERS FEHL
S B85 O R M ) B

() + fx) =0,
{ (C.2)
FO) = 1,£(0) = £(Q).
TR f(1)=cosx+li):iln15iﬂ1-
7. BWKREH
o= [V Y e
S (x)= [g Cn 1)!!] - ;\:(—Zn-i——lm]

2ntl

— < IZ" —_— S x f—
= g~ e G L S@.

S SR — B8t % 4 5 2
S'(x) — x8(zx) =1,

HE SO = 0. A HAHBBE S =T [ T
8. & u=ycosx, B ILK

d 4 du = €.
I 75 AR

. e’
u = ¢;co082x + ¢ sin2x + 5

BT LA R 7 123 A

y = 1 ((‘1c052x+czsin21+i)‘
cosx 5

9. f()FE(—oco,+oo) iR NN; 7E(0, +00) Fiy; £E(—o0,0) | .
flx) 1

lim =,
20 X° 3

* 402 -



B

12578 259,267
R 144
AKX 42

ARG 284
FRHTE 364
AgMAFRE 295
REaE 359

C

EHESE 293
B 212
diity 212
B8 75,100
SHHB 100
SH R 19
X 6
o e 281
RPN S FRE 335
MERGB® 288
wE&MG 284

G 212
SRk 283
¥ 100

X

El

HEL 4]
B_MMEHRS 238
BB EAS 195
RER 4
AREATTR 19
EXE 39,73

“kghiEm 27
ZHEHBS 14
—EBSM 145

F

EEHFH 212
FEFWK 291
WA A B 299
BEEERXE 263
®BFE 21

T 15

wEmE 15,107
ReEB Sy 78
wWE 1

FES 70
FERHE 13
FlE&KE 13
ERHEMSHE 281
#HER 10



A

kAR 231
KTRITHR LR 222
ML 218

JHEME 235

X ERAAR 174

H

AR 123
EERRT RS 207
EALEERS 200
sy 144

RER 7

J

MoaE5HEXX 259
Bormek 285
BayHETF 299
Mo 144
BEAMEH 339
EAMH 339
Hmg 9
WmAUME 115
WAROMDESR 115
WBR 42,43

A 4
WERE 359
Br 281

BEEA TR 16
REHRE 115

s 404 -

EHMRE 333
R 9

K

Am gy 213
AR 144
W% 55,59

PR 271
EgmEYE 213
BT EATHIR 336
L) 333
sk 67
MRAHR 20
A 2
e 36

AT 145
o1

Bk 27
HIREE 125,129

N

WA 4
Bk sk 78

(0]

Bkhr #8325



3l

R 48
Wi s 281
PR 359
Vg 359

FoHE 291
LWATTER 296
FuHyEA 335
A& 359
YIRE 107
gk 102
YR 102
RAIRR 178
X 42
TR 142
BERS 195
MR Es 184
L REERE 360

S

BERT 214
BEE 214
Wy 212
wIERH AR 251
ZRATE U
Wizl 42
¥E 2,3
MM E 235

By 271
¥EYy 24
R 283
P 284
$IEHE 318,350
MAEM 318,350
BEmR 71
g 243
BE S

w

el 262,267
S5

4 55,59
M mE 281
B 359

Mt 212
WES 216
WEBT 216
estw 27
REEEMHE 364
RILWHHE 28]
&¥FEx 308,336
X 308,336
MXRE 115
M 1

Ml 238

Cr v Bt

o 405 -



3

mBHFEKA 18
mER 6

mBERR 99
BEFCHhTE 26

H#hgy 267
Hiaiga 219
ik 218
MATLLAERE 74
—MHE 35

— B EA 16,19
BiE% 40,81
R 283
Bg 73
FR@ERMmE 237

+ 406 -

EHMES 235
Am&E 125,129
EHPB 100

EX 4
BALKRE 9
R 144
s 39
B 96,117
HARE 175
Fig 144
HE RS 363
AyrmE 10
REFEA 9
AbRil 9




ABHHETHRM. EREBEIBMRBEEAB MR,
ML HIELRE, ~TREBRDF. BAEHS RBEREEK.
THEFRSZTHAEMISFREARA, ERY. @EMBERS. @
BHUME BEWMIAROD.

EMSHRENRR L, HRBZE. R, BW. FHEES
Fwp, PIEMSIBEREMIILG. FEEFAHM. AEE. ATH
BH¥EE5E%, ERRPLETIBAEZRERNTBANETERE .
FEBHTHRROBMEFARBENRS].

ISBN 978-7-302-14174-7

oli7g730201417470>
EH: 19.005¢

£002-900



	封面
	书名
	版权
	前言
	目录
	第9章  空间解析几何
	9.1  向量及其运算
	习题9.1
	9.2  空间直角坐标系
	习题9.2
	9.3  空间平面与直线
	习题9.3
	9.4  空间曲面
	习题9.4
	9.5  空间曲线
	习题9.5
	第10章  多元函数微分学
	10.1  多元连续函数
	习题10.1
	10.2  多元函数的偏导数
	习题10.2
	10.3  多元函数的微分
	习题10.3
	10.4  复合函数微分法
	习题10.4
	10.5  隐函数微分法
	习题10.5
	10.6  二元函数的泰勒公式
	习题10.6
	第10章补充题
	第11章  多元函数微分学的应用
	11.1  向量值函数的导数和积分
	习题11.1
	11.2  空间曲面的切平面与法向量
	习题11.2
	11.3  多元函数的极值
	习题11.3
	11.4  条件极值
	习题11.4
	第11章补充题
	第12章  重积分
	12.1  二重积分的概念和性质
	习题12.1
	12.2  二重积分的计算
	习题12.2
	12.3  二重积分的变量代换
	习题12.3
	12.4  三重积分的计算
	习题12.4
	12.5  第一型曲线积分
	习题12.5
	12.6  曲面面积和曲面积分
	习题12.6
	12.7  含参变量积分
	习题12.7
	第12章补充题
	13.1  向量场的微分运算
	第13章  向量场的微积分
	习题13.1
	13.2  向量场在有向曲线上的积分
	习题13.2
	13.3  格林公式
	习题13.3
	13.4  向量场的曲面积分
	习题13.4
	13.5  高斯公式与斯托克斯公式
	习题13.5
	13.6  保守场
	习题13.6
	第13章补充题
	第14章  常微分方程
	14.1  微分方程的基本概念
	习题14.1
	14.2  微分方程的初等解法
	习题14.2
	14.3  高阶线性微分方程解的结构
	习题14.3
	14.4  高阶线性常系数微分方程
	习题14.4
	14.5  线性常系数微分方程组
	习题14.5
	14.6  稳定性初步
	习题14.6
	第14章补充题
	附录A  探索与发现
	附录B  习题答案
	附录C  补充题提示或答案
	索引

